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Abstract. We talk about a low energy, effective, topological theory of superconductivity
in which a topological mass term is radiatively induced in one loop effective action. In
this field theoretic model, an antisymmetric tensor field couples with the vorticity current
of charged Dirac fermions in the Lagrangian. The fermion loop generates a coupling be-
tween the gauge field and the antisymmetric tensor field below an ultraviolet cut-off. The
spin interactions mediated by the antisymmetric tensor field induces a mass for the photon
field indicating Meissner effect. The dual antisymmetric tensor field produces a current
which satisfies the relativistic version of the London equations of superconductivity. In
the non-relativistic limit, the static effective potential shows a linear, always attractive
term between two electrons. Thus, the theory can be considered as an alternative, low en-
ergy, effective field theory of superconductivity without spontaneous symmetry breaking.

1 Introduction

The discovery of fractional Quantum Hall liquids (FQHL) led us to the developement of a new sector
in the theory of solid state physics[1–4]. The usual superconductivity mechanism has a local, spin
zero order parameter and the theory involves spontaneous symmetry breaking. On the contrary, de-
scription of the mechanism of incompressible FQHL demands the presence of a new kind of order
parameter[5, 6] related to the topology of the system and the mechanism cannot be explained by ordi-
nary theory of spontaneous symmetry breaking[7].The standard theory of superconductivity was due
to Bardeen, Cooper and Schrieffer. According to BCS theory, Meissner effect can be explained by the
bosonization of the electrons in the form of Cooper pairs[8–10]. The interaction between the electrons
and the phonons effectively generates a mutual attraction between two electrons in a limited shell in
the momentum space near the Fermi surface. When this mutual attraction dominates over Coulomb
repulsion, bound pairs form. The theory has a local, spin zero order parameter and the system goes
through spontaneous symmetry breaking. However, in topological superconductors, the system may
not have any local order parameter and there should be an associated topological field theory without
involving spontaneous symmetry breaking[11, 12].

In (3 + 1)-dimensions, the topological theory of superconductivity involves a derivative coupling
between the photon field and an antisymmetric tensor field Bµν[13, 14]. The coefficient of this inter-
action plays the role of a topological mass of the photon field. The field equations of the antisym-
metric tensor represent the relativistic London equations. The mechanism is similar to the famous
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Chern-Simons theory in (2 + 1)-dimensions[15–17]. However, the Chern-Simons term breaks P and
T invariance while BF term preserves these symmetries.

In (2 + 1)-dimensions, the radiative induction of Chern-Simons term made it possible to connect
the theory with the physical systems[18, 19]. Likewise, in (3 + 1)-dimensions also, it is important to
know the actual form of the interaction which effectively leads to the topological mass generation of
the photon[20, 21]. In this talk, we deal with a long range interaction between the fermions which
is mediated by the antisymmetric tensor field. This non-local interaction effectively generates topo-
logical BF term in the one loop effective action. This is a low energy theory and therefore is valid
for the energy scales well below an ultraviolet cut-off. In the non-relativistic limit, the static effective
potential has a linear attractive term between the interacting fermions[22].

2 Spin Current

The effective induction of topological term in the Lagrangian requires a fermion coupling with the
antisymmetric tensor field Bµν. In other words, an interaction between the fermions via the antisym-
metric tensor field Bµν effectively produces topological mass for the photon. We choose the interaction
as

LB
int = gBµνJ

µν , (1)

where

Jµν = m εαµνσ
∂α
�

(ψ̄γσψ) , (2)

with m, the mass of the fermion. Here, the coupling of Bµν with the topologically conserved current Jµν

has some other properties which act in favour of choosing it to use in our theory. The coupling BµνJµν,
along with P and T symmetry has an additional vector gauge invariance under the transformation

Bµν → Bµν + ∂µκν − ∂νκµ . (3)

Moreover, in non-relativistic limit, the spin contribution to the 0i-th components J0i are the spin
magnetic moment densities of the fermions if the fermions are localised.

Thus, a non-local spin interaction between the fermions, mediated by antisymmetric tensor field
can be used to generate a topological photon mass.

3 Calculations

The original form of the complete Lagrangian density used to construct the fully relativistic model is
given by

L = ψ̄γµ
(
i∂µ + eAµ

)
ψ − mψ̄ψ + gBµνJµν −

1
4

FµνFµν +
1
12

HµναHµνα , (4)

where Hµνα ≡ ∂[µBνα] is the Kalb-Ramond [24] gauge invariant field strength for the antisymmetric
tensor and g is the dimensionless coupling constant for the spin interactions. As in [21], this model
is a low-energy effective theory, valid for energy scales below some ultraviolet cutoff Λ. By partial
integration, the antisymmetric tensor interaction can be written as

LB
int = gBµνJ

µν =
2mg
�

FµJµ , (5)
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where Fµ = (1/2)εµναβ∂νBαβ is the dual Kalb-Ramond field strength. One can combine the two terms
for the interaction of the fermions, one with the dual Kalb -Ramond field strength and the other with
ordinary gauge field, to write the total interaction term of the fermions in terms of an effective photon
field Aµeff which is a combination of the ordinary photon field and the inverse d’Alembertian of the
dual Kalb-Ramond field strength.

Integrating out the fermions, the one-loop induced action can be obtained as

Γ1−loop =
e2

4
1

12π2 ln
Λ2

m2

∫
d4x(Feff)µν(Feff)µν , (6)

where Fµνeff is the field strength of the effective photon field.
Expansion of the one-loop induced action in terms of the original gauge fields present in the

action produces three terms. Combining those three terms with the original action the 1-loop effective
Lagrangian can be written as

L = − 1
4e2

ph

FµνFµν +
gphm
2π

Bµνεµνρσ∂ρAσ +
1
12

HµναHµνα +
6g2

phm2

ln Λ2

m2

Fµ
1
�

Fµ , (7)

where

e2
ph = e2

(
1 +

e2

12π2 ln
Λ2

m2

)
, (8)

is the QED renormalized charge and

gph =
g

6π
ln
Λ2

m2 . (9)

Here, the second term in Eq. (7) can be identified as the topological BF term. The induced non-
local term is represented as a Gaussian integral over a new massless vector gauge field. Using a
proper set of combinations of the auxilliary gauge field and the photon field the Lagrangian is finally
diagonalized.

Thus, the resulting one-loop Lagrangian decouples into two parts,

L = L1 +L2 ,

L1 = −
1

4e2
1

FµνFµν +
gphm
2π

Bµνεµνρσ∂ρAσ +
1
12

HµναHµνα , (10)

L2 = −
1

4e2
2

GµνGµν , (11)

where

e2
1 = e2

ph

1 +
4e2

ph

12π2 ln Λ
2

m2

4e2
ph

12π2 ln Λ2

m2

,

e2
2 = e2

ph

1 +
4e2

ph

12π2 ln
Λ2

m2

 . (12)
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Eq. (10) corresponds to the topological mass generation model with an effective charge e1 that re-
duces to the usual renormalized electron charge, e1 → eph, for m � Λ. The second part written in
Eq. (11)has a free, massless gauge field with field strength Gµν.

The equations of motion from the Eq. (10) can be written as

∂µFµν = −
e2

1gphm
6π

ενµαβHµαβ , (13)

∂µHµαβ =
gphm
2π
εαβµνFµν , (14)

from which one can derive [7, 13, 14, 25]:
[
� +
(e1gphm
π

)2]
Fµν = 0 . (15)

Eq.(15) shows that the field strength Fµν for the photon satisfies the Klein-Gordon equation with mass
given by e1gph M

π
. By a similar analysis we find that Hµνα also satisfies the equation of motion with the

same mass.
From eq.(13) we also recognize that the dual of the Kalb-Ramond field strength acts as charged

current for the photon field:

∂µFµν = Jν ,

Jν ≡
−e2

1gphm
π

Hν ,

=
−e2

1gphm
6π

ενµαβHµαβ . (16)

Substituing eq.(16) in the equation eq.(14) we obtain:

εµναβ∂αJβ = −
(e1gphm
π

)2
F̃µν ,

F̃µν =
1
2
εµναβFαβ (17)

which is nothing but a relativistic version of the London equations for superconductivity.

4 Static effective potential

The interaction between the fermions mediated by the antisymmetric tensor field Bµν in our low en-
ergy, effective theory for Meissner effect, has a non-local nature. This non-local nature of the current
provokes an interesting question regarding the semi-classical picture of the theory, because of another
well-known fact about the antisymmetric tensor field. Just as the ordinary gauge potential couples to
worldlines of charged particles, the antisymmetric tensor field Bµν couples with worldsheets which
are traced out by one dimensional strings. Actually, the antisymmetric tensor field Bµν was first pos-
tulated to describe interstring interactions. Our fermion coupling with the B field is not localized at
a point and therefore, the question arises such as whether the system contains string-like objects and
what would the strings be made of.

For calculating the static effective potential between the interacting fermions, we integrate out the
gauge fields to obtain the effective action as
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S [ψ, ψ̄] = S D[ψ,m] + S A[ψ, ψ̄] + S B[ψ, ψ̄] , (18)

where S D[ψ,m] corresponds to the kinetic term and the mass term for the fermion, and

S A[ψ, ψ̄] =
1
2

∫
d4k

(2π)4 Jσ(−k)
e2

k2 Jσ(k) ,

S B[ψ, ψ̄] =
∫

d4k
(2π)4 Jσ(−k)

g2m2

k4 Jσ(k) . (19)

In the non-relativistic limit, we expand the fermion fields in terms of three dimensional creation amd
annihilation operators and note that the leading contribution to the effective potential is from the J0

component. The reason is that the components Ji are made of the lower components of the Dirac
spinor and therefore can be neglected in the non-relativistic limit as their energies are much lower
than their mass. In three dimensional momentum space, the resulting static potential has the form

V(k) =
e2

|k|2 −
g2m2

|k|4 , (20)

which leads to a linear term in the expression for the static potential in three dimensional coordi-
nate space as

V(r) =
e2

4πr
+
g2m2r

4π
. (21)

The sign of the linear potential remains same for interactions between fermions with like charges
and for those with opposite charges. A linear potential is commonly associated with string-like ob-
jects.

5 Conclusion

We have found that a long range interaction between fermions, mediated by an antisymmetric tensor
field effectively induces a derivative coupling between the photon field and the antisymmetric tensor
field. The equations of motion of the photon field can be used to write the Klein- Gordon equation as a
massive wave equation which explicitly shows the presence of a topological mass of the photon field.
The dual Kalb-Ramond field strength acts as a current to the photon field and that current satisfies
the relativistic version of the London equations of superconductivity. In the non-relativistic limit, the
long range interaction mediated by the antisymmetric tensor field gives rise to linear term in the static
effective potential between two electrons. This linear term is independent of the spin orientations of
the interacting electrons and is always attractive in nature irrespective of the electric charges of the
interaction particles. Whenever this attractive force dominates over Coulomb repulsion, bound paires
may be found. Thus, the theory can be considered as an alternative, low energy, effective field theory
for the superconductivity which does not involve spontaneous symmetry breaking.
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