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Abstract. Dense granular flows can exhibit non-local flow behaviours that cannot be predicted by local consti-

tutive laws alone. Such behaviour is accompanied by the existence of diverging cooperativity length. Here we

show that this length can be attributed to the development of transient clusters of jammed particles within the

flow. By performing DEM simulation of dense granular flows, we directly measure the size of such clusters

which scales with the inertial number with a power law. We then derive a general non-local relation based

on kinematic compatibility for the existence of clusters in an arbitrary non-homogenous flow. The kinematic

nature of this derivation suggests that non-locality should be expected in any material regardless of their local

constitutive law, as long as transient clusters exist within the flow.

1 Introduction

The bulk rheology of dense granular flows can be de-

scribed by a local constitutive law involving an effective

viscosity and yield stress, both depending on the normal

stress [1–3]. However, this local description fails to cap-

ture the behaviour of flows in heterogeneous configura-

tions, in particular, flows near walls or when stress and

shear strain-rate gradients are present in the flow. In such

configurations, the influence on the flow at one point due

to flows at its neighbouring points results in nontrivial flow

features, e.g., S-shaped velocity profile in plane shear flow

between two walls [4, 5] and wide shear bands observed

in slit-bottom cell experiments [6].

Various non-local models have been introduced that

successfully account for these situations [4, 5, 7–12]. In

spite of the differences in their formulations, these non-

local models are all based on the key assumption that there

exists a meso-scale length � which is larger than the grain

size d and that it represents the extent of non-locality, i.e.,

the influence on the flow at one point due to flows at its

neighbouring points. An association of this length with

the critical stopping height of grains on inclined plane [13–

15] has been made [16], which suggested possible link be-

tween jamming and non-locality. Here we show how this

length representing non-locality can be attributed to the

development of correlated structures of jammed particles

within the flow.
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2 Multiple shear bands and clusters in
homogeneous shear flow

In order to study the microstructure of the dense granular

flows, we perform discrete element simulation, as in [5],

of a two dimensional assembly of 10,000 grains sheared

homogeneously with a shear strain-rate of γ̇ under con-

stant normal pressure P, as shown in Fig. 1. The grains

have density ρ, mean diameter d and a polydispersity of

±20% in order to avoid crystallisation and any permanent

shear banding. Bi-periodic Lees-Edwards boundary con-

dition [17] is used to ensure the time averaged shear flow is

homogeneous. Overlapping grains interact via normal in-

elastic forces and tangential frictional forces with Young’s

modulus E, coefficient of restitution e = 0.5, and grain-to-

grain coefficient of friction μg = 0.5. The typical overlap

is of the order of κ = P/E = 10−3. The system is initially

set randomly with no contacts, then the pressure P and the

shear strain rate γ̇ are applied. All measurements reported

here are after the system has reached a steady state.

As a way to identify correlated structures, triplets of

neighbouring grains are identified using a Delaunay tri-

angulation and a criteria is employed to determine which

triplets are jammed. Amongst several possibilities, we

used a criteria based on the maximum normal relative

velocity between pair of grains in the triplet k: |Δv| =
max(|Δvk

12
|; |Δvk

13
|; |Δvk

23
|) (see Fig. 1(a)). The triplet is

considered kinematically jammed if all of the three rela-

tive normal velocities are smaller than the average relative

normal velocity 〈|Δv|〉 between all pair of neighbouring

grains in the full system. The flow is composed of tran-

sient orthogonal shear bands that create a lattice of highly

sheared zones [18, 19] delimiting the boundaries of cluster

of grains subjected to little if any shear deformation, thus

moving briefly like rigid bodies. We then count the num-
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Figure 1. Clusters in sheared granular flows: (a) System

of 10000 grains sheared homogeneously by using bi-periodic

boundary condition. The colours represent a snapshot of rela-

tive velocities between the grains for inertial number I = 0.001.

The partially jammed clusters are shown in dark blue (b) The av-

erage cluster size (squares) and standard deviation (vertical bars)

for different inertial numbers. Inset: same plot in log-log axis.

Dashed curves indicate a power law -1/2.

ber of grains, n, in each clusters and calculate its size as

� =
√

nd. The average size of such jammed clusters scale

with the inertial number with the following power law, as

shown in Fig 1 (b):

� ∝ d√
I

(1)

Similar scaling has been observed for other non-local

length scales [5, 10, 11] measured indirectly in various

systems, which suggests a possible relation between the

clusters and non-locality.

3 Derivation of continuum non-local
relation

Let us now seek to derive a general relation for non-local

rheology by considering the existence of correlated struc-

tures in an arbitrary non-homogeneous flow. The first as-

sumption is that, in the dense regime, the flow is comprised

of transient clusters of grains that move like rigid bodies.

Since, rigid body motion will result in constant vorticity

throughout the cluster size, such clusters will redistribute

the vorticity over their size. The local value of the vorticity

within a flow should therefore be affected by the value of

the vorticity in the surrounding.

y
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Figure 2. Illustration of the proposed mechanism at the origin

of non-locallity. (Top) Actual shear rate profile γ̇(y) in a het-

erogeneous sheared layer compared to the shear rate profile γ̇b

predicted by a local constitutive law with no account for non-

local effects; A clusters of jammed particles located at a position

y + s is represented, distributing its vorticity over its size �. (bot-
tom) The local velocity gradient is comprised of i) a local pure

shear strain rate ε̇ = γ̇b/2 governed by the local stresses via a lo-

cal constitutive law, and a contribution γ̇ω = 〈ω(y)〉|�/2−�/2 coming

from the vorticities of nearby clusters.

The second assumption is that the velocity gradient can

be decomposed into a local shear strain deformation that is

not redistributed, ε̇l, and a shear rate due to redistribution

of vorticity, γ̇ω:

γ̇(y) = ε̇l(y) + γ̇ω(y) (2)

The local shear deformation is responsible for mechanical

dissipation in localised shear bands, which shall follow the

local constitutive law. On the other hand, the vorticity gov-

erns the cluster rotation rate which gets redistributed along

the transverse direction.

As shown in figure 2, when a cluster of size � devel-
ops at some position y + s, it redistributes the vorticity

ω(y + s) = γ̇(y + s)/2 over the zone comprised over its

size �. Given that these clusters are transient and develop

at different locations, the net shear rate at a point y due

to redistribution of vorticity is given by the average of the

vorticities of points between y ± �/2, i.e.,

γ̇ω(y) = 〈ω(y)〉|�/2−�/2 =
1

�

∫ �/2

−�/2
(γ̇(y + s)/2)ds

By contrast, local pure shear is not redistributed, which is

entirely governed by the local stresses in the layer and is

therefore the same as in the case of homogeneous shear

flow, i.e., ε̇l(y) = ε̇b(y) = γ̇b(y)/2, where γ̇b is the shear

rate predicted by the local constitutive law. Substituting

these two results in (2) leads to:
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Figure 3. Non-locality and clusters in a non-homogeneous shear flow. (a) H × H Poiseuille flow geometry where wall grains (black)

with average diameter 2d are stationary along x and subjected to a pressure P along y, whereas flowing grains (blue) with average

diameter d are subjected to a constant force of πd2ρg/4 along x. Periodic boundary condition is used along the x axis. (b) Measured

cluster size profile, (c) velocity profile [inset: same in semi-log scale], and (d) measured cluster size versus inertial number within

various Poiseuille flows. Symbols represent data from DEM simulations, solid black curves in (c) are solutions of eq. (4) and dashed

lines in the inset of (c) are velocity predictions using local constitutive law for H/d=60.

2γ̇(y) = γ̇b(y) +
1

�

∫ �/2

−�/2
γ̇(y + s)ds (3)

By using a Taylor expansion of γ̇(y + s) with respect to s
about s = 0, the integral in (3) becomes:

1

�

∫ �/2

−�/2

(
γ̇(y) +

∂γ̇(y)

∂y
s +

1

2

∂2γ̇(y)

∂y2
s2 + O

(
∂3γ̇

∂y3

))
ds

= γ̇(y) +
�2

24

∂2γ̇(y)

∂y2
+ O

(
∂4γ̇

∂y4

)

Introducing the second order approximation of this expres-

sion into (3) leads to a non-local equation governing the

shear rate γ̇(y):

γ̇(y) − γ̇b(y) =
�2

24

∂2γ̇

∂y2
. (4)

This equation was derived solely based on kinematic

compatibility, so it should be valid for any material regard-

less of their local constitutive law, as long as transient clus-

ters of size � exists in the flow. This differential equation

is similar to the relation used in the Kinetic Elastoplastic

(KEP) model [8–10], except that, here, the fluidity is re-

placed by shear strain-rate. In the quasi-static limit, the

KEP model reduces to (4).

4 Non-locality in non-homogeneous shear
flow

In order to assess the validity of the non-local model (4),

we now consider a series of granular flows in a Poiseuille

geometry (see Fig. 3(a)). This geometry involves a stress

gradient, expressed as μ(y) = τ(y)/P = ρφg
P y for a solid

fraction φ, and the presence of walls, which both induce

non-local effects [5, 10]. Figure 3(b) shows the profile of

cluster size �m(y), which is measured using a protocol sim-

ilar to that in the homogeneous case, measuring the aver-

age relative velocity for each horizontal layer across the

flow. Figure 3(c) shows that the model (4) is able to re-

produce all the measured velocity profiles. To calculate

the bulk shear rate γ̇b, we use the constitutive relation of

the form μ = μo + bI, where μo = 0.266, b = 1.54, fitted
from the plane shear flow data. For the cluster size we used

�(y) = A�m(y), where A = 0.55 is the single fitting constant

which depends on the protocol used to measure the clus-

ter size1. The two boundary conditions used are the val-

ues of the shear rate at both walls directly measured from

the DEM simulations. Using Neumann boundary condi-

1In order to be consistent, we have used instantaneous velocities to

measure cluster size. Using time averaged velocities does affect the ab-

solute values of measured cluster size. However, the relative power law

scaling in (1) is not affected.
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tions, as in [10, 12], also produces similar result. Figure

3(d) shows that size of clusters and local inertial numbers

follow a power law consistent with (1) for smaller cluster

sizes. However, larger cluster sizes seemingly saturate to

some finite size, which may be attributed to a finite size

effect of the system [5].

5 Conclusions
Here we showed that in the dense regime, granular flow

is composed of the correlated structures of jammed parti-

cles. The typical size of such correlated structure scales

with the inertial number with a power law, which is con-

sistent with the scaling of non-local length measured in

various systems [5, 10, 11]. By considering the existence

of such structures in an arbitrary non-homogeneous flows,

we derived a general non-local relation which is similar

in form to the KEP model. The fact that this relation was

derived solely based on kinematics of the flow suggests

that it should be valid for any material regardless of their

constitutive law, as long as transient clusters exists in the

flow.

More generally, correlated motion of particles [20–

22], and avalanche-like rearrangements have been ob-

served in various glassy materials like sand [23], granular

materials [15, 24, 25], cohesive grains [26], foams [27],

suspensions [8, 28], colloids [29, 30], and Lennard-Jones

glass [31, 32]. These observations suggest that clusters of

particles may exist in many glassy materials. Our deriva-

tion indicates that non-local behaviours should then be ex-

pected. Furthermore, the link made here between clusters

and non-locality creates a promising opportunity to bet-

ter interpret, analyse and unify the non-local behaviours

of glassy materials through a thorough characterisation of

cluster size and formation mechanisms for specific mate-

rials and flow configurations.
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