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Abstract. A possibility to easily calibrate probes for flow field measurements is always welcome. From this

reason, a design of a test facility for probe calibration was made. The probes will be calibrated in a free jet of

known properties, which is created by an exchangeable nozzle to cover a wide range of Mach numbers up to

Mach 2. The most important is to create a homogeneous flow across the test section. This is accomplished by

a precise design of the nozzles carried out by numerical tools. The convergent nozzle part is common for all

subsonic flow regimes while the divergent part (forming a de Laval nozzle) is suited for a specific supersonic

Mach number. These parts are designed using the method of characteristics. Numerical simulations performed

by a CFD code show a feasibility and quality of the proposed test facility.

1 Introduction

Evaluation of experiments from internal aerodynamics

is still dependent on measurements by pressure probes.

However, the probes cannot measure the flow velocity and

angles directly. Every probe can be slightly different due

to manufacturing inaccuracy or a wear level and thus a

calibration needs to be done before using. To calibrate a

probe we need a flow of well known properties within a

wide range of Mach and Reynolds number. Having such

a device can significantly shorten the time needed to per-

form an experiment.

2 Design of the device

The calibrating device is intended to be a part of a closed

circuit wind tunnel. A round nozzle creating a stream of air

with required parameters will be installed inside a testing

chamber. For subsonic regimes, the nozzle has a conver-

gent shape. For supersonic regimes, a divergent extension

is attached to form a de Laval type nozzle. The subsonic

(convergent) part remains the same for the whole range of

assumed velocities. The supersonic extension has an indi-

vidual shape for each specific outgoing Mach number.

On the inlet of the compressed air into the nozzle, there

are a honeycomb and screens to reduce the inlet turbulence

and to homogenize the flow. The probe will be inserted

into the free jet behind the nozzle in the place of the ex-

pected homogeneous flow (figure 1).

2.1 Subsonic nozzle

The inlet diameter of the convergent nozzle is din =

500 mm and the exit diameter is dout = 100 mm. Thus the
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Figure 1: Scheme of the calibrating device with the nozzle.

compression ratio is CR = 25. The shape of the subsonic

nozzle is described with a polynomial of the 5th degree [?
],

r(x) = rin − (rin − rout)
[
6(x/L)5 − 15(x/L)4 + 10(x/L)3

]
,

(1)

where r is the radius at the distance x from the beginning,

rin and rout are the inlet and exit radius and L is the nozzle

length.

The exit Mach number is determined by a ratio of the

total pressure before the nozzle pin,c and the static pressure

pout behind the nozzle exit. In the case of a subsonic flow,

this pressure is equal to the chamber static pressure pb.

The Mach number can be expressed for an isentropic flow

as

Mout =

√
2

κ − 1

⎡⎢⎢⎢⎢⎢⎣
(

pin,c

pout

)(κ−1)/κ

− 1

⎤⎥⎥⎥⎥⎥⎦. (2)

In the numerical simulations, the pressure pout is set to

102.315 kPa and the total temperature Tin,c = 300 K and
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Table 1: Quality of laminar flow for various nozzle length, Mout = 0.5 (boundary layer properties, Reynolds number based

on momentum thickness, uniformity).

L/din δ [mm] δ∗ [mm] θ [mm] H Reθ uniformity [%]

0.4 0.615 0.365 4.322e-2 8.439 494 3.020

0.8 0.444 0.153 5.326e-2 2.875 610 0.650

0.9 0.459 0.156 5.543e-2 2.809 635 0.484

1.4 0.544 0.178 6.599e-2 2.690 756 0.161

Table 2: Pressure ratio, mass and volumetric flow rates.

Mout 0.2 0.5 0.9 1.1 1.5 2.0

pin,c/pout 1.028 1.186 1.691 2.135 3.671 7.824

Qm [kg/s] 0.641 1.644 3.127 3.990 6.865 14.644

QV [m3/s] 0.525 1.166 1.556 1.573 1.574 1.575

no heat flow through walls is assumed. For simplicity, the

results presented below are obtained for an outflow into a

free space and the influence of the restricted space of the

chamber is discussed later.

We expect a low inlet velocity up to 8 m/s and the in-

coming turbulent structures are reduced with the set of a

honeycomb and screens. The high CR and the resulting

pressure gradient increase the chance of a relaminarization

of a turbulent boundary layer inside the convergent nozzle.

From this reasons, it is justifiable to solve the flow in the

subsonic nozzle part as a laminar problem.

The length of the nozzle was selected according to pre-

liminary results as L = 450 mm (ratio L/din = 0.9). This

length is a compromise between a growth of a boundary

layer (and increased losses) and a decrease of a unifor-

mity of the exit stream. The uniformity is evaluated as a

standard deviation of the Mach number outside the bound-

ary layer. The results for Mout = 0.5 indicate, that the

shortest variant causes separation of the flow in the throat.

The longer variants do not show this undesirable condi-

tion. The other critical region for a possible flow separa-

tion is the beginning of the contraction. The flow sepa-

rates there (and becomes attached later) for L/din < 0.8 at

Mout = 0.5. With lower Mout, the sufficient length rises.

However, the influence of this separation is not so strong

due to the favourable pressure gradient.

2.2 Numerical method - method of characteristics

The supersonic nozzle is determined by the method of

characteristics (MOC), which is a very popular tool for

solving problems of supersonic flows. It is based on

favourable properties of equations which describe a su-

personic flow field. We assume a compressible, inviscid

and stationary flow of a perfect gas with a negligible vor-

ticity and heat transfers. That means an isentropic flow.

The problem can be considered as axisymmetric and so

a formulation in cylindrical coordinates is natural. Fur-

ther we assume that the domain where the flow is solved

(i.e. inside of the supersonic nozzle) has suitable prop-

erties, namely is bounded and simply connected, and the

state variables (u, vr, vω), p and � have continuous first

derivatives. Hence there exists a velocity potential and the

flow can be described by a quasilinear partial differential

equation of a second order, which is hyperbolic for super-

sonic velocities. From this equation, we derive a system

of equations for the so called characteristics (see [? ],[?
] chap. 13). A characteristic is a line (or surface in three

dimensions), along which the first derivatives of state vari-

ables are indeterminate although the state variables itself

are continuous. Along a characteristic we can transform

the governing partial differential equation into an ordinary

differential equation.

Right characteristic C+:

dϕ

dx
+ F(M)

dM
dx

− Q+(M, ϕ)
1

r
= 0, (3)

dr
dx
= tan(ϕ − μ). (4)

Left characteristic C−:

dϕ

dx
− F(M)

dM
dx
+ Q−(M, ϕ)

1

r
= 0, (5)

dr
dx
= tan(ϕ + μ), (6)

where M is the Mach number, ϕ the direction of the flow,

μ = arcsin(1/M) the Mach angle, γ the adiabatic constant,

F(M) =

√
M2 − 1

M
(
1 +

γ−1

2
M2

) , (7)

Q+(M, ϕ) =
tanϕ√

M2 − 1 + tanϕ
, (8)

Q−(M, ϕ) =
tanϕ√

M2 − 1 − tanϕ
. (9)

That means, the direction of characteristics is the same as

the direction of the Mach waves propagation.

Every point of the computational domain can be con-

sidered as an intersection of the corresponding left and

right characteristic. Using the notation from the figure 2
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we can evaluate unknown variables at the point 3 from the

known values at points 1 a 2:

ϕ3 − ϕ2 + F(M23)(M3 − M2) − Q+ (M23, ϕ23)
x3 − x2

r23

= 0,

(10)

ϕ3 − ϕ1 − F(M13)(M3 − M1) + Q− (M13, ϕ13)
x3 − x1

r13

= 0,

(11)

r3 − r2 − (x3 − x2) tan(ϕ23 − μ23) = 0,
(12)

r3 − r1 − (x3 − x1) tan(ϕ13 + μ13) = 0,
(13)

where the subscript i j denotes an average of values at

points i and j. The characteristics are thus approximated

by piecewise linear curves. This system is perfectly valid

inside the domain and, using the symmetry, near the axis

as well.
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Figure 2: Grid of characteristics inside the computational

domain.

The nonlinear system can be rewritten into a vector

form

S (q) = 0, q = (x3, r3,M3, ϕ3)T , (14)

and solved by a damped Newton method

DS (qk)

Dq
(qk+1 − qk) = −αS (qk), (15)

with 0 < α ≤ 1 a damping factor and q0 a suitable initial

condition. In this case we chose q0 = (x12, r12,M12, ϕ12)T .
If the grid is sufficiently dense, the initial condition is close

to the solution and the method rapidly converges. The Ja-

cobian can be expressed analytically (see [? ]).

The situation is slightly different when the point 3 is on

a wall (figure 3). Assume some point from the wall, then

the flow direction follows from the geometry (i.e. x3, r3

and ϕ3 are known). The only unknown is the Mach number

M3. Suppose we know some previous characteristic C+j−1.

We construct a characteristic C−
p going through the point 3.

The intersection of C+j−1 and C−
p , denoted as 1, is a linear

combination of points 1̄ and 2̄ with a parameter t ∈ R.

The equations (11) and (13) can be therefore rewritten

as

�
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Figure 3: Characteristic on a wall.

ϕ3 − ϕ1(t) − F
(
M13(t)

)(
M3 − M1(t)

)
+ Q−(M13(t), ϕ13(t)

) x3 − x1(t)
r13(t)

= 0, (16)

r3 − r1(t) − (
x3 − x1(t)

)
tan

(
ϕ13(t) + μ13(t)

)
= 0 (17)

for two unknowns M3 and t.

X

Y
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0
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0.08

Figure 4: Comparison of Mach number distribution ob-

tained by MOC (red) and inviscid CFD (black). Nozzle

geometry for Mout = 2.

The comparison of flow fields obtained by MOC and

CFD shows good agreement (figure 4).

2.3 Getting the supersonic nozzle shape

The supersonic exit Mach number is determined by a ratio

of the throat and exit area At/Aout,

At

Aout
= Mout

[
2

γ + 1

(
1 +
γ − 1

2
M2

out

)]− γ+1
2(γ−1)

. (18)

With the knowledge of the throat radius rt = 50 mm and

the target Mout it is possible to determine the exit radius

rout,id for an isentropic flow. However, boundary layers

have an impact on the optimal nozzle shape in a real flow.

To preserve the exit area Aout, the real exit radius rout,vis >
rout,id must be found. This correction will be discussed

later.

Four main regions can be identified inside the nozzle

(figure 5). It is a subsonic region before the throat, a re-

gion of an initial expansion, the straightening of the flow

and finally a region of homogeneous flow. Some authors

divide the nozzle into more parts, which may ensure more
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flexibility of the design (e.g. [? ? ]) but we consider the

mentioned partitioning sufficient. The origin of the coor-

dinate system is located in the centre of the geometrical

throat.
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Figure 5: Principal regions of a supersonic nozzle.

The region I is responsible for an acceleration of the

flow to a sonic speed and its shape is not so important

for the quality of the exit flow unless it causes a flow

separation near walls. The convergent geometry (1) used

as the subsonic nozzle seems to be well designed to be

also used as a part of the supersonic nozzle.

Region II
The region II is an area between the sonic line AB and a

right characteristic through the point D, which is a point

on the axis where the demanded Mout is reached. The po-

sition of the point D is unknown beforehand and must be

obtained from the calculations.

We assume for simplicity that the sonic line is straight,

i.e. the line segment AB, and the flow on that line is paral-

lel to the axis. This can be achieved by a nozzle with zero

curvature of the throat. Otherwise, the sonic line is curved

and the flow structure down the throat is more complex.

However, if the curvature, compared to the throat radius,

is not high as in our case, it is possible to make this as-

sumption without an excessive loss of precision.

We need to set appropriate boundary conditions to be

able to start with the creation of the characteristics grid.

Usually, these include values on the sonic line, which fol-

lows from our assumption, and values either on the nozzle

wall or on the axis. The presented method uses the first

option, a prescribed shape of the initial expansion. The

choice of the geometry is not determined uniquely and it

influences the resulting shape of the region III contour.

The gridpoints are evaluated step by step starting from

the point 1 (see Figure 6). We know values on the sonic

line and the coordinates of points on the nozzle wall to-

gether with the tangent. We will construct the right char-

acteristics C+j , j = 1, . . . , n. The process always begins

on the wall, using the equations (16) and (17) to deter-

mine the value of the Mach number. After that, intersec-

tions with the left characteristics C−
i , i = 1, . . . , j are found

by solving the system (14). In this way, we get a charac-

teristics grid in the area of the region II. During the grid

construction it may happen that some of the left character-

istics intersect the nozzle wall. This indicates a reflection

of expansion waves, now weaker, back into the nozzle.

The starting points of right characteristics are chosen

such that the grid sufficiently covers the given area, with

�

�

�

�

�

�

�

�	

�	




�

�� �� ��

��

���

���

���

Figure 6: Process of grid construction in region II.

an emphasis on a higher grid density near the throat. This

is achieved by a demand to a constant increment Δμ of the

Mach angle between two wall points. The distribution of

the Mach number along the wall is unknown, but it can

be approximated by the assumption ν ≈ ϕ, where ν is the

Prandtl-Meyer expansion angle defined as

ν(M) =

√
γ + 1

γ − 1
arctan

√
γ − 1

γ + 1
(M2 − 1)−arctan

√
M2 − 1.

(19)

The shape of the nozzle in the region II is described by

a function

r(x) = rt +
x2

xC̄

(
1 − x

3xC̄

)
tanϕC̄ , x ∈ 〈

0, xC̄
〉
. (20)

The length xC̄ and the angle ϕC̄ must be large enough to

ensure that Mout can be reached. It holds true, that

r(0) = rt, r′(0) = 0, r′(xC̄) = ϕC̄ a r′′(xC̄) = 0

(21)

and also xC ≤ xC̄ , ϕC ≤ ϕC̄ which is in no contradiction

to the fact, that the point C is not necessarily an inflection

point in axisymmetric flow.

If we choose the distance xC̄ = xC = 0 we get a so-

called minimum length nozzle. The initial expansion is

then reduced directly into the throat and the flow is sharply

bent by an angle of ϕC . As follows from the theory for a

2D flow this angle for a planar nozzle is uniquely defined

by ϕC = ν(Mout)/2. Unfortunately, for an axially symmet-

ric flow no such analytical expression exists. The value

ϕC needs to be sought iteratively to achieve the equality

MD = Mout. According to [? ] it holds ϕC < ν(Mout)/4
for xC = 0. Another difference to a planar flow is that the

point C is not an inflection point in an axisymmetric flow.

The problems are similar in the case xC > 0. The di-

viding characteristic CD is determined iteratively such that

MD = Mout.

The length xC and the resulting overall length of the

nozzle must be chosen with regard to practical require-

ments. In practice, the length of the nozzle is often limited

by the available space or weight limits. On the other hand,

the minimum length nozzle is not completely perfect in

terms of the flow quality. The throat curvature is high and

areas of compression can occur downstream of the curved
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sonic line. The sharp deflection of the flow in the throat

leads to a production of a Prandtl-Meyer expansion fan

between the first and last characteristic (i.e. Mach line).

The waves are more condensed and their elimination is

more geometry sensitive. In a real flow a boundary layer

forms on the wall which also influences the direction of

Mach lines. Any deviation from the evaluated grid causes

imperfect elimination of expansion and compression

waves and the disruption of the free stream. In contrast,

longer nozzles, where initial expansion is more gradual,

damp expansion waves by reflections from the walls and

thus the sensitivity to the exact shape is reduced.

Region III
The region III is an area restricted by the right-running

characteristic CD and the left-running characteristic DE.

This part is responsible for a gradual straightening of the

flow into the axial direction and formation of the homoge-

neous flow. The values on the left boundary are obtained

as a result from the region II. The right boundary is next

to the region IV where we expect a uniform, axial flow

with the prescribed Mout. Therefore ϕ = 0 and M = Mout

on DE and the slope is tan μout. The grid points are con-

structed from the point D, as shown in figure 7. The grid

should be constructed beyond the point E, which position

is determined by the equation (18). The resulting grid can

have, for example, a pattern shown in Figure 8 (the re-

flected characteristics in the region II are removed from

the picture).
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Figure 7: Creation of grid in the region III.

Figure 8: Complete characteristic grid in the nozzle.

After the characteristic grid is constructed and the flow

values are evaluated in all nodes, the contour of the nozzle

remains to be determined. The contour forming the nozzle

is a streamline going through the point C. The streamline

is approximated by a piecewise linear curve that intersects

the left and right characteristics. The direction of each line

segment is determined by the value of the angle ϕ in the

intersection with a characteristic. The values in intersec-

tions are approximated by a linear combination of values

in nodal points.
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Figure 9: Construction of the streamline in region III.

The resulting contour is a piecewise linear curve which

can contain some unwanted roughness, that unnecessarily

disrupt the uniformity of flow. From that reason the curve

is smoothed using a cubic B-spline.

2.4 Viscous correction

The above presented method for design of a nozzle as-

sumes an inviscid flow. However, as was already men-

tioned, the real situation must deal with boundary layers

which influence the effective cross-section. From this rea-

son, the exit Mach number would be lower for such a noz-

zle. To overcome this problem, a correction is introduced.

The correction is based on an estimate of the displacement

thickness δ∗ which broadens the nozzle geometry. This

estimate is obtained with a modified Head method for a

turbulent, compressible, axisymmetric flow [? ].

The basis is the von Karman momentum equation in a

form for compressible axisymmetric flow,

dθ
dx
=

C f

2
− (H + 2 − M2

e )
θ

ue

due

dx
− θ

r
dr
dx
, (22)

with an equation for the shape parameter H1 = Δ/θ,

θ
dH1

dx
= CE − H1

(
C f

2
− (H + 1)

θ

ue

due

dx

)
. (23)

These equations relate the momentum thickness θ, mass

flow thickness Δ =
∫ δ

0

�u
�eue

dy, shape parameter H, further

the coefficients of skin friction and entrainment, C f and

CE , the Mach number Me and tangential velocity ue on the

boundary layer edge.
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The unknown required variables C f , CE and H are

evaluated from empirical relations derived from results on

a flat plate with a zero pressure gradient and corrected to

include the compressibility effects.

3 Numerical verification

Subsonic flow
The stream leaving the nozzle undergoes a homogeniza-

tion over a short distance from the nozzle exit (∼ rout) and

creates a uniform core. This core goes thinner with the in-

creasing distance, however, at the distance 450 mm from

the nozzle the core thickness is 50 mm (for Mout = 0.5).

Y
[m

]

160 170
-0.1

-0.05

0

0.05

0.1
x=L

U [m/s]
160 170

x=L+0.25

160 170

x=L+0.45

160 170

x=L+0.65

160 170

x=L+0.85

160 170

x=L+0.05

Figure 10: Velocity profiles across the stream behind the

nozzle (Mout = 0.5).

Figure 11: Mach number in the jet, higher pressure ratio

due to the restricted space (Mout = 0.5).

Supersonic flow
The results confirm the expected problems for low super-

sonic speeds. The difference between rt and rout is very

small for low supersonic Mach numbers, namely 0.2 mm

for Mout = 1.1 and 1.6 mm for Mout = 1.3. The boundary

layer thickness is 1.5 mm and the displacement thickness

δ∗ = 0.3 mm for Mout = 1.3. As a result, the Mach num-

ber is heavily dependent on the boundary layer and every

imperfection of nozzle walls.

An area of a uniform flow exists behind the nozzle exit,

restricted by an expansion or shock wave, which can be

identified in figures 13 – 15. The direction of this wave is

given by the Mach angle μ = arcsin(1/Mout). In the case

pout < pb an oblique shock wave arises from the nozzle

outlet and the flow is called over-expanded. If pout > pb

an expansion wave arises and the flow is called under-

expanded. In the case of equality of pout and pb, the de-

sign conditions are meet and a uniform flow is behind the

nozzle. The figures 13 – 15 show the Mach number dis-

tribution behind the nozzle in the case of an outflow into a

free space.

3.1 Influence of the testing chamber on the nozzle
outflow

The above-mentioned results were obtained as a simula-

tion of a flow into an open space. However, the real con-

cept includes a restricted space of the test chamber. De-

pending on the jet velocity, a venturi pump effect occurs

which decreases the static and total pressure pb and pb,c in-

side the chamber. In the case of a subsonic jet, the nozzle

exit velocity is higher then expected according to (2). Oth-

erwise for supersonic regimes, the flow is under-expanded

and the homogeneity of the jet is corrupted. The values

of the static pressure pb evaluated on the outer side of the

nozzle exit wall are shown in the figure 12. In reality it

would be appropriate to operate with the real and actual

value of pb and include a correction in the evaluation of

the pressure ratio pin,c/pb. The effect of the chamber is

illustrated in the figure 16.

Mach

p
[k

P
a]

0 0.5 1 1.5 2
85

90

95

100

p - free spaceout

p - testing chamberout

p - testing chamberb

Figure 12: Effect of the restricted area behind the nozzle

on the static pressure.

4 Conclusion

This paper presents a design of a probe calibration devise,

namely the most crucial part, which is the nozzle and the

testing chamber. The CFD evaluations show a suitability

of the proposed solution, the resulting jet is homogeneous

enough and of required parameters. The only problems
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Figure 16: Effect of the test chamber on the jet (Mout = 1.5).
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could arise for low supersonic speeds when the sensitiv-

ity to the nozzle geometry can influence the outflow con-

ditions. The jet is wide enough to accommodate various

probes.

The obtained results will serve as a basis for manufac-

turing of the device. In the first stage, it will deal with

subsonic regimes. After that, the experimental data will

be compared to the numerical results.
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