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Abstract. Neutrinoless double beta (0νββ) decay is a beyond Standard Model (BSM)
process whose discovery would clarify if the lepton number is conserved, decide on the
neutrinos character (are they Dirac or Majorana particles?) and give a hint on the scale of
their absolute masses. Also, from the study of 0νββ one can constrain other BSM param-
eters related to different scenarios by which this process can occur. In this paper I make
first a short review on the actual challenges to calculate precisely the phase space factors
and nuclear matrix elements entering the 0νββ decay lifetimes, and I report results of our
group for these quantities. Then, taking advance of the most recent experimental limits
for 0νββ lifetimes, I present new constraints of the neutrino mass parameters associated
with different mechanisms of occurrence of the 0νββ decay mode.

1 Introduction

Despite the fact that neutrinos are among the most abundant particles in the universe, their fundamen-
tal properties as the absolute mass and mass hierarchy, their character (are they Dirac or Majorana
particles?), the number of neutrino flavors other than the three active ones, etc. are still unknown.
There are different processes/measurements from which one can get information about these issues,
one of them being the neutrinoless double beta (0νββ) decay [1] -[6]. Double beta decay (DBD) is
the rarest spontaneous nuclear decay measured until now, by which an e-e nucleus transforms into an-
other e-e nucleus with its nuclear charge changed by two units. It occurs whatever single beta decays
can not occur due to energetic reasons or it is highly forbidden by angular momentum selection rules.
Usually, the DBD process occurs with the emission of two neutrinos or two anti-neutrinos besides two
positrons or two electrons, and hence with the lepton number conservation (LNC). However, since the
LNC is not a consequence of a known gauge symmetry, BSM theories allow DBD to occur without
emission of anti-neutrinos/neutrinos (the so called 0νββ decay modes), as well. In this contribution I
refer to the 0νββwith the emission of two electrons in the final states. This process can provide us with
decisive information about the neutrino character, absolute mass of neutrino and mass hierarchy, and
it still is at present the most sensitive process to check the lepton number conservation. The lifetime
expression of this process can be factorized in a good approximation as a product of three factors: the
phase space factor (PSF) that embeds the distortion of the electron wave functions (w.f.) by the nuclear
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Coulomb potential, the nuclear matrix elements (NME) that depend on the nuclear structure of the nu-
clei involved in decay and a BSM factor related to the mechanism that contributes to 0νββ. At present,
the NME are currently computed with several nuclear structure methods, such as the proton-neutron
Quasi Random Phase Approximation (pnQRPA) [7]-[10], Shell Model(ShM) [11]-[12], Interacting
Boson Approximation (IBA) [13]-[14], Projected Hartree Fock Bogoliubov (PHFB) [15] and Energy
Density Functional (EDS) method [16]. The computation of the NME brings the largest uncertainties
in the theoretical study of double beta decay (DBD) process. Each method has its advantages and
disadvantages and there has been and still is a long debate in literature on their calculations. Unlike
the NME, the PSF have been considered to be computed with enough precision [17]-[19]. However,
recently, they were recalculated within an improved approach by using exact electron w.f., solution
of the Dirac equations, and taking into account finite nuclear size and electron screening effects [20].
The authors found differences between their results and those calculated previously with approximate
electron w.f., especially for heavier nuclei. We also recalculated the PSF by developing new accurate
routines for computing the relativistic (Dirac) electron w.f. and for integrating the PSF expressions.
In addition to the previous similar calculations, we use a Coulomb potential derived from a realistic
proton density distribution in the daughter nuclei [21]-[22]. Hence, the NME and PSF are theoretical
key quantities for predicting 0νββ decay half-lives. On the other hand, because the 0νββ decay has not
been discovered so far, there are only experimental lifetime limits for this process. Using these limits
and precise calculations of the PSF and NME, one can derive upper limits of the BSM parameters
associated with specific decay mechanisms.

2 Theoretical formalism

We shortly present the theoretical framework for the derivation of neutrino mass parameters from the
0νββ decay analysis. In the hypothesis that this DBD mode occurs through two mechanisms, namely
i) light left- handed (LH) neutrinos and ii) heavy right-handed (RH) neutrinos, between two nucleons
inside the nucleus, the contribution of the two mechanisms do not interfere with one another and the
lifetime formula can be expressed as a sum of two terms:

(
T 0ν

1/2

)−1
= G0ν(Qββ, Z)

(
| M0ν
ν |2 (ην)2 + | M0ν

N |2 (ηN)2
)

(1)

where G0ν is the PSF for this decay mode and depends on the energy decay Qββ and nuclear charge Z.
M0ν
ν,N are the NME for the light LH (ν) and heavy RH (N) neutrino exchange mechanisms, respectively,

and < η > are the neutrino mass parameters which are related to the neutrino masses:

< ην >=

(
⟨mν⟩
me

)2
(2)

with

< mν >=
light∑

i

|Uei|2mieiϕi (3)

for the "light" mechanism and

< ηN >=

heavy∑
k

|Uek |2
mp

mN
eiϕk (4)

for the "heavy" mechanism. In the above formulas the mi and mN are the neutrino (light, heavy)
masses, ϕ(i, k) Majorana phases, mp the proton mass and the Ue(i,k) are the mixing matrix elements
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associated to LH weak interactions. We adopted the hypothesis that only one flavor of "‘heavy"’
neutrino exist.

As seen, for deriving the < η > parameters we need accurate calculations of both PSF and NME,
for each mechanism and each isotope for which the experimental lifetime limits exist.

For the 0νββ decay, the expression of the PSF is [20]-[21]:

G0ν =
2

4g4
AR2 ln 2

∫ T0−mec2

mec2
f (0)
11 w0νdϵ1 (5)

where

w0ν =
g4

A(G cos θC)4

16π5 (mec2)2(�c2)(p1c)(p2c)ϵ1ϵ2 (6)

In the above formulas gA is the axial-vector coupling constant, R is the nuclear radius, G = 1.16637×
10−5 GeV−2 is the Fermi constant, θC is the Cabbibo angle, me is the electron rest mass, while p1,
p2 and ϵ1, ϵ2 are the electron momenta and electron energies, respectively. It is worth to note that in
Eq.(5) the PSF expression was redefined, such that this quantity be independent on the gA constant
and correlates (by dividing by 4R2) the dimension of G0ν with the NME which are dimensionless,
such that the PSF be expressed in [yr−1].

The electron phase factors f (0)
jk have the expressions:

f (0)
11 =| f −1−1 |2 + | f11 |2 + | f −1

1 |2 + | f −1
1 |2 (7)

with

f −1−1 = g−1(ϵ1)g−1(ϵ2) ; f11 = f1(ϵ1) f1(ϵ2), f −1
1 = g−1(ϵ1) f1(ϵ2) ; f −1

1 = f1(ϵ1)g1(ϵ2) (8)

The radial functions f and g are solutions of the Dirac equations [20]), [22]:

dgκ(ϵ, r)
dr

= −κ
r
gκ(ϵ, r) +

ϵ − V + mec2

c�
fκ(ϵ, r) (9)

d fκ(ϵ, r)
dr

= − ϵ − V − mec2

c�
gκ(ϵ, r) +

κ

r
fκ(ϵ, r) (10)

The expression of the NME can be written as a sum of three components [10]-[24]:

M0ν = M0ν
GT −

(
gV

gA

)2
· M0ν

F − M0ν
T (11)

where M0ν
GT , M0ν

F and M0ν
T are components associated with the matrix elements of the Gamow-

Teller (GT ), Fermi(F) and Tensor(T ) DBD operators, respectively. These are defined as follows:

M0ν
α =
∑
m,n

⟨
0+f ∥τ−mτ−nOαmn∥0+i

⟩
(12)

where Oαmn are DBD transition operators (α = GT, F, T ) and the summation is over all the nucleon
states. The NME calculations can be divided in the computation of two quantities, the two-body
transitions densities and the reduced matrix elements of the two-body transition operators Oα. The
most difficult is the computation of the radial part of the two-body transition operators, which contains
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the neutrino potentials. These potentials are defined by integrals of momentum carried by the virtual
neutrino exchanged between the two nucleons inside the nucleus [10], [23]-[24]:

Hα(r) =
2R
π

∫ ∞
0

ji(qr)
hα(q)
ω

1
ω + ⟨E⟩q

2dq

≡
∫ ∞

0
ji(qr)Vα(q)q2dq (13)

,
where R = r0A1/3 fm (r0 = 1.2 f m), ω =

√
q2 + m2

ν is the neutrino energy and jn(qr) is the spherical
Bessel function (i = 0, 0 and 2 for GT, F, and T, respectively). Usually, in 0νββ calculations one
uses the closure approximation which consists in replacing the energies of the excited states of the
intermediate odd-odd nucleus contributing to the decay, by an average value ⟨E⟩. This approximation
works good in the case of 0νββ decay modes (but not in the case of 2νββ) and simplifies much the
calculations. The expressions of hα(α = GT, F, T ) are [10]

hF = G2
V (q2) (14)

hGT (q2) =
G2

A(q2)

g2
A

1 −
2
3

q2

q+m2
π

+
1
3

(
q2

q2 + m2
π

)2+

+
2
3

G2
M(q2)

g2
A

q2

4m2
p

(15)

and

hT (q2) =
G2

A(q2)

g2
A


2
3

q2

q2 + m2
π

− 1
3

(
q2

q2 + m2
π

)2+

+
1
3

G2
M(q2)

g2
A

q2

4m2
p

(16)

where mπ is the pion mass, mp is the proton mass and

GM(q2) = (µp − µn)GV (q2) (17)

with (µp − µn) = 4.71.
The expressions (14)-(17) include nuclear ingredients that have to be taken into account for a

precise computation of the NME, such as the inclusion of higher order currents in the nuclear interac-
tion (HOC) and finite nucleon size effect (FNS). Inclusion of HOC effects brings additional terms in
the HGT and HF components and apparition of the HT component in the expressions of the neutrino
potentials. FNS effect is taken into account through GV and GA form factors [10], [12]:

GA

(
q2
)
= gA


Λ2

A

Λ2
A + q2


2

, GV

(
q2
)
= gV


Λ2

V

Λ2
V + q2


2

(18)

For the vector and axial coupling constants many calculations take gV = 1 and the unquenched value
gA = 1.25, while the values of the vector and axial vectors form factors are ΛV = 850MeV and
ΛA = 1086MeV [1], respectively.
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To compute the radial matrix elements ⟨nl|Hα|n′l′⟩ one uses harmonic oscillators w. f. ψnl(lr) and
ψn′l′ (r) corrected by a factor [1+ f (r)], in order to take into account the short range correlations (SRC)
induced by the nuclear interaction:

ψnl(r)→ [1 + f (r)
]
ψnl(r) (19)

For the correlation function we take the functional form

f (r) = −c · e−ar2 (
1 − br2

)
(20)

where a, b and c are constants that have particular values for different parameterizations [10], [25]-
[26]. For c = 1, we get the Jastrow prescription of inclusion of the SRC effects, and in this case the a
and b constants are given by the Miller-Spencer (MS) parametrization [18].

3 Numerical results and discussions

The NME calculations are performed with a new ShM code [23]. In a previous paper [24] we shortly
presented a new improved (fast, efficient) ShM code that reduces substantially the computing time of
calculation of the two-body matrix elements (TBME) of the transition operators for the 0νββ decay.
It incorporates all the relevant nuclear effects. The radial NME are double integrals, over coordinates
and momentum, that require long CPU time to be performed. The main improvement of the code
consists in performing analytically the radial integrals over the coordinates, by rearranging the terms
depending on "r" in the TBME expression and using recurrence properties of the Laguerre polynomi-
als and Bessel functions. Therefore, only the integration over the momentum remains to be performed
numerically. Testing this code we found it about 30 times faster than our previous code [12], for the
same calculations, and it can be of much help for investigating the quenching of the Gammow-Teller
(GT) operator in ShM calculations of the NME, in large model spaces. The computation of the NME
is performed with nuclear ingredients chosen according to a general consensus, as follows. The short
range correlations between nucleons are introduced according to the CD-Bonn parametrization [10],
the tensor contribution, due to the inclusion of HOC effects, is taken into account, the FNS effect is
involved in calculation through the form factors gV and gA with the cut-off parametersΛV = 0.85 GeV
and ΛA = 1.09 GeV. For gA we adopt the unquenched value 1.25 and the nuclear radius R = r0A1/3 is
calculated with the constant r0 = 1.2 fm.

To compute PSF for DBD modes we obtained the w.f. of the electrons emitted in the decay, which
are distorted by the Coulomb potential of the nucleus. We use exact Dirac electron w.f. with the
inclusion of the FNS and screening effects. This last effect was taken into account by multiplying
the expression of the Coulomb potential with a function ϕ(r), which is solution of the Thomas Fermi-
type equation [20], [22]. In addition to other previous calculations, we use a Coulomb-type potential
derived from a realistic proton density distribution in nucleus. Also, we develop own routines for
solving the Dirac equations and integrate the PSF expressions with improved numerical accuracy as
compared with older codes, and we use new Q-values reported in ref. [27].

Our results are presented in In Tables I and II. In Table I upper limits for the electron-neutrino
mass parameter mν, associated with the light LH neutrino exchange mechanism, are derived in the
case of three isotopes, 48Ca, 76Ge and 82S e, together with corresponding NME and Q-values and
experimental lifetime limits. The effective NN interactions used are: GXPF1A [28] for 48Ca and
JUN45 [29] for 76Ge and 82S e. As seen from the Table I, the most stringent upper limit for the
neutrino mass parameter, which is related to the electron-neutrino absolute mass, is obtained from
the study of DBD of 76Ge and is of 0.27 eV. This is due both to the accurate calculation of the NME
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(with advanced ShM methods) and to the experimental lower limit of the half-life (∼ 2 x 1025 yr), in
the case of this isotope. Indeed, the DBD experiments on 76Ge, besides those on 136Xe are at present
the most sensitives ones and provide us with the largest lower limits for 0νββ decay half-lives. These
limits, of ∼ 0.2 eV, for the "light" neutrino parameters can be checked by the next generation of DBD
experiments. In Table II upper limits of the neutrino parameter (coupling strength) ηN , associated
with the exchange of a heavy RH neutrino mechanism are presented. Again, due to the same reason,
the most stringent upper limits for the "heavy" neutrino mass parameter is extracted from the 76Ge
isotope.

Table 1. Upper limits of the Majorana light neutrino mass parameter together with the other components of the
DBD lifetime: Q values, experimental lifetime limits, PSF and NME.

Q[MeV] T 0ν
exp[yr] G0ν[yr−1] M0ν

ν ⟨mν⟩ [eV]
48Ca 4.272 > 5.8 1022[30] 2.46E-14 0.81 < 9.62
76Ge 2.039 > 2.1 1025[31] 2.37E-15 3.13 < 0.27
82S e 2.995 > 3.6 1023[32] 1.01E-14 2.88 < 1.19

Table 2. Upper limits of the Majorana heavy neutrino mass parameter together with experimental lifetime
limits, PSF and NME.

T 0ν
exp[yr] G0ν[yr−1] M0ν

N ⟨ηN⟩ [eV]
48Ca > 5.8 1022[30] 2.46E-14 70.2 < 3.77 · 10−7

76Ge > 2.1 1025[31] 2.37E-15 199.2 < 0.22 · 10−7

82S e > 3.6 1023[32] 1.01E-14 184.5 < 0.90 · 10−7

4 Conclusions

In this work I make first a short review on the challenges encountered in the computation of the
PSF and NME, the two key ingredients in the study of the 0νββ decay mode. Then, I present new
constraints of the neutrino mass parameters associated with the "light" and "heavy" neutrino exchange
mechanisms of occurrence of the 0νββ decay mode. The NME and PSF for three isotopes, 48Ca,
76Ge and 82S e, are calculated with advanced codes developed by our group, while the most recent
experimental limits for 0νββ lifetimes were taken from literature. The most strigent upper limits for
the neutrino parameters were obtained for the 76Ge isotope, for which both accurate calculations for
NME and PSF, and the largest experimental lifetime value, exist.
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