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Abstract. A kinetic model for studying the time evolution of the distribution function for microwave start-

up is presented. The model for the distribution function is two dimensional in momentum space, but, for

simplicity and rapid calculations, has no spatial dependence. Experiments on the Mega Amp Spherical Tokamak

have shown that the plasma current is carried mainly by electrons with energies greater than 70 keV, and

effects thought to be important in these experiments are included, i.e. particle sources, orbital losses, the loop

voltage and microwave heating, with suitable volume averaging where necessary to give terms independent of

spatial dimensions. The model predicts current carried by electrons with the same energies as inferred from the

experiments, though the current drive efficiency is smaller.

1 Introduction

Non-inductive plasma current start-up is a very important

area of research for the spherical tokamak (ST) due to a

lack of space for a shielded inboard solenoid. Reliable

models are needed to predict performance and start-up re-

quirements for present and future STs. This paper de-

scribes development of such a model for electron Bern-

stein waves, and first comparison of its predictions with

experimental results.

Electron Bernstein wave (EBW) start-up using a

28 GHz gyrotron capable of delivering 100 kW for up to

0.5 s was demonstrated on the Mega Amp Spherical Toka-

mak (MAST) [1, 2]. The EBW start-up method employed

here relied on the production of low-density plasma by RF

pre-ionization around the fundamental electron cyclotron

resonance (ECR). The toroidal magnetic field generated

by the central rod (CR), generated by a current of about

2 MA, had a value of Bφ = 1 T at a radial position of

about 0.4 m. A double mode conversion (MC) was used

for EBW excitation. The scheme consisted of MC of the

ordinary (O) mode, incident from the low field side of the

tokamak, into the extraordinary (X) mode with the help of

a grooved mirror-polarizer incorporated in a graphite tile

on the CR. The launched Gaussian beam was tilted to the

midplane at 10◦ and hit the CR at the midplane, as illus-

trated in figure 1. The X-mode reflected from the CR prop-

agated back to the plasma, passed through the ECR and

experienced a subsequent slow X to EBW MC near the

upper hybrid resonance (UHR). The excited EBW mode

was totally absorbed before it reached the ECR, due to the

Doppler shifted resonance. Modelling showed that only a

small fraction of the injected power (∼ 2%) was absorbed
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as the O- and X-modes, while the main part was converted

into and then absorbed as the EBW mode [2].

Figure 1. Schematic of the EBW assisted plasma current start-

up. The black area at the end of the EBW rays indicates the

power deposition zone [1].

The various experiments conducted on EBW assisted

start-up are well documented in [1] and [2], as well as the

references therein. The main conclusions were: firstly,

the formation of closed flux surfaces (CFS) is governed

by EBW current drive (CD); secondly, the plasma current

is carried predominantly by supra thermal electrons with

energies above 70 keV; and thirdly, there exists a linear

relationship between the injected RF power and the gen-
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erated plasma current, such that an overall current drive

efficiency of 1 A/W was achieved.

Models are important to interpret and predict start-up

current drive in STs, and confirm conclusions drawn from

experiments. To this end, a start-up model has been de-

veloped to study the time evolution of the electron dis-

tribution function. For simplicity, and to allow for rapid

calculations, the distribution function has zero spatial de-

pendence, while it is two dimensional in momentum space.

The effects thought to be important in capturing the main

physics during the early stages of the plasma discharge

have been included, i.e. particle sources, orbital losses,

the loop voltage and EBW heating, with suitable volume

averaging where necessary to give terms independent of

spatial dimensions.

The paper is structured as follow: an introduction to

the kinetic model describing the time evolution of the elec-

tron distribution function for studying EBW start-up is

presented, with special attention being given to particle

losses and EBW heating, and how the spatial dependences

are approximated in 0D in these terms. This is followed by

a discussion of results and its comparison to experiments

done on MAST, and a brief overview of future work.

2 0D2V kinetic start-up model

In general, the electron distribution function depends on

space, momentum, and time, f
(
�r, �p, t

)
. The distribution

function can be used to calculate the current density,

J
(
�r,�t

)
= e

∫
d3 p v‖ f

(
�r, �p, t

)

and the electron density,

ne =

∫
d3 p f

(
�r, �p, t

)
.

In order to study the time evolution of the distribution

function, simplifications are made to ensure the model is

tractable and computationally manageable. For this rea-

son, the model is zero dimensional (0D) in space, but spa-

tial dependences for each term are taken into account when

calculating the 0D approximations. Further, the time it

takes for an electron to complete a gyro-orbit is fast com-

pared to all other timescales, such that the momentum de-

pendence can be captured in two dimensions (2V). The

time evolution of the electron distribution function is then

studied under several effects,

∂ f
∂t
= source + loss + EBW heating + loop voltage (1)

where f = f
(
p‖, p⊥, t

)
.

Experiments suggest that the plasma current is car-

ried by supra thermal electrons with energies in the range

70−100 keV. Under typical MAST parameters, these elec-

trons collide very infrequently (for electrons with energies

above 20 keV, the collision times are longer than 100 ms),

and therefore collisions are neglected in this paper, while

the terms expected to be most important in studying the

time evolution of the distribution function are retained.

Figure 2. Schematic of the effects under which the time evolu-

tion of the distribution function is studied.

Each term acts in a different region of momentum

space, as illustrated in figure 2. The source term is due to

cold electrons entering the system, resulting mainly from

ionization. These electrons are taken to be isotropic in mo-

mentum, such that

(
∂ f
∂t

)
source

=
S0

π3/2 p3
0

exp

⎡⎢⎢⎢⎢⎢⎣− p2
‖ + p2⊥

p2
0

⎤⎥⎥⎥⎥⎥⎦
where p0 is the characteristic momentum of these cold

electrons, and S0 is the rate of change in electron density.

The loss term is due to electrons being lost out of the

plasma volume, described in section 2.1. The EBW heat-

ing term describes the interaction between the plasma and

the injected RF beam, described in section 2.2.

The electric field created by the possible use of the

central solenoid results in an acceleration of electrons to

higher parallel momentum, and is described by the loop

voltage term, given by

(
∂ f
∂t

)
loop voltage

= −e
VL

2πR
∂ f
∂p‖

where VL is the magnitude of the loop voltage, and R is the

major radius.

2.1 Orbital Losses

An important part of the start-up scenario is the transition

from an open field line configuration to closed flux sur-

faces (CFS). During the initial start-up phase, the mag-

netic field lines are considered to be open, and electrons

can freely stream along these field lines out of the plasma

volume into the vessel walls. This loss is due to the par-

allel velocity of the electrons, and depends on the vertical

strength of the magnetic field, such that a characteristic

confinement time for an electron with parallel velocity v‖
can be modelled as [3],

τ‖ = a⊥
Bφ
BZ
/v‖

where a⊥ is the perpendicular distance to the vessel walls.

This term has to be modified to allow for the formation of
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CFS, as particle confinement drastically improves when

CFS form. An additional factor is therefore added,

τ‖ = a⊥ exp

(
Ip

Iref

)
Bφ
BZ
/v‖ (2)

where Ip is the plasma current and Iref is the magnitude of

the plasma current where CFS form [3].

After CFS form, the loss mechanism changes from

mainly parallel transport to mainly perpendicular trans-

port. Collisions can transport electrons across CFS, such

that some electrons are lost. Bohm diffusion is used to

describe perpendicular transport [4], such that a character-

istic perpendicular loss time is given by,

τ⊥ =
8a2

Te(eV)
Bφ (3)

where a is the minor radius of the plasma and Te is the

energy of the electron.

The confinement time of an electron is therefore given

by,
1

τe
=

1

τ‖
+

1

τ⊥
(4)

with the result for an electron of a specific energy shown

in figure 3.

Figure 3. Characteristic particle loss time for an energetic elec-

tron (Ek = 50 keV) during start-up phase as a function of plasma

current. At small currents, before closed flux surfaces form, par-

allel transport dominates, while perpendicular transport domi-

nates for large currents.

This loss time, however, does not take into account

the magnetic field line structure leading to effects such as

trapped electrons. It can therefore only be used as an es-

timation of the particle loss time, as a function of plasma

current, while the momentum dependence has to be added

explicitly. For this reason, the distribution function is sub-

jected to a loss term of the form,

(
∂ f
∂t

)
loss

= − f
τe

A(p‖, p⊥) (5)

where A(p‖, p⊥) is the functional form of the loss term,

containing the momentum dependence, while the loss time

τe determines the magnitude of the loss term.

The momentum dependence of the loss term is found

by studying single particle orbits during an open field line

structure. By studying the guiding centre orbits of elec-

trons originating from the same point in space, the time it

takes for these electrons to be lost or to complete a con-

fined orbit can be calculated, and plotted as a function of

momentum. The time it takes for electrons to be lost out

of the plasma volume, calculated by the guiding centre ap-

proach, is consistent with the time found from equation

(4). Figure 4 shows the initial values of momentum for

which electrons complete a confined orbit, while all other

electrons will be lost out of the plasma volume. An ap-

proximate form for the loss term can then be determined,

A(p‖, p⊥) =
p2
‖ + p2⊥
p2

loss

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(
1 − exp

[
− 5p2

‖
4p2⊥

])
p‖ < 0(

1 − exp
[
− 4p2

‖
5p2⊥

])
p‖ ≥ 0

(6)

where ploss is the characteristic momentum of an electron

with loss time τe.

Figure 4. Confinement map for electrons originating from the

same point on the poloidal plane show a slight asymmetry. Elec-

trons initially moving against the magnetic field are lost more

easily than electrons moving along the magnetic field.

The typical confinement map for electrons show that

the confinement time decreases for increasing parallel mo-

mentum, while confinement improves when increasing the

perpendicular momentum. There is also an asymmetry in

the loss term, for electrons moving with and against the

magnetic field, which will disappear once CFS form.

2.2 EBW Heating

The interaction between the injected RF beam and the

plasma is described by the EBW heating term. This form

of heating mainly increases the perpendicular momentum

of electrons,

(
∂ f
∂t

)
EBW heating

=
1

p⊥
∂

∂p⊥
p⊥ D(p‖, p⊥)

∂ f
∂p⊥

(7)

where the diffusion coefficient is assumed to take the form,

D(p‖, p⊥) = D0

〈
exp

⎡⎢⎢⎢⎢⎢⎣−
(

p‖ − p‖0
Δp‖

)2
⎤⎥⎥⎥⎥⎥⎦
〉

volume average

(8)

and D0 is a constant to be determined. It is assumed that

the EBW heating is localised in momentum space, and that
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it occurs where the resonance condition (ω−k‖v‖−nωc = 0)

is satisfied. For a particular value of p⊥, p‖0 is the paral-

lel momentum that satisfies the resonance condition. The

absorption width Δp‖ is due to a spread in k‖, the parallel

component of the wave number of the EBW.

EBW heating is not uniform in space, due to the de-

pendence of the relativistic cyclotron frequency

ωc = qeB/meγ on the magnetic field. The spatial depen-

dence of the plasma wave interaction has to be resolved,

and this is done by integrating over the plasma in taking a

volume average,

〈
exp

⎡⎢⎢⎢⎢⎢⎣−
(

p‖ − p‖0
Δp‖

)2
⎤⎥⎥⎥⎥⎥⎦
〉

volume average

=

1

V

∫
plasma

dV exp

⎡⎢⎢⎢⎢⎢⎣−
(

p‖ − p‖0
Δp‖

)2
⎤⎥⎥⎥⎥⎥⎦

such that the plasma wave interaction is limited to the re-

gion in space where the plasma exists. This produces a

momentum dependent diffusion term D(p‖, p⊥) indepen-

dent of space, illustrated in figure 5. The diffusion term is

largest along the resonance curve (the solution to the res-

onance condition) where absorption will be maximal, but

smeared out in momentum space due to the spatial depen-

dence of the resonance condition, as the resonance curve is

slightly different for different values of the magnetic field.

−10 −5 0 5 10
0

2

4

6

8

10

p
||
/p
t

p ⊥/
p t

Figure 5. Typical resonance curve for EBW heating shows the

location where the plasma wave interaction is prominent. The

diffusion term is smeared out in momentum space due to the spa-

tial dependence of the resonance condition, while a maximum

value of p⊥ beyond which the resonance condition can no longer

be satisfied is clearly visible.

The power absorbed by the plasma from the EBW can

be calculated from the distribution function,

Pd =
1

2
me

∫
dV

∫
d3 p

(
∂ f
∂t

)
EBW heating

(9)

where the volume integral is introduced to obtain the total

power absorbed, rather than the power density. This can be

related to the absorption efficiency of the plasma through

the optical depth σ:

σP0 = Pd (10)

where P0 is the injected RF power. In general, radiation

can be reflected in the tokamak to give multi-pass absorp-

tion, but as the plasma volume is assumed to be small com-

pared to the vessel volume during start-up, this effect is

assumed to be small, and absorption is approximated as

single pass.

For ECRH, standard expressions for σ exist in the lit-

erature (see, for example [5]), such that the absorption ef-

ficiency σP0 can readily be calculated. For EBW, absorp-

tion is expected to be much stronger, such that σ would

be approximately 1. The value of σ, in this case, would

then be related to the amount of power converted to EBW,

such that the expression (10) remains the same. The value

of D0 can then be chosen in order to satisfy this equation,

by ensuring the distribution function produces the correct

value of Pd.

This method can be used to study both ECRH and

EBW start-up. The wave parameters in these two cases of

heating are different, but the diffusion coefficient is related

to the resonance condition, which depends on the particu-

lar wave parameters, while the absorption is related to the

optical depth in the case of ECRH, or to the amount of

power converted to EBW. This is a rather versatile method

in that sense, as the terms and their forms do not change

depending on the type of heating, but only the values.

3 EBW Start-up

The experiments on MAST summarised above relied on

the injection of 100 kW of RF power. Modelling showed

that the majority of this power (∼ 95%) was absorbed as

EBW, which generate large values of N⊥ (N = kc/ω), but

can have values of N‖ ≈ 1 [1]. The electron density during

the start-up phase of these experiments ranged from very

small values to densities of 1018 m−3, and it is expected

that the absorption will increase with the electron density

until all power is absorbed, i.e. σ ≈ 1.

The simulation iterates over the source term, S 0 (fig.

6) to reproduce experimentally observed densities (fig. 7).

At low densities the electron cyclotron resonance (ECR)

and upper hybrid resonance (UHR) are close to each other,

such that a small amount of power will be converted to

EBW. As the density increases, however, the distance be-

tween the ECR and UHR increases and more power will be

converted to EBW. The power converted to EBW is there-

fore assumed to be proportional to the electron density,

while σ = 1. The absorbed power is shown in figure 8.

The value of the diffusion coefficient D0 can be de-

termined such that the power absorbed calculated from the

distribution function, Pd, equals the power absorbed found

from the optical depth, σP0. The value of D0, as a function

of time, is shown in figure 9. A theoretical value for D0

can be calculated, and such a value is a good initial value

for D0, but as the distribution function evolves in time and

becomes distorted, the value of D0 has to be updated to

ensure the correct power is absorbed.

It is found that the distribution function flattens off,

and therefore the value of D0 keeps increasing to maintain

full power absorption. At low power, the value of D0 re-
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Figure 6. Simulated magnitude of the source term, S 0, which

reproduces experimental densities.

Figure 7. Experimental and simulated electron densities for

EBW start-up.

Figure 8. Simulated power absorbed for EBW start-up, calcu-

lated from the injected power and optical depth (σP0) and from

the distribution function (Pd).

mains constant once full absorption is reached, as the dis-

tribution function remains close to Maxwellian. The effect

of collisions might lessen the flattening of the distribution

function at high power, and limit the growth of D0.

The value of D0 is updated through an iteration, under

the criteria that the difference between σP0 and Pd must

be less than 5%. Typically, the value for D0 that satisfies

this criteria is found in no more than three iterations.

The calculated plasma current as a function of time is

shown in figure 10, with the fraction carried by energetic

electrons (Te = 50 − 150 keV) also shown. Experiments

showed that the plasma current generated by EBW start-

up is carried by supra thermal electrons with energies Te =

Figure 9. Simulated value for the diffusion coefficient D0 for

EBW start-up.

70−100 keV [1, 2], and this is reproduced by simulations,

albeit with a wider range of energies.

The preferential heating of electrons creates an asym-

metry in both the hot and cold electrons, as shown in figure

11, which carries current in opposite directions. If the loss

term were symmetric, this effect would not drive a net cur-

rent, but due to the asymmetric loss term, electrons with

negative p‖ are lost faster than electrons with positive p‖.
This effect creates a larger population of electrons with

positive p‖, and as most of these electrons are energetic

due to the interaction with EBWs, a net current is carried

by hot electrons.

Although the generated current is nearly 10 times

smaller than the experimentally measured current, result-

ing in a current drive efficiency of ∼ 0.1 A/W rather than

1 A/W, this simple model does produce a population of

supra thermal electrons in the same energy range as in-

ferred in the experiments, with these electrons carrying a

net current.

Figure 10. Simulated plasma current for EBW start-up. The total

plasma current as well as the current carried only by energetic

electrons is shown.

The discrepancy in the energy of electrons carrying the

largest fraction of the plasma current can be attributed to

the particular choice of parameters. The maximum energy

attainable by electrons depend on the EBW heating term,

and the specific wave parameters. As illustrated in fig-

ure 5, there exists a maximum value of p⊥ for which the

diffusion term is non-zero, and this value determines the

maximum energy attainable by electrons. Beyond this en-
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ergy, the resonance condition can no longer be satisfied

with real values of p‖, and the electron can no longer in-

teract with the EBW. A better choice of parameters would

limit the energy attainable by these electrons to the same

range as observed by experiments.

Initial Maxwellian 

RF Heating 

Hot electrons 

Cold electrons 

Figure 11. The preferential heating of electrons creates an asym-

metry in both the hot and cold electrons, but in different direc-

tions.

Inevitable uncertainties and approximations exist in

this model, to the point that the choice of a different loss

term, for example, may give better quantitative agreement

with experiment. The inclusion of additional terms, such

as collisions, might also play a role in the calculations, and

will have to be included before quantitative comparisons

between simulations and experiment can be made.

4 Future Work

Experiments have shown that CFS formed and that a toka-

mak like equilibrium was established during the EBW

start-up phase. Further, a linear dependence between the

plasma current and injected RF power was observed. In

order to study these effects, the time evolution of the elec-

tron density has to be modelled.

Existing, and more complicated, start-up models can

be utilised to study the electron density. These models,

such as the DYON code [3], rely on the solution of power

balance equations to obtain particle densities and temper-

atures.

For this paper, collisions have been neglected in order

to study EBW start-up, as experiments suggest the plasma

current is mainly carried by energetic electrons with ener-

gies above 70 keV, and these electrons collide very infre-

quently. This observation was confirmed by simulations,

but in order to study EBW start-up under a wider range of

conditions, collisions will have to be included and studied.

Lastly, the EBW heating term relies on determining the

power absorbed through the optical depth, and equating

this to the power absorbed calculated with the distribution

function. In this paper, it was assumed that the amount of

power converted to EBW was proportional to the electron

density, but a more sophisticated method would involve

including a ray tracer to calculate the optical depth and

conversion to EBW.

5 Conclusion

EBW current drive is a promising method for plasma start-

up in spherical tokamaks, for which solenoid-free methods

will be needed in burning plasma devices. A kinetic model

for studying the time evolution of the electron distribution

function is presented, from which the generation of plasma

current can be calculated. Experimental evidence suggests

that the current generated by EBW current drive is car-

ried predominantly by supra thermal electrons, and this

was confirmed by simulations, though the current drive ef-

ficiency was less than in experiments. The loss term is

asymmetric during start-up, when the magnetic field lines

have an open configuration, and this, coupled with a pref-

erential heating of electrons, leads to an asymmetry in the

distribution function. The EBW heating accelerates elec-

trons to higher energies by increasing the perpendicular

momentum, improving their confinement, to give a current

carried by energetic electrons.

A method of relating the spatial dependent plasma

wave interaction to a spatially independent diffusion term

is also presented. This method relies on equating the vol-

ume averaged diffusion term to the absorption efficiency,

obtained through knowing the optical depth and amount

of power converted to EBW. The diffusion coefficient is

chosen such that the power absorbed calculated from the

distribution function will equal the power absorbed esti-

mated from the amount of power converted to EBW.

Future studies will include investigating the effect of

collisions, the solution of power balance equations to ob-

tain the density evolution, as well as a ray tracer to obtain

the wave parameters and absorption efficiency from an ar-

bitrary distribution function.
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