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Abstract. Shear of granular systems of disks (in 2D) and spheres (3D) has been studied extensively. However,

less is known about systems of non-spherical particles, i.e., ellipses and polygons, etc. Here we studied a quasi

2D granular system composed of ellipses in a novel apparatus, which provided homogeneous simple shear by

utilizing the weak friction between ellipses and the deformable base of the apparatus. Shear jamming, which

was first reported for a disk system [1], was also observed for our ellipse system. We contrast shear jamming

for systems of disks and systems of ellipses. By tracking the positions and orientations of the ellipses, we

observed that the ellipses gradually rotated to align along a preferred direction as the shear strain increased. We

also applied Voronoï tessellation to the packing of ellipses, showing that the distribution of the local density

changed during shear. By contrast, such a change in the distribution was not observed in a disk system [2].

1 Introduction

Granular systems have shown to be of great interest and

benefit to theoretical study and industrial applications. Of

special interest is the response of a granular system to

shear. Systems composed of disks (in 2D) or spheres (in

3D) under shear have been studied extensively in theory

and experiments, including simulations [1, 3–10]. Though

simple and able to capture important features of granular

systems, disk/sphere models are often different from real

situations, i.e., particles have an anisotropic or even irreg-

ular shape. Much is less known for this type of systems.

One of the most simple anisotropic shapes is an el-

lipse. There have been studies on ellipses, with compar-

isons to disks, i.e., jamming transitions and dynamical

properties, both in experiments and simulations [11–14].

Most of these studies either focus on systems above jam-

ming or considers dynamics. On the other hand, Bi et al.
have shown that a granular system of frictional disks below

the isotropic jamming point can be jammed by applying a

certain amount of shear strain quasi-statically, a process

called shear jamming [1]. Therefore, it is necessary to test

shear jamming in a system of ellipses and compare the re-

sults with disks.

In this work, we use a system of quasi-2D elliptical

particles made of photoelastic materials and apply quasi-

static simple shear to it homogeneously. Note that simple

shear can be decomposed in to a rotation followed by pure

shear, which consists of compression in one direction and

dilation in the perpendicular one. The photoelastic prop-

erty of particles enable us to visualize and determine pres-
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sure on each individual particle. We find that shear jam-

ming still occurs in a granular system of ellipses. Using

UV bars on the surfaces of particles, we determine their

centers and orientations. The evolution of the probabil-

ity distribution of particle orientations shows that particles

tend to align during shear to a direction that is perpendic-

ular to the compression of shear. Furthermore, by apply-

ing Voronoï tessellation to the packing, we see a dramatic

change and asymmetry in the distribution of the Voronoï

cell areas, indicating a spacial inhomogeneity.

2 Experimental Methods

The granular system is composed of more than 3000

monodisperse ellipses made of photoelastic material,

which reveal force information on individual particles if

put between a pair of crossed polarizers. An example of

a polarized image is shown in Fig. 1(c), with particles

that bear forces lighting up and ones that are force free

remaining dark. Each particle has dimensions of: major

axis 1.04cm and minor axis 0.57cm. We also obtain an

image taken with unpolarized white light, as shown in Fig.

1(b). An invisible UV bar, only illuminated by UV light,

was drawn at the center of the particle surface, as shown

in Fig. 1(d), to accurately find the major axis orientation

(indicated as orientation in the following text) and center

of a particle.

To apply a homogeneous simple shear to the granular

system, we used a bottom-assisted shear apparatus utiliz-

ing friction between the base and particles. The bottom

is split into small slats of width 1.27cm, moving with the

wall, to ensure that every particle feels the uniform shear

profile. That is shear is applied homogeneously through-

out the system, and not only from the boundaries. Such a
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Figure 1. (a) Sketch of the shear cell setup with the Cartesian co-

ordinate system illustrated. Starting as a rectangular box, which

has a length l = 62.1cm and a width w = 29.7cm, the cell is

deformed to a parallelogram, with the deformation characterized

by shear strain: γ = Δy/l. White light illuminates the shear cell

from below while UV light illuminates the shear cell from above.

Bottom: examples of images of the same part from a shear ex-

periment taken (b) with white light on and without polarizer, (c)

with white light on and with polarizer and (d) with white light off

and UV light on.

design is sketched in Fig. 1(a). For a typical experiment,

starting from a rectangular box of width w = 29.7cm and

length l = 62.1cm, the system was sheared along the width

side by a small strain step, 0.0027, followed by enough re-

laxation time for the particles to come to rest. Then we

obtained three pictures in sequence: a polarized image to

record forces, a normal and a UV image to determine posi-

tions and orientations of particles. Such a process of small

amplitude shear, relaxation and image acquisition is re-

peated 100 times to achieve a total strain (γ) of 0.27.

3 Results and Discussion

3.1 Shear Jamming

Shear jamming is still observed in the case of ellipses, and

that is qualitatively similar to what is observed for disks.

According to the simulations [15], the isotropic jamming

point, φJ , for a frictionless bidisperse ellipse system with

an aspect ratio 1.82(= 1.04/0.57) is between 0.885 and

0.89. The densities we tested are all well below this value.

Typical results from an example of φ = 0.847 (the same

experiment for the results shown in Figs. 3 and 4) are

shown in Fig. 2. Starting from a completely stress-free

state, as shown in Fig. 2(a), where no particle is bear-

ing any forces, the system gradually comes to a fragile

state, where particles form a force network, force chains,

mainly in the compression direction, as shown in Fig. 2(b)

[1, 6]. Such a special state is mechanically stable; how-

ever, it cannot sustain more than a small stress if the shear

is reversal. This feature distinguishes itself from a jammed

(a)

(b)

(c)

Figure 2. Three snapshots of polarized images from one shear

experiment (φ = 0.847) showing that the system undergoes tran-

sitions from (a) unjammed to (b) fragile and eventually to (c)

shear jammed states. The corresponding strains from (a) to (c)

are γ = 0, 0.027, 0.135.

state, where the system can sustain stress from any direc-

tion. As γ increases more, force chains in the compres-

sion direction bend and make extra contacts, and eventu-

ally percolate all over the system, bringing the system to a

jammed state, as shown in Fig. 2(c).

In order to investigate the difference for shear jam-

ming between disk and ellipse systems, we probe struc-

tural changes in the ellipse system and contrast it with

disks. Specifically, we look at the probability distribution

function (PDF) of orientations of ellipses, denoted as θ in

the following, and apply Voronoï tessellation to the pack-

ing, with results shown and discussed below.
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3.2 Orientation Distribution

When computing the probability distribution function of

the orientations of ellipses, only the ellipses whose dis-

tances to the nearest boundary are twice or more the minor

axis are taken into consideration to minimize the boundary

effect. After such an elimination of boundary particles, ap-

proximately 2500 ∼ 3000 particles are used in the calcu-

lation, which still gives reliable statistical results.

For the ease of plotting, θ is confined in the range

(0◦, 180◦) and then extended to (0◦, 360◦) by adding 180◦
to the original values, where θ = 0◦ corresponds to the

positive x axis in the inset of Fig. 1(a). Results from a

few selected γ are shown in Fig. 3. Note at γ = 0 in Fig.

3(a), there are more ellipses oriented around 80◦, while

supposedly there will be no preferred orientations if par-

ticles are put randomly. The main reason is: in order to

achieve a stress free state at a relatively high φ, particles

tend to align with their neighbors, which hence creates a

local order. However, such a built-in order does not affect

the final conclusion, as seen in the following.

As γ increases, we can clearly see that: first, the dis-

tribution remains non-uniform; second, the most probable

θ changes from ∼ 80◦ at γ = 0 to ∼ 110◦ with a slightly

higher probability at γ = 0.15, and then stays around the

same value for the rest of shear. The first feature indicates

that shear induces or keeps a preferred direction in an el-

lipse system. The second feature indicates that the system

reaches a steady state. Such a feature is reminiscent of

the work by Börzsönyi et al., where they showed a gran-

ular system of elongated particles formed a certain angle

with the streamline of shear, unaffected by the shear rate

[14]. Furthermore, both features show up for all the other

densities tested.

As mentioned in Sec. 1, there exists a rotation as-

sociated with simple shear. The amount of rotation is

given by tan−1(γ/2), which in our case is no larger than

tan−1(0.27/2) = 7.7◦. From Fig. 3, we clearly see that

the change of the preferred θ is more than 15◦. There-

fore, such a change cannot be only induced by the rotation

associated with shear. Note that an ellipse is more sta-

ble if the forces it bears are mainly perpendicular to its

major axis. Combining this with the fact that shear in-

duces force anisotropoy with larger forces mainly in the

compression direction, particles are naturally expected to

align their major axis perpendicular to the compression

direction. This expectation coincides with our observa-

tion that the most probable θ is around 110◦, which is very

close to the perpendicular direction of compression direc-

tion (45 − tan−1(γ/2) + 90◦ = 135◦ − tan−1(γ), which is

120◦ for γmax = 0.27).

3.3 Voronoï Tessellation

To further verify the structural change of the system under

shear, a Voronoï tessellation is applied to the packing. In

this approach, we use the distance transformation tool in

Matlab to determine a Voronoï tessellation associated with

a particle, in which the distance of any point to that particle

is less than that to any other particle [16]. We follow the

(a) (b)

(c) (d)

(e) (f)
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Figure 3. The probability distribution function of the orientation

of ellipses from the same experiment in Fig. 2, excluding parti-

cles that are close to the boundary at different strain γ: (a) γ = 0,

(b) γ = 0.0513, (c) γ = 0.1026, (d) γ = 0.1539, (e) γ = 0.2052,

and (f) γ = 0.2565. In the figures, the orientations are first fixed

to the range (0◦, 180◦) and then duplicated by adding 180◦ to have

a range in (0◦, 360◦).

same procedure in Sec. 3.2 to minimize boundary effects,

and the results are shown in Fig. 4.

Fig. 4(a) shows the evolution of the PDF of the

Voronoï area, Avoro, with shear. The peak value, Pmax,

and corresponding Avoro, of the PDF, shift to a lower

value as γ increases. In comparison, Ren et al. reported

that this PDF did not change during shear for a disk sys-

tem [2]. In addition, Aste et al. showed an invariant

Gamma distribution of the Voronoï volume in static gran-

ular spheres of different packing fraction by rescaling the

Voronoï volume [10]. Here we applied the same rescaling:

Arescaled = (Avoro − Amin)/(〈Avoro〉 − Amin), where Amin

is the minimum and chosen to be 1.048 times the actual

area of an ellipse. Assuming the data to be the Gamma

distribution, given by

P(Arescaled) =
1

Γ(k)θk
Ak−1

rescalede−Arescaled/θ, (1)

k and θ can be determined by the mean (kθ) and variance

(kθ2). One thing to note is that due to the rescaling, the

mean is always 1, namely, kθ = 1.
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Figure 4. (a) Probability distribution function (PDF) of the

Voronoï area of ellipses in the unit of the area of an ellipse,

Avoro/Aelp, from the same experiment in Fig. 2, as a function

of shear strain γ, indicated by different colors. The inset shows

the color bar for γ. (b) The Gamma distribution fit (red line) to

the original data (blue crosses) at γ = 0 for the rescaled Voronoï

area: Arescaled = (A − Amin)/(〈A〉 − Amin). (c) The evolution of k
from the Gamma distribution fit as γ increases.

An example of the Gamma distribution fit is shown in

Fig. 4(b) for γ = 0. Since kθ is fixed regardless of γ, we

only look at k here, plotted against γ as shown in Fig. 4(c).

Starting from a value around 8, k stays the same for small γ
and then gradually decreases as γ increases. The skewness

of the Gamma distribution is proportional to 1/
√

k, hence

the PDF of Avoro becomes more and more asymmetric as

γ increases.

4 Conclusion and Outlook

To summarize, applying homogeneous shear to a quasi 2D
granular system of ellipses causes shear jamming for an

ellipse system well below isotropic jamming point. Un-

der applied strain, particles tend to align with their major

axes approximately perpendicular to the compression di-

rection of shear. Such an alignment is seen in the proba-

bility distribution of the orientations. A structural inhomo-

geneity, indicated by this alignment, is further validated by

the probability distribution of the Voronoï cell area, where

the most probable value shifts to a smaller value. By con-

trast, such a inhomogeneity induced by shear is not ob-

served with disk granular systems. Therefore, by introduc-

ing anisotropy into the shape of elements that make up the

packing, the response of the packing shows a substantially

different behavior, especially structurally.

We note that Schaller et al. showed an application

of Voronoï tessellation in frictional ellipsoids packing to

explain the local origin for global contact number [12],

which can serve as a criterion to distinguish jammed states

from unjammed ones. For the future work, we would like

to apply similar analysis to see if there exists a connec-

tion between Voronoï area and contact number, and hence

shear jamming. In addition, a more detailed analysis of
force networks is required to better distinguish ellipses

from disks during the shear jamming transition.
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