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Abstract. By means of 2D Contact Dynamics simulations, we explored the effects of the shape and size

span of the grain size distribution (GSD) on the microstructure of a sheared granular packing, in terms of its

packing fraction and the connectivity of its contact network. We focused on GSDs that can be represented by

a power law, which are widely used in several engineering and industrial contexts. The interest in power law

GSDs originates in the works of Fuller and Thompson in 1907 and 1919, in which it was found that a maximum

density is obtained for a power law GSD with an exponent of 0.5. This disagrees with recent DEM results where

the densest packing is obtained for linear cumulative volume distributions. In order to explore this discrepancy,

we performed systematic simulations in which we varied both the size span (the ratio between the largest and

the smallest diameter) and the exponent (shape) of the distribution. We find that the exponent equal to 0.5

produces the highest density for all size spans. Furthermore, the proportion of rattlers and coordination were

also analyzed, showing that the system’s connectivity is strongly affected by both the size span and the shape

of the distribution.

1 Introduction

It is well known that the grain size distribution (or polydis-

persity) plays an important role on the dynamics of granu-

lar materials. For instance, polydispersity strongly affects

the material’s packing fraction, which in turn affects its

mechanical response. Therefore, it is of paramount im-

portance to choose the appropriate grain size distribution

(GSD) when the material’s design targets some specific

property, as it is done for the granular phase of composite

materials such as Portland and asphalt concrete, or in the

granular bases in roadways pavements.

The relationship between polydispersity and packing

fraction has been studied for more than a century. The

first experimental works are probably those of Fuller and

Thompson in 1907 [1] and Taylor in 1919 [2]. Fuller and

Thompson found that the optimal GSD (i.e., that with the

highest density) is the one for which the cumulative vol-

ume distribution is described by

ρ = (d/dmax)0.5, (1)

where ρ is the mass percentage of particles with diameter

smaller than d, and dmax is the maximum diameter of the

sample. In the years that followed, several researchers ex-

plored different materials, used in different industrial con-

texts, finding smaller values for the optimal exponent. In

particular, the optimal exponent decreased as the amount

of fines in the samples increased [3–6]. A useful extension,
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which includes a minimum diameter dmin was proposed in

[7] and reads

ρ =

(
d − dmin

dmax − dmin

)η
, (2)

in which dmin and dmax control the size span of the GSD,

while η controls its shape. For example, η = 0 corresponds

to a mono-sized material.

Numerous theoretical studies have also been con-

ducted in order to develop analytical expressions that al-

low for predicting the packing fraction, given a certain

GSD. However, these expressions only give good predic-

tions for discrete GSDs (binary or ternary mixtures) [8–

17].

Another possible approach is to build and analyze ar-

rangements of particles according to a geometrical rule,

as those presented in [13, 18–25]. These models repre-

sent a tool of great value since they allow for exploring

a wide range of systems, configurations and size distribu-

tions, which is something that cannot be easily done ex-

perimentally or theoretically. In particular, in [23] a large

set of GSDs were built and compared by using the cumu-

lative β-distribution, finding that the GSD that produces

the densest packing is the uniform distribution by volume

fractions (i.e., η = 1 in eq. (2)). This disagrees with

the optimal exponent of η = 0.5 proposed in [1, 2], al-

though these experiments were based on mixtures of fine

and coarse grains, and the model in [23] is two dimen-

sional.

During the past decades, several works have used the

Discrete Element Method (DEM) to study the effects of
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Figure 1. (Color online) Grain size distributions for all samples.

The black line corresponds to eq. (2)

the GSD on different properties of granular packings [26–

31]. In this paper, we use DEM to explore the influence of

both the size span and the shape of the GSD on the packing

fraction and connectivity, for two-dimensional samples of

frictionless discs under simple shear.

2 Numerical procedure

The numerical samples were composed of approximately

10000 discs, with a GSD that followed a power law such as

that presented in Eq. 2. The size span of the GSD was de-

scribed by the size ratio λ = dmax/dmin, and the shape of the

GSD was controlled by the exponent η. Systems were built

for the following set of parameters: λ ∈ (2, 4, 8, 16, 32)

and η ∈ (0.1, 0.2, ..., 1). For this purpose, the range of di-

ameters (dmin, dmax) was divided into ten subranges, and,

inside these subranges, a uniform distribution by number

of grains was used.

Figure 1 shows the GSDs (i.e., the cumulate area dis-

tributions) of all samples; ρ is the area percentage of par-

ticles with a reduced diameter smaller than dr = (d −
dmin)/(dmax − dmin). It can be seen that the built GSDs

closely follow the theoretical curves. For λ = 32, only

samples with η � 0.4 were built, since it was seen that

smaller values of ηwould require a larger number of grains

in order to obtain a good fit (i.e., a maximal vertical offset

of 0.03) with the theoretical curve.

All samples were periodic on the horizontal direction.

These samples were first compressed under a constant

stress σc, and then the systems were sheared horizontally

with shear speed vs under the same confining stress. The

inertial number I was defined as

I =
γ̇〈d〉√
σc/	

, (3)

where γ̇ is the shear rate and 	 is the grains’ density. In

all shear tests I � 10−4, which means that these tests can

reasonably be considered as quasi-static [32].

Figure 2. (Color online) Contact network for η = 0.1, 0.5, 1.0

and λ = 2, 8, 32. Yellow (white) lines join the center of particles

in contact. The length scale is the same on all snapshots.

3 Results

3.1 Contact network

Figure 2 shows the contact network for eight systems with

different values of the size span λ and exponent η of the

GSD. For η = 0.1 a big part of the system is almost mono-

disperse and spontaneous crystallization occurs to some

degree. Large size spans are characterized by a disordered

structure but also by a higher proportion of rattlers (i.e.,

grains that do not participate in the force-carrying back-

bone). For η = 0.5 it seems that the amount of smaller

particles is appropriate to fill better the voids between the

larger particles. Simultaneously, the contact network’s

connectivity is also enhanced.

3.2 Packing density

The packing density was quantified by means of the pack-

ing fraction, defined as

ν =
Ag
A
, (4)

where Ag is the area covered by the grains, and A is the

total area of the sample. Figure 3 shows ν as a function of
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Figure 3. (Color online) Packing fraction ν as a function of η for

all values of λ. Error bars indicate the standard deviation from

several measures at the steady state. The dashed line indicates

the packing fraction of a set of mono-disperse discs packed on a

hexagonal arrangement - HP (νHP = π/2
√

3 � 0.9069)

η for all values of λ. First, it can be seen that ν increases

with λ, as shown also in [28, 31], as small particles fill the

pores between the larger particles. Second, it can be seen

that ν varies non-monotonically with η, showing a maxi-

mum around η � 0.5 . Therefore, the maximum density

is obtained when the GSD follows a power law with an

exponent close to 0.5, as suggested by Fuller and Thomp-

son [1, 2], and not for the uniform distribution by volume

fractions, as suggested by Voivret [23]. This discrepancy

could be due to the fact that the set of GSDs explored in

[23] did not include a power law of exponent 0.5. In ad-

dition, the samples analyzed in [23] were built geometri-

cally, while the systems analyzed in this paper were built

mechanically. Third, it is also shown that ν can exceed

the packing fraction of system of mono-disperse discs in

hexagonal packing (i.e., ν = π/2
√

3 � 0.9069).

3.3 Connectivity

Figure 4 shows the proportion κ of rattlers as a function of

η for all values of λ. It can be seen that κ increases with

both λ and η. For λ = 32 and η = 1, almost 45% the

particles are rattlers, which means that the force-carrying

backbone is only composed by approximately half of the

particles. Figure 5 shows the average coordination num-

ber 〈nc〉 as a function of η for all values of λ. It can be

seen that 〈nc〉 decreases with both λ and η, as a result of

the increasing number of rattlers. It is also shown 〈nc〉 for

the force-carrying backbone, which is very close to 4, as

is expected for a two-dimensional system of frictionless

discs. It is interesting to note that systems with η = 0.5
are notably better connected than those with η = 1, which

should have an important effect in macroscopic mechani-

cal properties such as Coulomb cohesion and Stiffness.

4 Conclusions and perspectives

In this paper we explored the effects of the shape and

size span of the grain size distribution (GSD) on the mi-

Figure 4. Proportion κ of rattlers as a function of η for all val-

ues of λ. Error bars indicate the standard deviation from several

measures at the steady state.

Figure 5. Coordination number 〈nc〉 including all particles

(lines and points) and for the force-carrying backbone only (only

points). Error bars indicate the standard deviation from several

measures at the steady state.

crostructure of a sheared granular packing. This mi-

crostructure was described in terms of the packing fraction

and the connectivity of the contact network.

We showed that the GSD that produces the densest

packing corresponds to a power law with an exponent

close to η = 0.5 (see equation (2)), in agreement with the

results of Fuller and Thompson [1, 2] for 3D experiments.

Our results enhance and extend the validity of the Fuller

and Thompson optimal GSD [1, 2] to 2D systems of fric-

tionless discs. Qualitatively it was suggested that the high

packing fraction obtained with this distribution is due to

a higher proportion of small particles that allows for ef-

ficiently filling the voids between the larger particles, an

effect which increases with increasing size span.

Or results disagree with those presented in [23], where

the densest packing was found to be the the uniform dis-

tribution by volume fractions (i.e., a power law GSD with

η = 1). It is important to note that the set of GSDs ex-
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plored in [23] did not include a power law of exponent

0.5. Moreover, the samples analyzed in [23] were built ge-

ometrically, while the systems analyzed in this paper were

built mechanically.

Finally, we showed that both the size span and shape

of the GSD increase the proportion of rattlers and decrease

the coordination of the force-carrying backbone. It is also

shown that the distributions with η = 0.5 are not only

denser than those with η = 1, but also better connected.

This is important because it could have a major effect on

macroscopic mechanical properties such as Coulomb co-

hesion and stiffness.

This work can be extended by exploring the role of the

size span and shape of the GSD in a three dimensional sys-

tem. Furthermore, we are currently exploring the links be-

tween the GSD and other macroscopic properties beyond

shear strength. This should be useful to better understand

the effects of polydispersity and use this knowledge for in-

dustrial applications in which the GSD can, or even needs

to be, controlled.
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