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Abstract. Interaction Hamiltonians of some models beyond the rotating 
wave approximation are just a product of two commuting operators. The 
evolution operator of such models can be transformed into product of two 
independent chronological exponents with the help of Hubbard-
Stratonovich transformation. We use such a representation of the evolution 
operator to exactly describe a two-level atom in a photonic thermostat.  

Description of dynamics of an open quantum system is an extremely difficult task. Today 
there are only a few models allowing one to find the exact dynamics. Among these are a 
quantum harmonic oscillator in a thermostat of oscillators [1], Garraway’s model [2], pure 
dephasing of a two-level atom [3], a fermionic oscillator in a bath of fermionic oscillators 
[4], spin star models [5]. The characteristics of the abovementioned models that allow us to 
find the exact dynamics are some symmetries of the model Hamiltonian or a possibility to 
truncate the Hilbert space of the model. 

In this paper we consider the model of a free relaxation of a two-level atom beyond the 
rotating wave approximation. The interaction Hamiltonian in the interaction pictures writes 
as a product of two independent operators, namely   

   𝐻𝐻𝐼𝐼(𝑡𝑡) = (𝜎𝜎−𝑒𝑒−𝑖𝑖𝜔𝜔0𝑡𝑡 + 𝜎𝜎+𝑒𝑒𝑖𝑖𝜔𝜔0𝑡𝑡) (∑ 𝑔𝑔𝑘𝑘𝑘𝑘 (𝑏𝑏𝑘𝑘𝑒𝑒−𝑖𝑖𝜔𝜔𝑘𝑘𝑡𝑡 + 𝑏𝑏𝑘𝑘
+𝑒𝑒𝑖𝑖𝜔𝜔𝑘𝑘𝑡𝑡)) = 𝐴𝐴(𝑡𝑡)𝐵𝐵(𝑡𝑡), (1) 

where 𝜎𝜎∓ is the Pauli matrix, 𝜔𝜔0 is the atomic transition frequensy, 𝑏𝑏𝑘𝑘(𝑏𝑏𝑘𝑘
+) is annihilation 

(creation) operator of  kth photon in the bath with frequency 𝜔𝜔𝑘𝑘 and 𝑔𝑔𝑘𝑘 is the interaction 
constant. 

The exact dynamics is described by the reduced density operator 
  𝜌𝜌𝐴𝐴 = 𝑇𝑇𝑟𝑟𝐵𝐵(𝑈𝑈(𝑡𝑡)𝜌𝜌(0)𝑈𝑈+(𝑡𝑡)), (2) 
where the trace is taken over the bath and the evaolution operator satisfies the Schroedinger 
equation with the Hamiltonian (1). We also assume that initially the bath and the atoms are 
uncorrelated and the bath is in the thermal equilibrium state. 

Now we can use the fact of commuting operators in (1). For such operators the evolution 
operators in (2) can be represented as a product of two independent chronological exponents 
with the help of the Hubbard-Stratonovich transformation. After the transformation the trace 
in (2) can be calculated explicitly and the result expression has the form 
 𝜌𝜌𝑆𝑆(𝑡𝑡) = ∫ 𝒟𝒟(𝑧𝑧1(𝑡𝑡), 𝑧𝑧2(𝑡𝑡))�⃖�𝑇 exp [−𝑖𝑖 ∫ 𝑧𝑧1(𝑠𝑠)𝐴𝐴(𝑠𝑠)𝑑𝑑𝑠𝑠𝑡𝑡

0 ] 𝜌𝜌𝐴𝐴(0)𝑇𝑇  exp [𝑖𝑖 ∫ 𝑧𝑧1(𝑠𝑠)𝐴𝐴(𝑠𝑠)𝑑𝑑𝑠𝑠𝑡𝑡
0 ] , (3) 
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where the arrows indicate the time-ordering and 𝒟𝒟 is some functional measure. The 
expression (3) is exact and its calculation is the main result of this research. 
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