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Abstract. The rheology of dense granular flows is studied numerically in a shear cell controlled at constant

pressure and shear stress, confined between two granular shear flows. We show that a liquid state can be

achieved even far below the yield stress, whose flow can be described with the same rheology as above the yield

stress. A non-local constitutive relation is derived from dimensional analysis through a gradient expansion

and calibrated using the spatial relaxation of velocity profiles observed under homogeneous stresses. Both

for frictional and frictionless grains, the relaxation length is found to diverge as the inverse square root of the

distance to the yield point, on both sides of that point. We also make use of a micro-rheometer to determine the

influence of a distant shear band on the local rheological behaviour. Finally, we compare various approaches

based on different non-local constitutive relations and choices for the fluidity parameter. We emphasise that, to

discriminate between the different approaches proposed in the literature, one has to go beyond the predictions

derived from linearisation around a uniform stress profile, such as that obtained in a simple shear cell. We argue

that future tests can be based on the nature of the chosen fluidity parameter, and the related boundary conditions,

as well as the hypothesis made to derive the models and the dynamical mechanisms underlying their dynamics.

1 Introduction

The physics of granular material has reached today a good

level of general understanding [1]. In particular, it is now

well established that the rheology of dense granular flows

takes a simple form when working at controlled pressure P
[2]. It this case, the constitutive laws have been formalised

in terms of the inertial number I = |γ̇|d/√P/ρ, where γ̇ is
the shear rate, d and ρ are the grain size and density [3–

6]. This dimensionless quantity compares the macroscopic

shearing time scale 1/γ̇ to the microscopic time scale of

local plastic rearrangements d/
√

P/ρ. In the limit of rigid

grains, the effective friction coefficient μ, which compares

the shear stress τ to the pressure P, as well as the vol-

ume fraction φ of the system, must be functions of I. The
shape of the functions μ(I) and φ(I) have been determined

by means of numerical simulations [4–6, 9], as well as

by experimental measurements [7, 8]. This approach has

been successfully applied in different geometries [2, 3], as

well as to describe dynamic compressibility effects associ-

ated with spontaneous oscillatory motion [11, 12], and this

constitutive law is now used as an input in hydrodynamics

equations [10, 13].

Several experiments have however provided evidence

for deviations from the μ(I)-rheology, in the case of het-

erogeneous systems or when investigating the existence

�e-mail: philippe.claudin@espci.fr

Figure 1. (a) Set-up of the numerical rheometer to probe non-

local effects. x is the shear direction. The height of the bulk

of the cell is H � 40d. The buffer layers are Δ � 5d thick.

Green zoom: schematic of the influence of grain motion in a

neighborhood of size � on the local shear rate. (b) Schematic

profiles of the pressure P (black line) and of the shear stress τ

(red line) across the cell. In the bulk of the shear cell (white), the

pressure is homogeneous: P = Pb.

of a ‘solid-liquid’ interface [14–17]. These effects have

been qualified as ‘non-local’, in the sense that flowing at

a given location may be enhanced by grain motion in the

neighbourhood of that location, so that the μ(I)-rheology
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Figure 2. (a) I profiles above (blue line) and below (red line)

yield conditionsYb = 1. The local rheology predics I = Ib. Solid

black lines: fit of the function I(z) − Ib =
I(H/2)−Ib

cosh(H/(2L)) cosh(z/L),
where the relaxation length L is adjusted. (b) L as a function of

Yb. These data are for frictional grains. A similar behavior is

obtained with frictionless grains [22].

with the local values of the parameters is not valid. Non-

local effects have also been reported in soft glass flows

[18–20]. In this case, non-locality has been associated

with long range interactions between Eschelby-like elasto-

plastic events. These events are well defined in the over-

damped regime. For inertial flows of rigid grains, how-

ever, the picture is different, and the identification of the

mechanisms responsible for non-locality is an interesting

yet open issue. In this paper, we summarise our recent

results on the subject (see also [21]).

2 A rheometer to probe non-local effects

We have investigated non-local effects in granular flows by

means of DEM numerical simulations [22]. The system

is two-dimensional and constituted of N � 2000 circular

particles of mean diameter d, with a ±20% polydispersity.

The shear cell is composed of two rough walls moving

along the x-direction with opposite velocities (Fig. 1a).

These walls are made of the same grains, but glued to-

gether. Their position is controlled to ensure a constant

normal stress Pw. Periodic boundary conditions are ap-

plied along the x-direction. The particle and wall dy-

namics are integrated using the Verlet algorithm. Contact

forces between particles are modeled as linear viscoelas-

tic forces, with a normal contact stiffness large enough

(kn/Pw > 103) so that the rigid limit is reached. The tan-

gential spring constant is kt = 0.5kn. We have considered

both frictionless and frictional grains, with a contact fric-

tion coefficient μp = 0.4. The pressure and shear stress in

the system are noted P and τ. We define the dimension-

less Coulomb yield parameter Y = τ/(Pμc), , where μc is

the friction coefficient in the zero shear-rate limit, at the

jamming volume fraction φc.

What makes the set-up original is the possibility to im-

pose the profile of theY(z) by means of gravity-like forces

applied to the grains located in two buffer zones located

close to the walls. These forces are oriented downward

at the top of the cell, and upward at the bottom. In the

bulk of the cell, the pressure is constant P = Pb. The lo-

cal rheology predicts in the bulk a linear velocity profile

ux = γ̇z when Yb > 1 corresponding to a finite and con-

stant Ib, and static grains (ux = 0, corresponding to Ib = 0)

when Yb < 1. What we find is that all grains of the sys-

tem actually move, whatever the value of Yb. The stress

ratio τ/P therefore does not control the liquid-solid transi-

tion. Rather than a constant value of the inertial number,

we measure I profiles that exponentially relax towards Ib

over a length L (Fig. 2a). Corresponding velocity profiles

follow ux(z) = γ̇z +
ux(H/2)−γ̇H/2
sinh(H/(2L)) sinh(z/L). The relaxation

length L extracted from these profiles is displayed Fig. 2b

as a function of Y, showing a divergence on both sides of

the local rheology yield point Yb = 1 with an exponent

1/2.

3 A non-local model

In the usual accessible range of I (between 10−4 and 10−1),
the constitutive relations of the local rheology typically

follow the empirical laws

μ(I) = μc + aIα, (1)

φ(I) = φc − bIα, (2)

where the exponent α is 0.5 in the frictionless case and 1

in the frictional case. In order to account for non-local ef-

fects, we perform a gradient expansion of the functional

Y[I]. Assuming that non-locality results from a statisti-

cally isotropic short-range interaction between shear zones

(Fig. 1b), the lowest order operator is the Laplacian ∇2I.
As a direct consequence, I and its gradient must be contin-

uous. Furthermore, we assume that the non-local correc-

tion remains finite as I → 0, so that the expansion must be

expressed in terms of κ ≡ �2(∇2I)/I, where � is a length

on the order of few grain diameters (Fig. 1a). At the linear

order in κ, the constitutive relation is then :

Y = μ(I)
μc

(1 − κ) . (3)

κ is positive when the point considered is surrounded by

a more liquid region (higher I). This region flows more

easily than expected from the local value of I, so that the

corresponding shear stress is lower.

Linearising the rheology around Ib above yielding

conditions, we find a second order differential equation,

whose solutions are exponentials (hence sinh shapes for

the velocity profiles), with a relaxation length L> =
�
[Yb/α(Yb − 1)

]1/2
. Below yielding conditions, the non-

local correction is of already of zeroth order, similarly

leading to a relaxation length L< = �
[
1/(Yb − 1)

]1/2
.

These expressions quantitatively fit the data shown in

Fig. 2b, with � � 3d. Further evidence for the square-

root divergence, with log-log plots for both frictional and

frictionless cases, can be found in [22]. Importantly, the
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Figure 3. Profiles of the inertial number I(z) for gravity flows of

different thickness (dark blue: H � 20d, light blue: H � 23d,
green: H � 26d, yellow: H � 28d, ) at a given inclination

θ � 18◦. The free surface is at z = 0. Red dashed line: prediction

from the local rheology. Black dashed lines: fits of the non-local

model with the function I = Ib + C1 exp(z/L) + C2 exp(−z/L).
These data are for frictional grains (μp = 0.5). A similar behav-

ior is obtained with frictionless grains. Inset: schematic of the

incline plane. Color code for the velocity of the grains along the

�x axis.

divergence of L is not the signature of a dynamic phase

transition controlled by Y. Both above and below yield-

ing conditions, the system is constituted of a single liq-

uid phase, with permanent fluctuations, in contrast to a

solid that would flow by means of elasto-plastic events.

The situation would of course be different looking at the

initial shearing of a granular packing prepared in a non-

critical solid state, where ‘hot spots’ corresponding to lo-

calised plastic events are visualised [23]. Here the station-

ary shearing maintains the liquid state in the whole system.

Importantly, one should realise that the validity of non-

local constitutive relation is not restricted to the descrip-

tion of a creeping flow dynamics, and suited to go beyond

the flow blockade as predicted by a local μ(I) rheology.

But also, it is able to reproduce quantitatively flow pro-

files in inhomogeneous situations, which is actually of a

much more general interest. This is illustrated in Fig. 3, in

a gravity flows situation where the local rheology would

predicts a constant inertia number Ib = 0.4. The actual

result of the numerical simulation shows that the I(z) pro-
file is indeed reproduced quantitatively by the non-local

rheology.

4 Discussion

Other approaches have been proposed to model non-

locality in granular flows (see [21] and references therein).

For example, Pouliquen and Forterre have proposed a for-

mulation based on an analogy with Eyring’s transition

state theory for the viscosity of liquids, where mechani-

cal fluctuations would play the role of temperature in ther-

mal systems [24]. Another example is that of Rognon et

al.[25]. Closer to our framework, Kamrin et al. have pro-

posed a model [26–28] directly adapted from the Kinetic

Elasto-Plastic theory introduced by Bocquet et al. [29] for

soft matter.

A crucial issue is the choice of the quantity, called the

fluidity f , for which the non-local constitutive relation is

written. The fluidity must vanish in the solid phase and in-

crease with the ability to flow. Here we have made the

simplest choice in the context of the μ(I)-rheology and

take it as the inertial number itself f = I. As for com-

parison, Kamrin et al. rather took f = γ̇/τ for the fluid-

ity parameter. The choice for f is a central issue, which

has strong physical consequences: boundary and continu-

ity conditions will apply on f and its gradient.

Interestingly, Kamrin et al.’s approach and our model

lead to the same predictions for the velocity profile in a

situation where the stress is homogeneous, such that the

shear cell described above. The differences between the

approaches must be tested in situations that are strongly

heterogeneous in space. In this spirit, we have per-

formed numerical simulations where a secondary micro-

rheometer is placed in the bulk of a shear cell as presented

above [30]. Shearing within the micro-rheometer is ob-

tained by means of localised bulk forces along two lines

which induce a discontinuity of the shear stress. The pres-

sure remains constant and the direction of shearing is re-

versed (γ̇ changes sign at the discontinuity). We find that

the local shear rate is proportional to that in the bulk and

decreases roughly exponentially with the distance to the

yield conditions. We finally measured numerically the ra-

tio of the absolute value of the shear rate on one side and

on the other side of the stress discontinuity, and shown that

|γ̇| is indeed continuous, unlike γ̇/τ.
In conclusion, in spite of some success in the frame-

work of simple rheological situations, a better clarification

of the microscopic mechanisms responsible for the non-

locality is needed to move forwards and provide a fully

consistent picture of the constitutive relation hence pro-

posed. We have for example explored the role of particle

softness in the strain mode [21, 31]. Furthermore, to make

such a theory fully practical, one should provide a mean-

ingful determination of the boundary conditions, for exam-

ple with rough-walls, using parameters derived on physi-

cal grounds and not from an a-posteriori fitting of the flow

curves as it is currently done. This question is under cur-

rent investigation.
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