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Abstract. Fusion reactions near the barrier energy are studied in this proceedings with the Hartree–Fock (HF)
method, on systems involving 40−54Ca+116,132Sn. Both static and time-dependent (TDHF) versions of the method
are used to probe what structure effects play a role in the fusion barrier energy. In static HF calculations for
fusion, ground state properties of the nuclei influence the barrier energy. When dynamics are added in with
TDHF, some effects from static properties (for example, the neutron skin) disappear. To understand the role of
vibrations in dynamic reactions, TDHF is used in conjunction with the coupled-channels approach. Discussion
on the effects of transfer is also presented.

1 Introduction

Properties of nuclides near the neutron dripline are often
not well known. Moreover, how neutron-rich nuclides in-
teract in reactions remains an open question as it is often
unfeasible to study this experimentally. How the nuclear
structure of these nuclei affects heavy-ion fusion reactions
is of strong interest, with upcoming exotic beam facilities
and SHE formation studies.

Effects of internal nuclear structure on heavy-ion fu-
sion can be seen by studying features of experimental fu-
sion barrier distributions [1, 2]. Experiments have shown
that dynamic effects such as low-lying vibrational cou-
plings [3–5] and transfer reactions [6–10] strongly affect
fusion reactions. Other dynamic effects, such as breakup
[11–14] and rotational couplings [4], have also been seen
to play a role.

The conventional choice of method for studying
heavy-ion fusion was the coupled-channels (CC) ap-
proach, which needs input parameters of the structure of
the nuclei in the reaction. When these parameters are not
known or experimental data is unavailable, especially for
very neutron rich nuclei, a microscopic approach is more
appealing.

The Hartree–Fock (HF) method is a self-consistent
theory which is a useful tool to study both nuclear structure
and reactions. By contrast to CC methods, the only input
is the nucleon-nucleon interaction. The time-dependent
version (TDHF) allows for the study of dynamical effects
on fusion reactions. TDHF has been used for several pur-
poses for nuclear structure and reactions (see Refs. [15–
17] for reviews). Modern codes solve the TDHF equation
in three dimensions and include spin-orbit interaction [18–
21]. Recent applications include vibration [22–26], fusion
[27–34], transfer [35–39], quasifission [40–46] and fission
[47–52] studies.
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The TDHF method for studying reactions includes
many dynamical effects simultaneously. This makes it dif-
ficult to isolate the effect of a single dynamical coupling
on a fusion reaction. The method of including microscopic
inputs to coupled-channels (CC) analysis [28, 53] is a way
to isolate certain dynamic effects, and is used to unravel
the TDHF dynamics and the influence of these on the fu-
sion reactions in this proceedings.

2 Numerical details

The Hartree–Fock (HF) method assumes nucleons in a nu-
cleus are independent particles that generate a self consis-
tent mean-field. The only input into the HF method is the
nucleon-nucleon interaction, often taken to be the Skyrme
interaction. This is a major advantage of the method as
no prior knowledge of the structure or dynamical modes
of nuclei are needed for calculations. In this proceedings,
two Skyrme parametrisations were used, the SLy4d [18]
and UNEDF1 [54] parametrisations. These two in partic-
ular were chosen as they have no correction for centre of
mass motion and are therefore suitable for dynamic calcu-
lations involving two different nuclei [16, 55].

The TDHF equation reads

[h[ρ], ρ] = i�
dρ
dt
, (1)

where ρ is the one-body density matrix of the independent
particle system and h[ρ] is the HF hamiltonian. Before
any dynamical calculations using equation (1) can be made
for reactions or vibrations, individual nuclei in their HF
ground state must first be calculated using the static ver-
sion of equation (1) where the right hand side is equal to
zero. The ev8 code [56] is used for calculating HF ground
states. The box size we used for a HF ground state nucleus
is (2 × 11.2)3 fm3 assuming three planes of symmetry.
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Pairing in the HF ground state is accounted for at the
BCS level with a density-dependent delta pairing force
[57, 58] in the form of

v̂pair(r̃1, r̃2) = t̃0δ (r̃1 − r̃2)
(
1 − ρ(R̃)

ρ̃0

)
, (2)

with parameter values t0 = 1000 MeV.fm3 and ρ̃0 = 0.16
fm−3.

As for reactions calculations (both static and dynamic),
the box size is increased to 67.2×22.4×(2×11.2) fm3 in the
x−y−z orientation with the x axis being the collision axis.
Only central collisions are studied in this work. There is
now only one plane of symmetry, z = 0. The maximum
starting distance between two nuclei was 44.8 fm.

In dynamic reaction calculations, the TDHF equation
(1) is solved by the tdhf3d code [18]. A mean field is now
defined for the entire system, generated by all the nucle-
ons. The single-particle occupation numbers induced by
pairing correlations are kept constant in the dynamics. A
Galilean boost, eik j·r̂, giving each nucleon in nucleus j mo-
mentum, is applied to the system at the initial time which
moves the nuclei towards each other.

In dynamic vibration calculations, the box size is for a
single nucleus, with dimensions 22.4×22.4×(2×11.2) fm3.
Only one plane of symmetry is present again, at z = 0.
The tdhf3d code is also used to evolve the nucleus with
response to a multipole boost at initial time, e−iεQ̂λ where

Q̂λ =
A∑

i=1

rλYλ0(r̂), (3)

and with boost intensity ε small enough to be in the linear
regime. More details on the vibrational boost is given in
Section 4.2.

3 Static effects

For static HF reactions, the density distributions of the two
nuclei, ρ1 and ρ2, are frozen in their HF ground state at all
points of the reaction. The frozen HF potential [59, 60]
between them, V(r), is calculated. For the nuclear part of
the potential, the sum of the energies is used,

VN(r) = E(r) − EHF[ρ1] − EHF[ρ2], (4)

where the energy of the total system is

E(r) =
∫
E[ρ1(r′) + ρ2(r − r′)]dr′. (5)

The HF energy for each nucleus is

EHF[ρ j] =
∫
E[ρ j(r)]dr, (6)

where E is the Skyrme energy density. This approach does
not account for Pauli repulsion which can be important in-
side the barrier [53]. Here, we neglect this effect on the
barrier energy, VB.

In Fig. 1, the static barriers, VB, for 40−54Ca+116Sn
are shown by the dashed lines for the SLy4d (red, closed
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Figure 1. Barrier energies for reactions 40−54Ca+116Sn compar-
ing static HF, TDHF, AW and ccfull (with the 3−1 state of cal-
cium) calculations. For the HF calculations, both SLy4d and
UNEDF1 parametrisations are shown.

circles) and UNEDF1 (orange, open circles) parametrisa-
tion alongside the dotted line of Akyüz–Winther (AW) po-
tential [61] barriers (purple crosses) for comparison. The
most noticeable difference between the static HF barriers
and the AW barriers is that the latter shows a near constant
decrease of the fusion barrier energy as neutron number is
increased and the static HF calculations show a change of
gradient in the barrier energies before and after the 48Ca
projectile. Also note that the UNEDF1 parametrisation
yields a higher barrier than the SLy4d parametrisation, by
2 MeV for a 40Ca projectile and by 1 MeV for a 54Ca pro-
jectile.

To explain what causes this changing gradient in both
the static HF lines for VB, we consider the root-mean-
square (rms) radius in the calcium projectiles. This is a
static property arising from the HF ground state. Both neu-
tron and proton rms radii for the calcium chain are shown
in Fig. 2 (solid and dashed lines respectively) for both
parametrisations. It can be seen that in the neutron rms
radius (solid line), there is a change of gradient before and
after 48Ca. An increase in nuclear radius induces a de-
crease of the barrier energies. This is because the point
at which the fusion barrier occurs between the nuclei will
be at a larger distance thereby decreasing the Coulomb po-
tential and hence the overall fusion barrier. The single par-
ticle shells of the neutrons helps to explain why the neu-
tron radius increases more rapidly after 48Ca. As 48Ca is a
doubly magic nucleus the energy gap between these shells
is substantial. The neutrons in the 2p shells filled after
N = 28 are less bound, meaning their radial wavefuncion
extends to a larger radius than the neutrons in the 1 f 7

2
shell

(N ≤ 28) which gives rise to a more rapid increase of neu-
tron rms radius.
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static property arising from the HF ground state. Both neu-
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radius (solid line), there is a change of gradient before and
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crease of the barrier energies. This is because the point
at which the fusion barrier occurs between the nuclei will
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Figure 2. Calcium isotope proton (dashed line), neutron (solid
line) rms radii in the SLy4d and UNEDF1 parametrisations. Also
shown are the experimental charge rms radii.

Also included in Fig. 2 are the experimental charge
rms radii (dotted line, crosses) [62, 63]. These values are
relatively close to the calculated proton radii though the
deviations are larger for mid-shell nuclei due to correla-
tions not accounted for at the mean-field level [64]. If HF
reproduced these values for the proton radii of these cal-
cium isotopes then the expected fusion barrier for these
systems would be at slightly lower energies.

4 Dynamic effects

4.1 Barriers

Freezing nuclei in their ground state is not a realistic way
to simulate fusion reactions. Dynamical couplings must
be included to allow nuclei to be excited from their ground
state, so for calculating reactions the TDHF equation (1)
is used, outlined in Section 2.

In TDHF, as there is only a single, average trajectory
for a reaction, the fusion probability is either 0 or 1. For
reactions involving calcium on tin, if a compound nucleus
has formed and remained compact for 5 zs, it is classified
as having successfully fused. The TDHF fusion barrier or
“threshold" is found by incrementally increasing the en-
ergy for a system until fusion is observed [60].

The TDHF fusion thresholds are shown by the solid
lines in Fig. 1, for SLy4d (blue, closed squares) and UN-
EDF1 (black, open squares). We see that including dy-
namics, in most cases, reduces the static fusion barrier.
The exception is for 52,54Ca+116Sn in the SLy4d parametri-
sation, where the dynamic barrier is actually higher than
the static barrier. Whilst the dynamic barrier for UNEDF1
is not higher than its static counterpart for the two heav-
iest systems, the difference between the two HF barriers
as neutron number increases reduces consistently. Over-
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the heavy fragment, using the SLy4d parametrisation.

all, the barrier is reduced more for UNEDF1 parametrisa-
tion. This could indicate that the dynamical modes in this
parametrisation are stronger than for the SLy4d parametri-
sation. We also observe that including dynamics washes
out the static structure effects as the TDHF barriers no
longer have a change of gradient after the 48Ca nucleus.

The expected dynamical effects present in these TDHF
calculations are vibrations and transfer. As all the nuclei
ground states were spherical or near-spherical, we do not
expect coupling to rotational states to play a major role in
these reactions. The goal now is to unravel the dynamics
in the TDHF calculations to see which dynamical effects
have an impact on fusion thresholds.

Although the main focus of the work is for
40−54Ca+116Sn, we performed similar calculations for the
systems 40−58Ca+132Sn shown in Figure 3. There is also
a crossover present between static and dynamic barriers
from 54Ca+132Sn onwards.

4.2 Vibration effects

It is well known that low-lying octupole phonons play an
important role in fusion, in particular in reactions with
40Ca [65]. Bearing this in mind, coupling to the 3−1 state
of the calcium isotopes was considered for these reactions
within the CC approach. Quadrupole vibrations could also
impact fusion, however, the low-lying 2+ states in 40Ca
are not collective. The study of the couplings to 2+1 states
in the other calcium isotopes will be the subject of future
work.

An octupole boost taking λ = 3 for the operator in
equation (3) is applied to the HF ground state of the cal-
cium isotopes. The expectation value of Q̂3, also known
as the octupole moment, is seen in Fig. 4 (top panel) for
40Ca with boost intensity ε = 1 × 10−8 fm−3. When a
sine Fourier transformation of this is taken, the octupole
strength function (bottom panel in Fig. 4) is produced, re-
solving the energy spectrum of the 3− states (see Ref. [16]
for details).
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The first intense peak of the strength function corre-
sponds to the first collective 3−1 state. The position of
the peak is the excitation energy and the area under the
peak corresponds to the transition probability, |q3|2, where
q3 = 〈3−|Q̂3|0〉 is the transition amplitude between the
ground state |0〉 and an excited state |3−〉. This can be used
to determine the deformation parameter according to [66]

β3 =
4π|q3|
3R3

AA
, (7)

where RA was taken to be the HF ground state half den-
sity radius of the nucleus. In practice, 〈Q̂3〉(t) is multiplied
by a damping function to avoid spurious oscillations in the
Fourier spectrum due to the finite time of the TDHF cal-
culation.

In Table 1 are the 3−1 state excitation energy and defor-
mation parameter for 40Ca, comparing the experimental
and TDHF results. Shown in addition to SLy4d and UN-
EDF1 parametrisations is the SLy4 parametrisation [67]
which has the same fitting procedure as for SLy4d but
includes the centre of mass correction. This illustrates
the large variation in excitation energy amongst different
parametrisations. The deformation parameter is slightly
underestimated by TDHF in all cases compared to the
experimental values. Only the results from the SLy4d
parametrisation will be presented from here onwards.

To see what effect just the 3−1 state of the calcium iso-
topes has on the fusion barriers of the systems, the CC
approach [68], using the ccfull code [69] is used since
dynamical effects can be added in one at a time unlike in
TDHF. Couplings to low-lying states could induce a com-
plex structure in the distribution of fusion barriers [2]. A
main feature, however, is the lowering of the main peak in
the barrier distribution which often results in lowering the
average barrier. These average barriers, calculated with

Ex(3−1 ) (MeV) β3

Exp. 3.737 0.3-0.4
SLy4 3.916 0.184
SLy4d 3.442 0.224
UNEDF1 3.363 0.171

Table 1. Comparison of excitation energy and deformation
parameter between experimental values [66] and TDHF values

for three parametrisations for 40Ca.

coupling to the 3−1 state in the calcium isotopes, are shown
in by the brown dot-dashed line with stars in Fig. 1. As ex-
pected, this coupling lowers the static barrier in all cases.
Couplings to low-lying 2+ states (that are not included
here) are expected to produce a similar effect.

The inclusion of couplings to low-lying vibrations is
helpful for explaining the difference between the static and
dynamic cases for the systems with 40−50Ca as projectiles
but not for the two most neutron-rich systems. Indeed, we
see in Fig. 1 that for the 52,54Ca+116Sn systems, includ-
ing dynamics actually increased the fusion barrier as the
TDHF fusion threshold is higher than the frozen HF bare
potential barrier. This is also the case for 54−58Ca+132Sn
with very little difference (less than 0.5 MeV) between
the two barriers for 52−58Ca+132Sn. Therefore, another dy-
namical effect aside from vibrations must be considered to
help explain this observation.

4.3 Transfer effects

Our consideration of transfer is motivated by the fact that
the HF dynamic barrier is not consistently lowering the
static barrier in the case for the most neutron rich sys-
tems. The effect of nucleon transfer acting to balance out
the N/Z ratio between two fragments in a reaction is ac-
counted for in TDHF calculations [37, 70].

The N/Z ratio for 40−54Ca ranges from 1 to 1.70 and
those of 116,132Sn lie within this range, at 1.32 and 1.64
respectively. For this proceeding, the focus is on pro-
ton transfer for these systems. It is expected from the
argument of balancing the N/Z ratios that proton trans-
fer would happen in the direction from the light to heavy
fragment for the lighter systems, and from heavy to light
fragments in neutron rich systems.

Our observation of nucleon transfer in TDHF calcula-
tions for the systems 40−54Ca+116,132Sn occuring at centre
of mass energies just below the TDHF fusion threshold
(0.999%VB) is from the final fragments. It is quantified
by both average numbers of transferred neutrons and pro-
tons, and transfer probabilities for protons using the parti-
cle number projection method [35]. The average transfer
at the end of a reaction, shown by the final Z and N number
of the heavy fragment for the systems 40−54Ca+116,132Sn
can be seen in Fig. 5. For a reaction showing near zero val-
ues for average transfer (e.g. 46Ca+116Sn and 52Ca+132Sn)
there are still possibilities of having non-zero probabilities
for other transfer channels.

In the case of 116Sn, we can see that the average Z
is close to 51 in a reaction with 40Ca, corresponding to
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at the end of a reaction, shown by the final Z and N number
of the heavy fragment for the systems 40−54Ca+116,132Sn
can be seen in Fig. 5. For a reaction showing near zero val-
ues for average transfer (e.g. 46Ca+116Sn and 52Ca+132Sn)
there are still possibilities of having non-zero probabilities
for other transfer channels.

In the case of 116Sn, we can see that the average Z
is close to 51 in a reaction with 40Ca, corresponding to
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Figure 5. Average Z and N numbers of the heavy fragment at the
end of reactions ACa+116,132Sn. The original N and Z number of
the heavy fragment is indicated by the horizontal dashed line.

proton transfer from calcium to tin. The average N in the
same reaction is 65, indicating one neutron transfer from
tin to calcium. The most neutron rich system has transfer
of protons and neutrons in the opposite direction and at
larger magnitudes.

With 132Sn, we see the same direction of proton and
neutron transfer as for 116Sn but by different amounts.
Very little average proton transfer occurs after 48Ca+132Sn
in agreement with Ref. [34], perhaps because the N/Z ra-
tio of 132Sn is much higher and is a closer match to the
heavier calcium nuclei. It was found that subbarier fu-
sion is enhanced for 40Ca+132Sn more than what can be
accounted for by vibrational states [71]. The Q-values of
nucleon transfer plays an important role in these reactions
at sub-barrier energies [71] [ref Back, Liang]. In Ref. [34],
the isovector contribution to the DC-TDHF fusion poten-
tials for 40,48,54Ca+132 is also related to neutron transfer,
compatible with the directions in Fig. 5 and the resulting
TDHF fusion barriers in Fig. 3.

In addition to the isovector contribution to the poten-
tial, proton transfer in either direction will change the
Coulomb repulsion. In particular, one proton transfer

from 54Ca to 116Sn increases the Coulomb potential, VC =

e2Z1Z2/r by 2.7% which in turn increases the fusion bar-
rier. This is consistent with what is seen in the TDHF fu-
sion barrier thresholds and is a possible explanation for
why the dynamical TDHF fusion threshold is higher than
the static frozen HF barrier for this system.

5 Conclusion

We have used a microscopic approach to probe fusion
reactions involving neutron-rich nuclei. Effects of some
static and dynamic structures of the nuclei on fusion were
studied using HF methods. In static fusion reactions, prop-
erties such as rms neutron radius of the calcium isotopes
arising from the HF ground state have an effect on the fu-
sion barrier. Nuclides with less bound neutrons and an in-
creasing neutron skin (calcium isotopes heavier than 48Ca)
lead to a more rapid decrease of the fusion barrier. Includ-
ing dynamics into reactions, it was seen that for most of
the cases this decreased the fusion barrier. However, for
the most neutron rich systems, it increased or was very
close to the static fusion barrier. The static structure effects
disappeared completely with the inclusion of dynamics.
Coupled-channels analysis showed that coupling to the 3−1
state of the calcium nuclei lowered the fusion barrier in all
cases. Vibrational states are not enough to describe the fu-
sion barrier differences for the most neutron rich systems,
so the significance of other dynamical effects such as pro-
ton transfer was discussed. Future works will consider the
effect of couplings to low-lying quadrupole vibrations, fur-
ther understanding the role of neutron transfer on fusion
and also incorporating dynamical pairing in the reactions.
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