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Abstract. Capillary rise plays a crucial role in the construction of road embankments in flood zones, where

hydrophobic compounds are added to the soil to suppress the rising of water and avoid possible damage of the

pavement. Water rises through liquid bridges, menisci and trimers, whose width and connectivity depends on

the maximal half-length λ of the capillary bridges among grains. Low λs generate a disconnect structure, with

small clusters everywhere. On the contrary, for high λ, create a percolating cluster of trimers and enclosed

volumes that form a natural path for capillary rise. Hereby, we study the percolation transition of this geometric

structure as a function of λ on a granular media of monodisperse spheres in a random close packing. We

determine both the percolating threshold λc = (0.049± 0.004)R (with R the radius of the granular spheres), and

the critical exponent of the correlation length ν = 0.830 ± 0.051, suggesting that the percolation transition falls

into the universality class of ordinary percolation.

1 Introduction

Consider a sandpile with its base covered with water. If

grains are close enough, water will rise through the inter-

stices of the grains. This capillary rise plays a major role in

the transport of fluids across porous media, including wa-

ter and oil wells. Specially in unsaturated soil structures,

like embankments, the capillary rise of water is a real con-

cern, because water can damage the integrity of the struc-

ture [1]. The broad spectrum of possible solutions include

the use of hydrophobic materials [1] or even the addition

of active mechanisms to compensate for the deformations

produced by capillary forces [2].

The rising of water through a granular medium is

strongly determined by the geometry of the interconnected

structure of pores among the grains. First models [3] rep-

resented that structure by sites (pore bodies) of arbitrary

shape and position interconnected by bonds (pore throats),

whose sizes and shapes could be obtained from experi-

mental probes [4, 5]; many properties, like relative perme-

ability [6] or drainage and imbibition [7] can be estimated

from this simplified model. More recent works focus on

representing the liquid structures among grains (bridges,

menisci and pore bodies) as real as possible, based on ex-

periments (as in X-Ray microtomography [8]) or in com-

puter simulations [9, 10]. This modeling is able to repro-

duce water saturation and drying with the water volume

as control parameter and to compute forces and pressures

[10]. Together with experiments, they have succeeded
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identifying trimers (that is, the junction of three liquid

bridges and a meniscus) as the minimal building block to

build a pathway for rising water [8, 10]. The structure

itself must strongly change with the critical length of a

capillary bridge (a function of contact angle and surface

tension [11]), and some studies in two dimensions have

been performed to find when a connected structure first

appears as either the contact angle [12] or the liquid vol-

ume [13, 14] increases.

The present work investigates how the set of trimers

and enclosing pore bodies at disposal for capillary rising

changes from a fully disconnected structure to a connected

pathway as the critical length of the capillary bridges in-

creases. The goal is to find both the critical half-length λc

for the transition and the critical exponent ν for the cor-

relation length. The study is performed on the interstices

on three-dimensional random close packings of monodis-

perse spheres. The capillary model of trimers and pore

bodies on random close packings is introduced in Sec. 2.

Next, Sec. 3 analyses the resulting capillary structures by

using tools of percolation theory [15–17]. Finally, Sec. 4

summarizes the main conclusions and discussions.

2 Capillary model

From a microscopic point of view, water can rise if the

grains are close enough to build capillary bridges among

them. The shape of a capillary bridge between two identi-

cal spherical grains is not strongly affected by gravity, but

determined by the contact angle θc, the liquid-gas surface

tension γ, the liquid volume V and the distance S between
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Figure 1. Main capillary structures. (a) Liquid bridge with sep-

aration distance S . (b) Trimer, built by three liquid bridges (light

blue) and a meniscus (dark blue). (c) A liquid volume enclosed

by four trimers.

the grains [18]. There is a maximal distance among grains

S c = 2λ a capillary bridge can overcome. If S < 2λ, a

capillary bridge may eventually established for some V;

otherwise, there is no possible path between the grains for

the water to rise. This limit can be estimated through the

toroidal approximation method [19] (Fig. 2) or by numer-

ical simulations.

Figure 2. (a) Liquid bridge with separation distance S . (b) Max-

imal separation distance S c for a capillary bridge as function of

the contact angle θ in the toroidal approximation (deduced from

data in [11]).

The bridges among grains should be connected in or-

der to build a path for the rising water. From a theoretical

point of view, it would be possible to join two bridges with

a meniscus; but micro-tomographies on experimental ran-

dom granular arrays of monodisperse spheres [8] do not

show that kind of structure. On the contrary, the minimal

connected structures are trimers, that are the junction of

three liquid bridges and a meniscus [10] (Fig. 1). A trimer

will eventually form for some water content if three grains

are so close together that the distances between any two

of them are shorter than S c and the angles between every

two bridges are smaller than π − 2θc [11]. Two trimers are

assumed connected if they share a bridge, and connected

trimers can eventually enclose filling volumes (Fig. 1).

Trimers and enclosed volumes form the structure for cap-

illary rising. If S c is small, the structure is a disconnected

set of clusters. On the contrary, if S c is large enough, there

is a connected path across the sample, i.e. a percolating

passage for the liquid to rise. The aim of the present work

is to characterize the transition across these two regimes -

driven by λ, the half maximal length of a capillary bridge

- on a monodisperse set of spherical grains by using the

standard tools of classical percolation.

Figure 3. a) Triangle-like liquid structure (trimer). b)

Tetrahedron-like liquid structure (enclosed volume). c) Poten-

tial capillary rising path (interconnection trimers and enclosed

volumes) in a mono-disperse sample of 87 grains with volume

fraction φ � 0.63 at a capillary length λ = 0.025R, R the ra-

dius of the grains (The curve contour do not come from the exact

shape of trimers and menisci, but from the removed grains).

3 Procedure and Results

The granular medium was modeled as a dense random

packing of monodisperse spheres of unitary radius with

volume fraction φ ≈ 0.63, slightly below the random close

packing [20]. The spatial configurations of spheres were

generated by using the algorithm of Jodrey and Tory [21]

on cubic volumes of sizes L = 22, 26, 30, 36, 42, 48, 56

and 64, and configurations were accepted if the overlap-

ping lengths between any two spheres was below 0.015, in

units of particle radius. With this procedure, 200 config-

urations per size for sizes L ≤ 42 and 500 configurations

per size for sizes L ≥ 48 were generated, corresponding to

around 1560 grains each for L = 22 and 38200 grains each

for L = 64.

For each configuration, we identify sets of three and

four grains whose interparticle distances are below S c =

2λ, and we built triangle-like (trimer) and tetrahedron-like

(enclosed volume) structures with those sets of three or

four grains, respectively (Fig. 3). The space occupied

by the grains themselves is removed. The interconnec-

tion of those structures corresponds to possible capillary

rising paths. Single bridges are not included, because they

are not observed in experiments to contribute to the perco-

lating structure, as discussed in the previous section. The

actual shape of the capillary bridges and menisci are not

included, because only the connectivity among elements
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is relevant for the percolation exponents, and not the de-

tailed shape of the percolating elements themselves [15].

Then, the whole structure is discretized with a fine grid of

cubic cells of side a = 0.031. Once a value for λ was set,

each cell was checked to be part of a trimer or an enclosed

volume, and trimers become a couple of cells thick. By

doing so, the volume that can be occupied by the liquid

phase appears as a discrete set of small cubes, as shown

in Fig. 3. This allow us to run an efficient site perco-

lation algorithm to study the percolation transition. Two

cells are said to be part of the same cluster if they are first

neighbors. The Directional Propagation Labelling algo-

rithm (DPL) for GPUs [22] was employed to determine if

there was a percolating cluster connecting the lower and

upper borders of the cube. It was necessary to implement

this algorithm for GPUs because the systems were very

large ((800×800×800) cells for L = 64) and the procedure

becomes very time demanding. For instance, the more tra-

ditional algorithm by Hoshen and Kopelman [23] takes

around 6 hours on a CPU (Intel(R) Xeon(R) CPU E5-

2695 v3 - 2.30GHz) to evaluate percolation and classify

the cluster sizes for a single configuration of system size

L=36. By contrast, the DPL algorithm takes only around

15 min to analyze the same configuration on an Nvidia(R)

Tesla(R) K40, what is 25 times faster. The savings in com-

putational time are even larger for larger system sizes. Fi-

nally, a bisection algorithm [24] was implemented to de-

termine the effective critical value λeff
c where a percolating

cluster first appears on that configuration. The cumulative

distribution of these effective critical values for each size

are the sigmoids (Fig. 4) that will be the incoming data for

the finite-size scaling procedure that follows.

Figure 4. Probability of the capillary structure to percolate as a

function of the maximal half-length of a capillary bridge λ.

The critical exponents and the critical half-length λc

for the transition are obtained by the finite-size scaling

procedure proposed by Rintoul and Torquato [25]. The

scaling procedure starts by fitting the function

f (λ
e f f
c ,Δ(L)) = [1 + tanh[(λ − λe f f

c (L))/Δ(L)]]/2 (1)

to the cumulative distribution of each size. The effective

critical half-length λ
e f f
c (L) and the width Δ(L)) of the dis-

tribution obtained from those fittings are plotted against

the system size L to obtain the critical parameters of the

transition. Assuming that

Δ(L) ∝ L
1
ν , (2)

and plotting Δ(L) against L (Fig 5) gives the critical ex-

ponent ν driving the divergence of the correlation length,

ξ ∝ [λ − λc]−ν. We obtain ν = 0.830 ± 0.051. Similarly,

plotting λ
e f f
c (L) against L−1/ν (Fig 6) estimates the critical

value λc for a system of infinite size, because

λeff
c (L) − λc ∝ L−

1
ν . (3)

Our result is λc = (0.049 ± 0.004)R.

Figure 5. Width of the probability to percolate Δ(L) as a function

of system size L. The line is the best power-law fit, with slope
1
ν
= −1.205 ± 0.038.

4 Conclusions and Discussions

This work investigates the capillary ascent of a liquid

through a granular soil as a percolation transition driven by

the half maximal distance between two grains that can be

overpassed by a capillary bridge, λ. Below a critical value

λc the structure of trimers and enclosed volumes is discon-

nected, and no water can rise. Above, the water percolates

trough the sample. By using standard techniques of perco-

lation analysis, we found λc = (0.049±0.004)R and a crit-

ical exponent for the correlation length ν = 0.830 ± 0.051.

These results deserve some discussion. First, the finite-

size scaling is of very good quality (Fig. 5), suggesting

that the technique fits the problem and that there is, indeed,

a phase transition. Second, the critical length of a bridge,

2λc = 0.098(6)R, is less than one half of the mean dis-

tance between neighboring grains in the samples (around

(0.258 ± 0.007)R) for a volume fraction φ � 0.63), which

can be considered as a naive a priori estimation of such pa-

rameter. Third, the critical exponent ν is, within error bars,
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Figure 6. Effective critical half-length of a capillary bridge

length λ
e f f
c (L) against L−

1
ν . The linear fit (continuous line) es-

timates a cut with the vertical axis at λc = (0.049 ± 0.004)R.

the one of ordinary percolation (ν = 0.87619(12) [26]).

This result suggests that each facet among three neighbor-

ing grains could turn into a trimer at disposal for the cap-

illary rising almost independently from the other facets, a

consequence of the random positions for the grains. This

similarity should be confirmed by computing other critical

exponents, like the critical exponent β for the order pa-

rameter, which would be the probability of a cell to belong

to the percolating cluster, as usual. Similarly, our study

could be reproduced for other void fractions to determine

how general are our conclusions. All these are thema for

future works.

An usual way to control capillary rising, as we men-

tioned before, consists in treating some part of the grains

with hydrophobic solutions that alter the contact angle, re-

ducing λ (Fig. 2). The key question here is which pro-

portion of the material has to be treated to avoid capillary

rising. The simulation would proceed in a similar way as

the present one, but with three maximal lenghts λ: one be-

tween untreated grains, other between treated grains and

a third one between one treated and one untreated grain.

Such a future work will be of great interest in geotech-

nique.

The present study combines capillary structures and

percolation theory to investigate capillary rising through

a granular medium. It constitutes a novel approach and a

new step in the understanding of this rich phenomenon.
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