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Abstract. We explore sets of jammed packings of frictional spheres and ellipsoids generated using the Discrete

Element Method. A novel preparation method is presented and analysed, where the internal structure of the

system is modified by iteratively removing grains to generate a continuous variation in packing fraction from the

densest to the loosest mechanically stable systems. We present a number of measures quantifying the variation

in the structure of the system as grains are removed, including the variation in packing fraction, distribution of

grain contact numbers, degree of orientational ordering and the degree of displacements of the grains due to

rearrangements to achieve mechanical stability after a grain is removed.

1 Introduction

Random packings of granular particles occur in abundance

in natural and industrial systems [1–4]. One of the sim-

plest ways to form a granular packing is to pour a set of

particles into a container. This technique can lead to a

broad range of densities being obtained depending on the

details of the particle shape, the inter-particle friction, the

viscosity of the fluid/gas of the containing medium and the

fine details of the pouring setup.

In this paper, we will explore the transition between

the loose and dense limits of the possible mechanically

stable random granular packings. We will do this by em-

ploying a novel technique in which we iteratively remove

grains and measure the response of the system in terms of

the structural rearrangements and the resulting variation in

density. We will consider two systems, the first composed

of perfectly spherical grains and the second composed of

prolate ellipsoids with an aspect ratio of 0.7.

2 Computational Model

We employ the Discrete Element Method (DEM) and in

our implementation represent particles as superellipsoids

[5, 6]. The normal force between two contacting particles

is given by:

Fn = −knξn +Cnvn, (1)

where kn is a spring constant determining the stiffness of

the particles, ξn is the linear overlap of the particles, vn is

the relative normal velocity and Cn is a constant related to

the coefficient of restitution. The tangential force is given

by:

Ft = min
{
μFn, kt

∑
vtdt +Ctvt

}
(2)
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Figure 1. DEM simulation of a packing of (left) 5000 spheres

and (right) 4500 prolate ellipsoids with aspect ratio of 0.7.

where the force vector Ft and velocity vt are defined in

the plane tangent to the surface at the contact point, and

the summation is performed over the duration of the con-

tact [6–8]. The total tangential force, Ft, is limited by the

maximum Coulomb friction μFn, at which point the sur-

face contact shears and the particles begin to slide over

one another. The grains are sedimented in a viscous fluid,

where the fluid is modeled using the Stokes equations as

described in [9].

Figure 2 shows the packing fraction variation with as-

pect ratio for systems of mono-disperse ellipsoids with two

of their axes equal in length. The parameters used for the

simulation are kn = 105 N/m, a restitution coefficient of

e = 0.5, a particle density D = 2.7× 103 kg/m3 and values
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Figure 2. Packing fraction variation with aspect ratio for the

densest (η = 0.0, μ = 0.0) and loosest (η = 1.0, μ = 1000) ellip-

soid packings formed via DEM simulations of a sedimentation

process.
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Figure 3. Evolution of the packing fraction as grains are itera-

tively removed from packing of spheres.

of inter-particle friction ranging from μ = 0 to 1000. Val-

ues of viscosity ranging from η = 0 Pa s to η = 1 Pa s are

examined. The fluid has a density ρ = 103 kg/m3, giving

an effective gravity for the particles in the fluid of 0.69g.

We show data for two cases, chosen to demonstrate the ex-

tremes of density that are obtainable using this preparation

technique. The first case corresponds to zero inter-grain

friction (μ = 0) without a background fluid (η = 0) which

produces the densest packings and the second is in the high

friction limit with an inter-grain friction (μ = 1000) and a

high liquid viscosity (η = 1.0 Pa s). For dense packings

created with zero inter-grain friction, the packing fraction

for spheres (α = 1.0) is close to the random close pack-

ing limit (RCP) value of φ = 0.64. As the aspect ratio

is varied from unity, we obtain a peak in packing fraction

at an aspect ratio of around 0.7 followed by a near linear

decline. For the loose packings prepared with high inter-

particle friction (μ =1000) in a high viscosity fluid (η=1.0
Pa s), we obtain packing fractions similar to those mea-

sured for the random loose packing limit for spheres at

φ � 0.55. As the aspect ratio is varied from unity, we see

an initial plateau and then a steady decline between 0.8

and 0.6 followed by a faster rate of decrease. These results

are similar to those seen for prolate ellipsoids packings

prepared by the same technique [9] and also for random

close packings of ellipsoids prepared by a particle expan-

sion technique [1].

Having established the density limits that are obtain-

able by utilising a pouring (or sedimentation) technique in

the previous section, we will now consider a more novel

way of transitioning among states in between the loos-

est and densest mechanically stable packings (the area be-

tween the blue and red lines in Figure 3). Here we will

constrain our consideration to two systems. The first is

composed of 5000 spherical particles in a cylindrical con-

tainer. Spheres have a packing fraction range for me-

chanically stable random packings between approximately

φ = 0.55 and φ = 0.64 as shown in Figure 2. The second is
a packing of 4500 prolate ellipsoids with aspect ratio 0.7

contained within a periodic box in the x and y direction

(the 2 directions normal to gravity). These ellipsoids have

a packing fraction range for mechanically stable random

packings between approximately φ = 0.545 and φ = 0.71.

To study the transition between different mechanically

stable structures, we will employ a simple technique of it-

eratively removing a single grain chosen at random from

the packing and allowing the system to relax to a new me-

chanically stable state. The inter-particle friction is set to

μ = 1000 to put us in the infinite friction limit, which al-

lows for the potential to obtain any state between the dens-

est and loosest mechanically stable limits, and the simula-

tion has no background fluid present (η = 0). Depend-

ing on the grain chosen, its removal may lead to anything

from no change in the positions of the remaining grains (as

the system is still mechanically stable without the removed

grain), up to very large scale global rearrangements of the

packing as it finds a new mechanically stable state.

Figure 3 shows the evolution of the packing fraction

φ with the number of grains removed for the packing of

spherical grains. In this case, we initially start at a pack-

ing fraction of φ = 0.593, near to the middle of the range

of mechanically stable packing fractions that can be ob-

tained for random packings of spheres. As we iteratively

remove grains from the system, the packing fraction shows

a clear downward trend, with occasional avalanche like

events that cause a temporary increase in the packing frac-

tion. These events are caused by removing grains that were

playing a particularly important role in the mechanical sta-

bility of the system, where their removal causes a large

scale rearrangement of the grains and densification of the

system under gravity. The increases in packing fraction at

these avalanche events is generally only up of a maximum

increase of Δφ = 0.002 until we get to looser packings be-
low φ = 0.575 after approximately 300 grains have been

removed. At these low densities the system has become

much more susceptible to the further removal of grains and

we see a more rapid increase in density over successive

grain removals from the 330th to the 350th grain removals,

where an increase of Δφ = 0.007 is observed.
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Figure 4. Distribution of the number of contacts z of the removed

grains.

Figure 4 shows the distribution of the number of con-

tacts z of the removed grains. We see that a majority of the

removed grains have a contact number between z = 3 and

z = 5, consistent with the average contact number for the

entire system of Z � 4.3. Only a very small number of the

removed grains have a value of z = 2, 7 or 8. This graph

shows that by randomly removing grains from the system

we are not uniformly sampling the possible contact num-

bers, but are instead sampling based on the distribution of

contact numbers already present in the system.

To determine the effect of the contact number of the

grain that is removed on the rearrangement of the system,

in Figure 5 we plot the average movement of all grains

within the packing (Davg) normalized by the radius of the

grains (R) against the contact number of the grain that was

removed. The largest average movement of the grains in

the sample occurs when a grain with z = 2 is removed,

with on average all grains moving by a distance equal to

1.7% of the grain radius. Note however, that as the data in

this plot is an average over all of the grain removal events

and as we have very few events with z = 2, 7 and 8, there

may be considerable random variation in the average val-

ues at these three points. Removing grains with z = 3 leads

to the smallest average movement of the sample (0.25% of

the grain radius) with a consistent increase in the average

movement in the sample seen for larger contact numbers

up to z = 7. It is unclear for the decrease observed for

z = 8 if this is just due to being a single measurement

point and hence highly susceptible to random variation.

Figure 6 shows the evolution of the packing fraction

with the number of grains removed for the packing of el-

lipsoids with aspect ratio of 0.7. In this case we start with

a slightly lower packing fraction of φ � 0.575 and perform
800 iterations of removal of grains. We see a similar vari-

ation in the packing fraction as grains are removed to the

spherical case (Figure 3), with fewer increases in packing

fraction due to avalanche events. The packing fraction lev-

els off at φ � 0.548 after 700 grains have been removed,

slightly above the loosest packings that are obtained by

sedimentation of φ � 0.545.

The packing fraction variation with number of grains

removed shows the ability of this technique to transition
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Figure 5. Variation in the average movement of a grain in the

sample when a grain with a contact number of z is removed. Note

very few grains have a z = 2, 7 or 8, meaning that considerable

random variation in the value at these points would be expected.

between a broad range of packing fractions right down to

close to the loosest mechanically stable packings obtained

by sedimentation processes. However, one key concern

is the degree of ordering that is being induced as a result

of this technique, and whether we are obtaining packings

with very different structural properties to those obtained

via sedimentation. In particular here we will investigate

the degree of orientational ordering of the ellipsoids and

how this varies as we remove grains. We quantify the de-

gree of orientational alignment using an order parameter

χθ =
3

2

⎧⎪⎪⎨⎪⎪⎩
1

N

N∑
i=1

cos 2
(
θi − π

2

)
− 1

3

⎫⎪⎪⎬⎪⎪⎭ (3)

where θi is the angle between the semi-major axis of the

i-th particle and the vertical axis [10]. If all grains have

random orientations, χθ = 0, while if the grains all lie flat

χθ = 1. We have also determined the more commonly

used S 2 order parameter [11], quantifying the degree of

orientational ordering of the major axes of the grains about

their average nematic director, and have found that this

parameter follows the same trends observed for χθ.

Figure 7 shows the variation of the angular alignment

of the grains with the number of grains removed. The

ellipsoids initially have a small degree of angular align-

ment with χθ � 0.145. As more grains are removed and

the packing fraction reduces, the degree of alignment only

varies very slightly, with an increase to χθ � 0.16, be-
fore plateauing. There is a steady increase in the degree of

alignment after 450 grains have been removed, followed

by a very sharp drop that exactly coincides with a sharp in-

crease in packing fraction of Δφ = 0.005 when 500 grains

have been removed. The degree of alignment then shows

a consistent decrease to χθ � 0.13 when 800 grains have

been removed. The results clearly show that the reduction

in packing fraction over the 800 grain removals is not due

to any increase in ordering within the system, with the fi-

nal orientational ordering being slightly lower than for the

initial configuration.
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Figure 6. Evolution of the packing fraction as grains are itera-

tively removed from a packing of ellipsoids with an aspect ratio

of 0.7.
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Figure 7. Evolution of the orientational order parameter χθ as

grains are iteratively removed from a packing of prolate ellip-

soids with an aspect ratio of 0.7.

3 Conclusions
We have presented results for a novel method for explor-

ing the structure of random packings of granular matter at

packing fractions between the loosest and densest mechan-

ically stable random packings. We find that our technique

of random removal of grains and relaxation of the sample

allows us to study density variations for spheres down to

packing fractions of φ � 0.57 and for ellipsoids down to

φ � 0.548, close to the loosest mechanically stable pack-

ings obtained by sedimentation protocols. The technique

also allows us to generate a continuous sequence of pack-

ings that ranges up to the densest packings. Our analysis

of the effect on the structure of the sample of spheres from

removing grains with different contact numbers shows the

clear relationship between the contact number and the de-

gree of rearrangement of the sample due to the removal of

a grain. For the sphere system, we see an increase in the

average displacement of the particles in the sample with

the contact number of the removed grain for particle con-

tacts from z = 3 to z = 7, representing the vast majority

of the grains in the system. While our investigation of the
orientational ordering in the sample of ellipsoids demon-

strates that large variations in density can be achieved with

this protocol without significant variations in the degree of

orientational ordering within the system

The results presented here may be of particular interest

in exploring more exotic granular structures and the very

loose limits of mechanical stability. Understanding the

degree of structural rearrangement from removing grains

from the system may be especially useful in determining

strategies for reducing the density of the system below the

limits observed when generating granular packings using

traditional techniques such as pouring.
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