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Abstract. Several supersymmetric theories with broken Lorentz invariance are consid-
ered. We study at the component level Lorentz violating representations of the supersym-
metry algebra and construct Lagrangians for the scalar and vector supermultiplets with
broken Lorentz invariance. Lorentz violating model for the gravitational supermultiplet is
constructed using the superfield formalism as supersymmetric extension of the linearized
Einstein-aether theory. The most general Lagrangian of the linearized Einstein-aether
supergravity is constructed. We show that the Lagrangian for this model is unique and
obtain its bosonic part in components. The constraints imposed by supersymmetry on the
parameters of the theory are obtained. The phenomenological consequences of the model
are discussed.

1 Introduction
Incompatibility of the principles of quantum field theory with general relativity is one of the most
important problems in modern theoretical physics. A potential way out of this situation consists in
restricting the domain of validity of some basic postulates of general relativity and abandoning them
at high energy scales.

There is a number of motivations for abandoning Lorentz invariance at small scales. The first
motivation to study models with Lorentz breaking is their rich phenomenology[1]. Another motivation
comes from the theory. A number of Lorentz violating models of gravity demonstrate better quantum
behavior than general relativity. A promising approach to quantization of gravity based on abandoning
the Lorentz invariance has been proposed by Hořava [2] and extended by several authors [3, 4]. Hořava
gravity is closely related[5, 6] to the so-called Einstein-aether model [1]. In the latter model violation
of the Lorentz invariance is described by the time-like vector field um with unit norm (umum = −1)
called aether that minimally couples to the Einstein-Hilbert action for gravity,

S = S GR −
1
2

∫
d4x
√−g

(
c1 (∇num)2 + c2 (∇mum)2 + c3∇num∇mun − c4urus∇rum∇sum

)
. (1)

The theory contains four dimensionless parameters ci,i = 1, 2, 3, 4. In general case of the theory
there are strong constraints on these parameters, because the PPN-parameters depends on the constants
in the Einsten-aether model [1]
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α1 = −8
c2

3 + c1c4

2c1 − c2
1 + c2

3

, (2)

α2 =
α1

2
− (c1 + 2c3 − c4) (2c1 + 3c2 + c3 + c4)

(c1 + c2 + c3) (2 − c1 − c4)
, (3)

and these are constrained from observations in the Solar System [7]:

|α1| � 10−4; |α2| � 4 × 10−7 (4)

A phenomenologically acceptable theory with Lorentz violation in the ultraviolet must incorporate
a mechanism that ensures emergence of Lorentz invariance at low energies. One of the possible
mechanisms is based on non-relativistic supersymmetry [8, 9]. As remarked, supersymmetry does
not necessarily require Lorentz invariance. SUSY enforces emergence of Lorentz symmetry at low
energies in the Standard Model, even if the high-energy theory is not Lorentz invariant. It is the
natural motivation to consider supersymmetric models with Lorentz breaking for better theoretical
understanding of their structure.

The main purpose of the present work is to consider the existence and uniqueness of the su-
persymmetric Lorentz violating field theories. We study at the component level Lorentz violating
representations of the supersymmetry algebra and construct Lagrangians for the scalar and vector
supermultiplets with broken Lorentz invariance. Lorentz violating model for the gravitational super-
multiplet is constructed using the superfield formalism as supersymmetric extension of the linearized
Einstein-aether theory. We consider the coupling of supersymmetric aether to supergravity. We use
the superfield formulation of the linearized non-minimal supergravity to construct a Lagrangian for
the aether field coupled to linearized gravity and prove that it is unique, up to the choice of a single
parameter.

2 Supersymmetry and Lorentz breaking

Apart from the paper[9], we start from the on-shell field theories in components. Let’s consider
massless supermultiplet (A,Ψα) consisting of the scalar and spinor fields. To analyze the existence
and unity of the scalar supermultiplet theory with broken Lorentz invariance we consider the relevant
representation for the supersymmetry algebra with Lorentz invariance broken by the timelike vector
um with unit norm. It is possible to obtain after straightforward calculations, that supersymmetry
algebra closen on-shell as follows: [δξδη]X = 2i

(
ησmξ̄ − ξσmη̄

)
∂mX, takes the form


δξA = ξΨ
δξΨα = 2i

(
σmξ̄
)
α
∂mA +C1iumξα∂mĀ +C2ium (σmnξ)α ∂nĀ

(5)

It is the most general form of the supersymmetric transformations in the relevant case. The re-
quirement to the theory to be set by Lagrangian, consistent with the equations of motion and invariant
under the supersymmetric transformations, leads us to the constraints

C1 = C2 = 0, (6)

and to the consequence that there is no non-trivial Lorentz violating supersymmetric model con-
taining the most simple set of fields.
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It is the most general form of the supersymmetric transformations in the relevant case. The re-
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under the supersymmetric transformations, leads us to the constraints
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and to the consequence that there is no non-trivial Lorentz violating supersymmetric model con-
taining the most simple set of fields.

Thus, there is no any new possibilities for the constructing the supersymmetic model with scalar
and spinor without Lorentz invariance for the scalar supermultiplet. Another analysis is required if
we consider several scalar and several spinor fields

(
Ai,Ψi

α

)
. In this case all of the coefficients will

have two indices (Ci j), and the transformations from the supersymmetry algebra closed on-shell will
be matrices.


δξAi = ξΨi

δξΨ
i
α = 2i

(
σmξ̄
)
α
∂mAi +Ci j

1 iumξα∂mĀ j +Ci j
2 ium (σmnξ)α ∂nĀ j (7)

The requirement of the Lagrangian existence leads us to the constraints

Ci j
1 = −C ji

1 , (8)

Ci j
2 = 0, (9)

and to the non-trivial supersymmetric model with Lorentz breaking, containing a set of spinor and
scalar fields

L = iΨiσm∂mΨ̄
i + Āi�Ai − i

4
Ci j

1 um

(
Ψi∂mΨ

j + h. c.
)
− 1

2

(
C2

1

)i j
umun∂mAi∂nĀ j (10)

Thus, existence of Lorentz violating models for the scalar supermultiplets depends on the number
of scalars and spinors. This fact is important for the case of one scalar and one spinor, because the
model in this case can be only trivial.

By the analogical calculations one can obtain there is no non-trivial Lorentz-violating supersym-
metric models for the vector supermultiplet (vm, λα). The existence of the models for the scalar super-
multiplet depends on the number of scalars and spinors, and also on the fact if we require the existence
of the Lagrangian of the theory. These results agree with the superfield formalism consequences[9],
and may indirectly confirm the correctness of the superfield formalism in the Lorentz violating case.

The next natural question is if non-trivial theories for the gravitational multiplet exist. The first step
in answering this question was made in [8]. The authors of the paper cosidered the supersymmetric
extension of the aether model in terms of chiral vector superfiels:

Um = um (xL) +
√

2θηm (xL) + θ2Gm (xL) (11)

where
(
xm

L = xm + iθσmθ̄, θα
)
. The unit norm constraint on the super-aether is similar to the ordi-

nary case:

UmUm = −1 (12)

The authors showed that the most general super-aether action

S =
∫

d8z f
(
UmŪm

)
+

∫
d6zΛ (UmUm + 1) (13)

leads to the constraints:
c2 + c3 = 0, (14)

c4 = 0. (15)
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It has been also shown that in the supersymmetric extension of the Einstein-aether theory based on
chiral vector super-aether field interactions between the aether and the fields of the Standard Model
are suppressed.

This cannot be realized within the minimal N = 1 supergravity which does not allow to define
a chiral aether vector superfield (∇̄α̇Ua = 0): anti-commutator of two supercovariant derivatives
with spinor indices acting on a vector superfield does not vanish prohibiting to impose the chirality
condition. This problem is resolved in the non-minimal formulation of the N = 1 supergravity.

3 Supergravity with broken Lorentz invariance

Non-minimal linearized supergravity is formulated [10] in terms of real superfield Hm and so-called
linear compensator Γ (D̄2Γ = 0) as a gauge theory with the action

S S G =
1
κ2

∫
d8z
[1
4

(
(∂kHm)2 − (∆kHm)2

)
+

n + 1
2n

(∂mHm)2 +
n + 1

2
(∆mHm)2−

− i
3n + 1

2n
∂mHm

(
Γ − Γ̄

)
+

3n + 1
2
∆mHm

(
Γ + Γ̄

)
+

9n2 − 1
8n

(Γ2 + Γ̄2) +
(3n + 1)2

4n
ΓΓ̄

]
. (16)

where ∆kHm =
1
4 σ̄
α̇α
k [D̄α̇,Dα]Hm. The action is invariant under super-gauge transformations

δHαα̇ = D̄α̇Lα − DαL̄α̇ (17)

δΓ = − n + 1
4(3n + 1)

D̄2DαLα +
1
4

D̄α̇D2L̄α̇ (18)

We construct linearized Einstein-aether supergravity theory in terms the latter superfields and
the chiral vector super-aether field which is considered as consisting of the real vacuum and small
perturbation:

Ua = wa + Va (19)

The super-aether field gauge transformation

δVa = wbM a
b (20)

where

Mab =
1
4

(σab) αβ DαD̄2Lβ +
1
4

(σ̄ab)α̇
β̇
D̄β̇D2L̄α̇ (21)

is consistent with the chirality condition,

D̄α̇Vc = −wbΦα̇b
c . (22)

where

Φα̇bc = −
1
4

(σbc) βα D̄2DαHβα̇ − (σ̄bc)β̇ α̇D̄β̇Γ (23)

is superconnection.
To carry out the Lagrangian of the theory one have to write down supersymmetric transformations

of all possible independent terms quadratically dependent on the aether or gravitational superfields.
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of all possible independent terms quadratically dependent on the aether or gravitational superfields.

Coefficients in these transformations define the system of linear equation to be solved. A straight-
forward but tedious calculation yields [11] the most general and unique Lagrangian invariant under
gauge transformations with one free parameter C:

S æ =
C

2κ2

∫
d8z
[
VaV̄a + iwawb∂aHb(Γ − Γ̄) + wawb∆aHb(Γ + Γ̄)+

+
1
4
(
∆kHm∆

kHm − ∂kHm∂
kHm − (∆mHm)2 + (∂mHm)2)+

+
i
4
∂mHm(Γ − Γ̄) + 1

4
∆mHm(Γ + Γ̄) +

3
8

(Γ2 + Γ̄2)
]
, (24)

4 From superfields to component fields
In the real world supersymmetry must be broken. As shown in [8], a soft breaking of supersymmetry
gives mass to the imaginary component of the super-aether, whereas its real part remains massless.
At low energies, the theory is described by the action (1), where the parameters ci, i = 1, 2, 3, 4,
however, are constrained by supersymmetry. To find these constraints, we write the bosonic part
of the Lagrangian (24) in terms of component fields. We use the bosonic parts of the gravitational
superfield in the Wess-Zumino gauge [10] and use the local Lorentz transformations to make the
tetrad symmetric

(
emn = enm =

1
2 hmn

)
,

Hm

(
x, θ, θ̄

)
|bos =

1
2
θσnθ̄emn (x) + θ2θ̄2dm (x) ; (25)

We use the linear compensator in terms of the "left" coordinates
(
xm

L = xm + iθσmθ̄, θα
)

Γ
(
xL, θ, θ̄

)
|bos =

n + 1
2 (3n + 1)

h (xL) + θ2B (xL) + θσaθ̄ (νa (xL) + iµa (xL)) ; (26)

and the aether superfield

Vb

(
xL, θ, θ̄

)
|bos = vb (xL) + θ2Gb (xL) + θσkθ̄ fbk (xL) , (27)

where va = vRa + ivIa is the first order aether perturbation, and

fbk = wcdptr
(
σbcσpk

)
+

i
2
wc∂mhnptr

(
σkσ̄pσbcσnm

)
+ wc

(
νp + iµp

)
tr
(
σ̄bcσ̄kp

)
. (28)

Expanding in the Grassmann coordinates we obtain the bosonic part of the Lagrangian in com-
ponents. Integrating out the auxiliary fields under the assumption C � 1 through order O

(√
C
)

we
reduce to the linearized Lagrangian of the Einstein-aether supergravity through order O (C)

L =
1

2κ2

{1
4

hkm�hkm +
1
2
∂khkm∂lhlm − 1

2
∂khkm∂mh+

+
1
4
∂mh∂mh − ∂mv̂

R
a∂

mv̂R,a − ∂mv̂
I
a∂

mv̂I,a +
√

C v̂R,awb(∂b∂
khka − ∂a∂

khkb
)−

− C
4
wawb(∂ahmn − ∂mhna

)(
∂bhmn − ∂mhn

b
) − C

2
wawb∂av̂

I,m∂bv̂
I
m+

+
C
2

(∂av̂
I,a)2 −Cwbwcεbkam∂

k v̂R,a∂cv̂
I,m + O(C3/2)

}
. (29)

In this expression we have canonically normalized the aether perturbations, so their leading kinetic
term became of order 1: vR,Ia �→ v̂R,Ia =

√
C vR,Ia [11].
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5 Discussion

Apart from the usual gravitational coupling, the theory is described by a single dimensionless constant
C. When restricted to the case of real aether, v̂Ia = 0, the Lagrangian (29) coincides with the quadratic
part of the Einstein-aether Lagrangian 1 for the choice of couplings: c1 = C, c2 = c3 = c4 = 0. Thus
we conclude that SUSY reduces the number of free parameters in the Einstein-aether model from four
down to one.

Modern experimental tests provide tight bounds on the parameters of Lorentz violation. In general,
the Einstein-aether model gives rise to non-zero values of the post-Newtonian parameters α1,2 that can
be expressed in terms of ci (2, 3). In the supersymmetric model c2,3,4 = 0 and

α1 = 0 , α2 = −
2C

2 −C
, (30)

so the constraints translate into a bound on C:

C � 10−7. (31)

More strong constraints to the parameter can be found from the pulsar astronomy[12]. This gives
the bound,

C < 1.6 × 10−9, (32)

but note that these observations are strictly relevant to the strong field case and should be used for
the non-linear model. We’ll briefly outline it at the end of the paper.

Another phenomenological consequence is the connection between structure of the supersymmet-
ric algebra and the small perturbations velocity in the theory. It is curious that in supersymmetric
theory of gravity the velocities of small perturbations is only luminal or superluminal[11]. In the
Einstein-aether supergravity several modes with different helicities have the unit velocity, and for the
others, including graviton,

s2 = 1 +C, (33)

where s describes the linear dispersion relation in the theory:

E = s · p . (34)

Due to the model properties [1] superluminal velocities don’t lead to any disturbances in the
theory. The fact that graviton velocity in the theory is over the speed of light can be used in the
possible experimental tests of the model from the gravitational waves observations [13].

Recent extension of the model will be its generalization to the full non-linear supergravity case.
It can be simply done in the superfield formalism, using notification of[14, 15], but the full analysis
of the model and the reduction from theory in superspace to component fields are technically difficult
and tedious. Nevertheless, this work will open the way to study possible manifestations of the model
in cosmology, in particular, the effects of the additional fermionic and bosonic fields present in the
model on the dynamics of the early universe. Other possible extensions of the model are the study of
the different helicity mode velocities in different supersymmetric models with Lorentz breaking and
its connection to the superalgebra structure, the effects of spontaneous supersymmetry breaking in the
theory, etc. We leave it to the future works.

The work has been supported by the Russian Science Foundation grant 14-22-00161.
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