
Collisional model of the drag force of granular impact

Cacey Stevens Bester1,� and Robert P. Behringer1,��

1Department of Physics, Duke University, Durham, NC 27708, USA

Abstract. A dense, dry granular target can cause a free-falling intruding object to come to an abrupt stop as its

momentum is lost to the grains. An empirical force law describes this process, characterizing the stopping force

as the sum of depth-dependent friction and velocity-dependent inertial drag. However, a complete interpretation

of the stopping force, incorporating grain-scale interactions during impact, remains unresolved. Here, the

momentum transfer is proposed to occur through sporadic, normal collisions with clusters of high force-carrying

grains at the intruder’s surface. To test this model in impact experiments, we determine the forces acting on an

intruder decelerating through a dense granular medium using high-speed imaging of its trajectory. We vary the

geometry of the impacting object to infer intruder-grain interactions. As a result, we connect the inertial drag to

the effect of intruder shape based on the proposed collisional model. These impact studies serve as an approach

to understand dynamic force transmission in granular media.

1 Introduction

Mechanical probing by way of impact serves as a central

method to explore momentum transfer in granular media.

For instance, when a solid sphere is dropped into dry gran-

ular material, the intruder penetrates into the medium and

suddenly decelerates to rest. The drag force from granular

media is then studied through impact. There is long, rich

history of the study of granular impact [1, 2] as well as

a natural connection to planetary-scale impact phenomena

[3–7]. However, a complete understanding of the physics

of granular impact is still lacking.

An empirical force law has been proposed to describe

the deceleration z̈ due to the granular target [8]. It com-

pares the force of gravity mg with the velocity-dependent

inertial drag h(z)ż2 and depth-dependent friction force f (z)

as

mz̈ = mg − h(z)ż2 − f (z) (1)

The inertial drag governs much of intruder dynamics dur-

ing deceleration, and its ż2 dependence suggests a colli-

sional process. Yet the grain-scale origin of the inertial

drag force is not fully determined.

Force transmission of granular impact was recently

explored via experiments of intruders impacting a two-

dimensional arrangement of photoelastic grains [9], allow-

ing for imaging of the granular response. This reveals

a dynamic force network propagating through the gran-

ular target. Deceleration of the intruding object was found

to be dominated by sporadic collisions with high force

carrying clusters. These force chains propagate perpen-

dicular from the intruder surface, indicating that intruder-
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grain friction is not important for initial deceleration, when

h(z)ż2 dominates. This observation of normally propagat-

ing force chains was also observed using intruders with

rough and textured surfaces. The inertial drag force of

granular media can therefore be described by a collisional

model [10].

Here we extend to three-dimensional impact experi-

ments and connect the inertial drag of granular impact to

its grain-scale origin. We use high-speed imaging to de-

termine the forces acting on an intruder during impact. As

we vary the conical shape of the intruder, its resultant tra-

jectory changes and can be connected to force propagation

occurring perpendicular to the surface. As a result, we de-

velop a 3D collisional-based description which is consis-

tent with inertial drag values.

2 Tracking intruder dynamics

A schematic of the experiment setup is displayed in

fig. 1(a). In each experimental run, an intruder impacts

a granular target of dry, noncohesive grains of either sand

or couscous, which are held within a 49 cm length X 38

cm width X 20 cm depth container. The granular bed is

large enough to minimize interactions with the container

boundary [11], and the packing fraction, the fraction of

space that is filled by grains, is held about constant. Before

each run, the container is tapped then the granular bed is

leveled using a straight edge. The intruder is dropped from

a height of up to 2 m, falls under gravity, and impacts the

granular target. A thin rod is attached to the intruder for

tracking during penetration in the grains.

We methodically vary the intruder-grain interactions

during penetration by using cone-shaped intruders. An

example is depicted in fig. 1(b), which shows an illustra-

     
 

DOI: 10.1051/, 03017   (2017) 714003017140EPJ Web of Conferences epjconf/201
Powders & Grains 2017

© The Authors,  published  by EDP Sciences.  This  is  an  open  access  article  distributed  under  the  terms  of  the Creative Commons Attribution
 License 4.0 (http://creativecommons.org/licenses/by/4.0/). 



(b) (a) 

(c) ��

�����

Figure 1. (a) Top view of experiment setup. A mirror is placed

at 45 degrees to the impact to measure any tilting during penetra-

tion. (b) Diagram of the impact of a conical intruder with a chain

of particles within the granular target (orange ellipse). (c) Image

of intruders of w=3.8cm, varying s.

tion of a conical intruder colliding with a single cluster of

grains (represented by an orange ellipse). At impact, force

is expected to propagate perpendicular to the surface with

θ being the angle between the intruder’s velocity ż and sur-

face normal n. Cone shapes are defined by its slope s, the

ratio of the length of the cone ltip to its width w, and ranges

from 0 (cylinder) to 2.1 (a sharp cone) (see fig. 1(c)). With

increasing s, we thereby increase θ of expected force prop-

agation. The effect of the cone width w is also explored for

w=1.9 cm to w=3.8 cm of s=1 cones. The mass of all in-

truders is held constant at 101±2 g.

We place a Photron Fastcam SA5 high-speed camera at

a side view of the granular bed to record the results. Videos

are captured at 30,000 frames per second as the intruder

comes to rest within 50 ms. From each frame, we track the

position z of the intruder with an accuracy of about 0.04

cm (1 pixel). We then differentiate z(t) to measure velocity

ż and perform a convolution with a gaussian filter of cutoff

frequency of 960 Hz to reduce the amplified experimental

error from z(t).
The dynamics of z(t) and ż(t) are shown in fig. 2 for

cones of s from 0 to 2.1 as they impact and come to rest in

the granular bed of sand. From fig. 2(a), we learn that z ap-

proaches and saturates at a maximum penetration depth at

about 0.04 s, with z=0 and t=0 at impact. This trend is con-

sistent with different s. Intruders with higher s penetrate

deeper, given the same initial energy. We take the deriva-

tive of z(t) to find ż(t) for different s as given in fig. 2(b);

ż(t) declines less rapidly with t as we increase s. However

ż reaches 0 at approximately the same time. We differen-

tiate ż(t) to find intruder acceleration z̈(t), which reflects

forces exerted by the granular medium. Forces are accord-

ingly determined by high-speed imaging of the paths z(t).

3 3D Collisional model

3.1 Description

We use the change of impact motion from different in-

truder shapes to verify that normal collisions capture in-

(a) 

(b) 

Figure 2. (a) z vs. t, varying s, all impacting sand from the

same release height. The maximum penetration depth increases

with increasing s. (b) ż vs. t. The decline of ż(t) changes with

increasing s, but all curves reach ż=0 at approximately the same

time. Data sets correspond to s values given by the colorbar.

ertial drag. Since momentum is lost by collisions perpen-

dicular to the surface (fig. 1(b)), different inertial drag val-

ues are expected to arise with changing s. Accordingly,

we propose an explanation of h(z)ż2 as a collisional-based

model in terms of the intruder shape.

The force due to an intruder-grain collision can be ex-

pressed as the ratio of momentum Δp = mgż cos θ to time

Δt = d/ż cos θ, where mg and d are the grain mass and

diameter, respectively. By assuming these collisions are

equally likely across the surface dS , the number of discrete

collisions is then given by dS cos /d2, and total force is cal-

culated by integrating over the surface area. Forces due to

collisions along the intruder surface can consequently be

expressed as

h(z)ż2 =
∫
Δp
Δt dS ∝ ρgw2ż2cos2θ (2)

where ρg is the grain density. The shape effect due to iner-

tial drag is indicated through w and cos θ. With geometric

arguments, we can express eq. 2 in terms of s as

h(z)ż2 ∝ ρgw
2ż2

1+s2
(3)

We thereby connect the inertial drag of the macroscopic

force law to a simple scaling relation that depends on in-

truder shape (s and w) and ρg, and we show consistency of

h(z)ż2 measurements with changes to s, w, and ρg.
We experimentally determine h(z)ż2 to demonstrate

that eq. 3 connects to the grain-scale origin of inertial

drag of 3D granular impact. Using the force law to find
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h(z) would require finding z, ż and z̈ for many trajecto-

ries of each intruder. Additionally, acceleration data z̈ can

present significant error due to filtering [12]. Accordingly,

previous authors have shown that the differential equation

can be solved by reframing in the kinetic energy K versus

z form where K = 1/2mż2 and mz̈ = dK/dz [13, 14]. The

approach leads to the following:

dK
dz
= mg − f (z) − 2h(z)

m
K (4)

Therefore, we acquire h(z) from z and ż and achieve

K(z) = e−
∫

2h(z)
m dz[Ki +

∫
(mg − f (z))e

∫
2h(z)

m dzdz]

when eq. 4 is solved with the integrating factor e
∫

2h(z)
m dz.

(a) 

(c) 

(b) 

Figure 3. (a) Inset: K versus z of s=0 intruder impacting sand.

Each curve represents a trajectory of a different żi. Main panel:

Kp,avg versus z, as determined from all pairs of K(z) trajectories

of the inset plot. The gray region surrounding the curve indicates

the standard deviation from the mean of Kp. (b)
∫

h(z)dz versus

z (c) h(z) versus z, showing oscillations about a constant value.

We take the difference of two K(z) curves from exper-

imental runs with distinct impact velocity żi to isolate h(z)

and obtain the relation

Kp =
Kb − Ka

Kb,i − Ka,i
= e−

∫
2h(z)

m dz (5)

where a and b indicate indices of different trajectories. By

averaging all pairs of K(z) trajectories for a range of żi,

h(z) is found for each intruder.

Figure 3 shows how we determine h(z) for an s=0 in-

truder penetrating sand. We start by expressing data as

K(z), as shown in the inset of fig. 3(a). There is a rapid de-

cline of K during penetration. The average of differences

of all pairs of K(z) trajectories is then determined (see fig.

3(a)), and we use eq. 5 to solve for
∫

h(z)dz, given in fig.

3(b). The solution in this case is a
∫

h(z)dz curve that is a

linear function of z. The derivative of this curve gives h(z)

and requires noise reduction by performing a convolution

to the data (see fig. 3(c) for result). There are oscilla-

tions in h(z) which may connect to the force fluctuations

and discretization of collisions [9]; a precise determination

of these features would require direct force measurement.

To avoid handling noise amplification and possible data

distortion introduced by taking derivative of
∫

h(z)dz, we

utilize
∫

h(z)dz for the s, w, and ρg comparisons.

3.2 Intruder shape and grain density

(a) 

(b) 

Figure 4. (a)
∫

h(z)dz versus z for all intruders, ranging from

s=0 to s=2.1. Colors correspond with s values of fig. 2. Higher

s lowers the curve to smaller inertial drag values. (b) The data

collapse to one curve when scaled as a function of s.

Starting with the shape effect, we show that s and w
affect h(z) as described by eq.3. In fig. 4(a),

∫
h(z)dz ver-

sus z is plotted as s ranges from 0 to 2.1. Curves shift to

lower inertial drag values with increasing s. We also find

that
∫

h(z)dz vs. z plots become increasingly curved as s
increases. We propose that the increased curvature results

from the changing surface area at low z as a sharper cone

is penetrated deeper into the granular target. Since w is in-

creasing at z=0 up to z=ltip and
∫

h(z)dz is proportional to

w2,
∫

h(z)dz rises quadratically in this range. After z > ltip,∫
h(z)dz becomes a linear function of z.

All curves fall onto a single curve when the
∫

h(z)dz
axis is rescaled by a function of s, as shown in fig. 4(b).

The expression 1 + s2 leads to a collapse of all data as

indeed shown in eq. 3. The scaling therefore shows that

the collisional model does agree with our 3D experiments.
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Figure 5. Inset:
∫

h(z)dz versus z of s=1 intruder, varying width

w: 1.9cm, 3.0cm, and 3.8cm. Lower w decreases the curve, but,

in this case, the trend in data is not affected. Main panel: When

scaled as a function of w, the data collapse to a single curve.

When extending the study to the effect of w, we sim-

ilarly observe that the collisional model applies. Figure 5

shows
∫

h(z)dz as a function of z for s=1 cones of three

widths: w=1.9cm, w=3.0cm, and w=3.8 cm. We see that∫
h(z)dz decreases with decreasing w as displayed in the

inset plot. Additionally, the curved-linear transition of

each curve connects with ltip. The dependence of iner-

tial drag on w is then displayed by a collapse of data as∫
h(z)dz ∝ w2. These data rescale to a single curve when

plotted as
∫

h(z)dz/w2.

Figure 6. Inset:
∫

h(z)dz versus z for s=0 intruder, varying ρg:

sand (red line) or couscous (black line). Higher ρg(sand) in-

creases inertial drag coefficient h(z). Main panel: Scaled h(z),∫
h(z)dz/ρg versus z for the two grains, collapsing data.

Lastly, we vary the granular target (sand or couscous)

to study the effect of grain density ρg. Both targets are

prepared by pouring grains into the container and tapping

to settle the surface. The inertial drag coefficient h(z) is

determined for an s = 0 intruder impacting the sand or

couscous target. For s=0,
∫

h(z)dz is a linear function of

z. We show that our collisional model also captures the ef-

fect of ρg (see Fig. 6). There is a shift of h(z) with ρg; we

find that
∫

h(z)dz is larger for higher ρg, as expected from

the h(z) expression of the collisional model (eq. 3). Ac-

cordingly, there is a higher stopping force due to sand, and

this affects the maximum penetration depth of the intruder.
The two curves collapse to a single curve, when scaled by

ρg as ascribed in the collisional model.

4 Conclusions

We study the dynamics of a cone-shaped intruder impact-

ing with dry granular media. Granular impact is described,

in part, by a velocity-dependent inertial drag force. Based

on its dependence on intruder shape, we connect the iner-

tial drag from the granular target to sporadic, normal col-

lisions with force-carrying chains of grains. A collisional

model is presented to support our description of inertial

drag for 3D impact and is explored through our experimen-

tal data. The collapse of the inertial drag coefficient when

accounting for intruder shape and granular target demon-

strates the validity of the model and shows that intruder-

grain friction can be ignored for this term. These scal-

ing results are consistent with our observation of dynamic

force transmission in granular media.
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