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Abstract. The transmutation operator method is extended to the case of functions of two variables. The
transmutation operator flattens the function, i.e. the transmutation operator replaces a function with
discontinuous partial derivatives on the coordinate axes by a continuously differentiable function. The work
reveal the properties of the transmutation operator, and prove the commutativity of the transmutation
operator and the Laplace operator. It was found that the Cauchy problem for the Laplace equation with
internal conjugations in an unbounded domain can be replaced with the model Cauchy problem for the two-
dimensional Laplace equation. As a result, a new analytical method for solving initial-boundary value
problems for a two-dimensional heat equation has been developed. The factorization of the transmutation
operator is established as a product of two one-dimensional transmutation operators. The form of the
transmutation operator establishing the isomorphism of two mathematical models of heat conduction in

unbounded media with different

1 Introduction

The transmutation operator establishes a connection
between the solutions of two problems of mathematical
physics,one of the problems is considered as a model
one.

Example 1. The Cauchy problem for the heat
equation [6]

G, =0,,t>0,—0<X<w O
a(0,x)=f(x),—0<x<w
Is model. Let’s consider a new Cauchy problem
u =a’u,,t>0-w<Xx<owo
)
u(0,x)=f(x),—0<x<o

An operator J:0—u that establishes an
isomorphism of the solution space for problems (1) and
(2) is called a transmutation operator. In this example,
the transmutation operator is defined by the formula

u(t,x)=J[a(tx)]= U(azt, x) .

Example 2. Consider the initial-boundary value
Cauchy problem for the heat equation

U, =a’l,,t>0,-0<x<0
U, (0,x) = f,(x),—0<x<0
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physical

characteristics was found and descrfibed.

Uy =aiu, ,t>0,0<x <o
@)
u, (0,x)=f,(x),0<x<o
with internal conjugation conditions
u (t,0)=u,(t,0),t >0, @
AU, (£,0) = 4,u,, (1,0),0<t.

Transmutation operator J, : f — f,
f =f,H(-x)+ f,H(x),

where H (x)—Heaviside step function, is defained by
formula

f,(x)=f(x/a,),x>0, (5)
1 \: 1 )
fl(X)Z(E-FV] f (x/a1)+(5—v) f(-x/a,),x<0,
here
yolha
27 &,

In the model problem, the initial condition is chosen
in the form f =J*[f]. In more detail, the inverse
operator J;* with respect to the transmutation operator
J, has the form
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f(x)=f,(a,x),x>0,

- (6)
f,(ax)— i i »(—3,x),x<0.

:1+2v

So, the solution to problem (3)-(4) has the form [6]

u(x,t) = FIJ [exp(—(x y)* )}Jll[f(y)]dy.

In the authors' work [1,2,21], the formula for solution
of problem (3) - (4) is transformed to the form

(x=£)  (x+&)?
= o dalt  dat 1-2v
2o i o | hEde
(ax—ae)
+a2\/Hone A @20 ,(O)dEt<0,x <,
(ix-ae)
s zallm o % 2v@r2n) f@de+ )
(X6 (x4
1 |, 4ajt 4a2t 1-2v
+2a2«/EJ.° ¢ e 1+ 20 f,(£)d& 1, x> 0.

Formula (7) is a generalization of the Poisson
formula of heat conduction theory [6].

In works [3,4,5,7,14,16,18,20] the theoretical
foundations of transmutation operator’s method are
created. Papers [8,10-13,15,17,19] are devoted to various
applications of the method, including the solving of
partial differential equations. The most important of the
applications of the developed method is the solution of
boundary value problems in areas with axial symmetry
[3,11,12]. The transmutation operator method allows
problems with axial symmetry to be reduced to boundary
value problems in domains with plane symmetry.

Example 3. Let 0(t,x) be the solution of the initial-
boundary value problem (3) - (4) with parameters
a,4,,4,1, and initial condition

and u(t,x) is the solution to initial-boundary value
problem (3)-(4) with parameters a,,a,, 4,4, and initial
condition

f(x)=f,(x)H(-x)+ f,(x)H (x),

then the transmutation operator J is defined so that
J[f1= f;u=J[d]. The transmutation operatorJ is a

linear combination of stretched or compressed operators
and reflections. Let's write out the expression of the
transmutation operator J

Remark 1. Inverse operator J™ with respect to
transmutation operator J can be calculated by formulas

f,(x)=f, (a—x] x>0,

2

ﬂ(x):ﬂf1 Gy —ﬂf2 “Z24],x<0,
1+k "\ &, 1+k a

|P

k:ﬁ K=
4 a

X |'_g)1

The solution to initial-value problem (3)-(4) with
parameters a,,a,, 4,4, and initial condition

f(x)=f,(x)H(=x)+ f,(x)H(x),

can be obtained by algorithm:
1. find the initial conditions for the model problem

according to the rule f (x)=J7"[f (x)];
2. calculate the solution G(t,x) to the model

problem;
3. determine the solution of problem (3) -

the formula u(t,x)=J*[d(t,x)].

(4) by

2 Transmutation operator’s method for
two-dimensional problems

2.1 Statement of the problem

Let us set the goal of obtaining the Poisson formula for
solving the heat equation in an unbounded four-layer
plate. Consider a separate system of equations describing
thermal conductivity in a four-layer medium

= alu;,, +blu

uijt i), Xx ij,yy?

t>0,x,yeDij, (8)
where

D, ={(xy)/x<0,y<0},D,
D, ={(x,y)/x>0,y<0},D,

={(x,y)/x<0,y>0},
={(x,y)/x>0,y>0}

with initial conditions
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U (0,xy) = f(x y),i, j=1,2 9)
with internal conjugation conditions on coordinate lines
x=0,y=0
U =U,;, A,0,U;; = 1,0,Uy;,x=0. (10)
Uiy = Ujp, 40, Uy = 1,0, Ui,y = 0.

Consider the model equation of heat conduction in an
unbounded medium

G, =0, +0,,t>0,xyeR’, (11)

with initial condition

a,x,y) = f(xy). (12)

In order to solve the two-dimensional heat
conduction problem (8), (9), (10), it is necessary to
determine the transmutation operator. Transmutation
operator J  establishes isomorphism (8),(9),(10) and

(11)-(12),sothat J: f — f;J:G—>u.

2.2 Construction of transmutation operator

It will be proved here that the transmutation operator J
represents as linear combination of stretched or
compressed transforms and reflections.

Theorem 1. Transmutation operator J has the form

Uy (62X, y)=0(t,x/a,,y/b,),(X,y) € Dy,
1 .
ulz(t,x,y):(E+vju(t,x/a1,y/bz)+

+(%—vjﬁ(t,—x/a1, y/b,).(x,y)eD,

Uyy (1, X, y):(%erjU(t,x/az, y/b)+

+(%—yja(t,x/a2,—y/bl),(x,y)eD21 (13)
(b= 3o | G aexra i)
NE MRS

T
H(3v][5-ufacxrayim). <o,

here

lha,
24 4

Proof. Equations (1) are satisfied by construction.
Check the conjugation conditions for the component U,

Aima
2 1 a,

A0U;, = A,0,U,, X =0,

ull = u21’

Uy = Upy, :Ulayun = ﬂzayulzv y=0.

Let's check the first of the four conditions. We have

U, (0,y)= (%ngwja(o, yl)+

+(%+vj(%—y]ﬂ(0,—y/bl)+

u21(0,y):(%+yjﬁ(0,y/bl) (——yj (0,-y/b).

The third condition is established similarly. To check
the second condition, we calculate the derivatives in the
direction of the normal

Al (% Y) =(%+VJ(%WJ%GX (0,y/b,)+

-
Lo Jmfgnovm-

-~

:2v(1+,ujiﬁx(0 y/bl)+2V(__ﬂ)%a (0—y/b,)

A (03) (G 200y )+

+(%_ﬂjaﬁzu(x/az,—y/bl)-

Further, the fourth conjugation condition is proved
similarly. The conjugation conditions for the functions

ulZ ) uZIUZZ '
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Theorem 2. The inverse operator J™* to the
transfmutation operator J has the form

a(x,y)=Uy (a,%,b,y),(x,y) € Dy,

i 2 _
u(x'y):muﬂ(aix’bzy)_ﬁ“n(_aix’bz)’)’
(x,y) €Dy,
U(X )_ 2_ ( b1) (ax bl)
R X0y 24 Uz y
(% y) €Dy, (14)
_ B 4 )
0(xy)= (1+2v)(1+ 2p) Uy (2 bY)
1-2u( 2 oy
_1+2z[1+2vu“(aix'_bzy)‘—l Uzz(—%x,—bzy)j
1-2v( 2 1-2
1+ 2111 (1+ 24 uZl(_aZX’bly)_1+2Z Uz, (_ale_bly)j_
1-241-2 )
ot (X BY)I(x ) (1Y) €D

Proof. From the first equation of (13) we determine
the functiont(x, y) in the domain D,, . Then we move
on to the second equation. Considering the first step, we
get the expression of function G(x,y) in the area D,,.

We finish the calculations by considering the fourth
equation from (13), using the previously obtained values

of the function a(x, y) in the domains D,,,D,,, D,,.

In the next section, for a better understanding of the
construction of the transfmutation operator, we will
establish the possibility of its decomposition as a
product of simple transfmutation operators J, and J, .

2.3 Factorization of the transmutation operator

The transfmutation operator J,acts on a function of the
variable x. Similarly, we define a transformation
operator J, that acts on a function of the variable y. Let

a function ﬁ(y) be continuously differentiable on the
real axis, and let the function

h(y)=h(y)H (=y)+h,(¥)H(y)

was defined as follow
h,(y)=h
h(y)

—~

y/b,),y>0,

J (y/b,) (——uj (-y/b),y<0

II
|\.>||—\

where

then the function
h(y)=h(y)H(=x)+h,(y)H (x)is

differentiable in R\{O} and the conjugation condition
h, (0) =h, (O)'
by (0) = 1y, (0)

are hold. So, for transmutation oherator J, the following
formula is true:

continuously

h(y)= Jz[ﬁ(y)]
Inverse operator J, " takes form

ﬁ(y): hz (bzy)vy>0,
(x) = —=—h, (By)-

1+2v

Theorem 3. The transmutation operatorJ is
factorized as the product of an operator J; that acts on
the variable x and an operator J, that acts on vy, i.e.
J =1J,J,. The inverse operator J™* to the transmutation
operator also admits factorization in the form
J*t=31"

The proof follows from the definition of the
operators J;, and J, .

Theorem 4. The transmutation operator J and the
Laplace operator A are commutative

=(a/0, +bi0, JH (—x)H (-y)+

1-
1+2v

h,(-by),y<0

( 2 xx+b16 ) (X)H(_y)+
+(al0, +bj0, JH (—x)H (y)+
(aﬁ@XX +b226yy) H(-x)H(-y),

ie. JA=AJ.
The proof follows from Theorem 1.

2.4. Extending the Results to the Vector Case

Let a vector-function

f(x)=f,(x)H(=x)+ f,(x)H(x),
where

f.(x)=(f, (%) fo(x)) i=12

be continuous in, continuously differentiable inR , and
continuously differentiable in R\{O}. The parameters
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a,a,,4,4, are matrices of nxnsize for each of which

all eigenvalues are different and positive.

The definition of a matrix argument function can be
found in the book [9]. We present an unknown definition
of the vector function of a matrix argument.

Definition 1. Suppose, that all eigenvalues of
matrices A and B of dimensions nxnare different and

positive, and the vector -function f (x) is given inR
and has nx1-size, then the vector -function f (Ax)of
the matrix argument is determined by the rule
f(A)=)f (Ax)e, e, :[O Lol Oj :
= k

k=1

and the vector-function Bf (Ax) is defined by the rule
Bf (Ax)=Bf (x)(x — Ax).

Let us explain the last formula. First, you need to
calculate the product Bf (x), and then to apply the

definition of a vector- function of a matrix argument.
However, the order of operations cannot be changed.
Example 4. If we have matrices

A~ 6 3

then
_ 2
Bf(Ax)z( 5x+29x2J’
—6X + 30X
—X+17x?
Bf (x)(x = AX) = )
(x)(x= Ax) [—2x+18x2J
and

Bf (Ax) = Bf (x)(x — AX).

Note, if matrices Aand B are permute the equality
is true.

The vector analogs of transformation operators have
the following form:

Transmutation operator J, : f — f, where
f = f,H(-x)+ f,H(x),

H (x)—Heaviside step function, and f is defined by
equality

1 ...
v :Ealil 1/128‘21'

The inverse vector transmutation operator J,* for the
operator J, has the form

f(x)=f,(a,x), x>0,

F(x)=(2(B+2v)" £,(x)-(B-2v)(E+2v)" f,(-x))
(x> ax),x<0.

The vector analogue of the initial-boundary value

Cauchy problem (3) - (4) for the heat equation is posed

as follows: find a solution to the system of differential
equations

U, =a’l,,,t>0,-0<x<0,
U, (0,x) = f,(x),—0 < x<0,

Uy = aU,,,t>0,0< X <o,
u, (0,x)=f,(x),0< x <,

satisfied the conditions of internal conjugation

u (t,0)=u,(t,0),t >0,
{ﬂ‘lulx (t' 0) = AUy, (t,O),O <t

where matrices 4,4, nxn - size eigenvalues of wich

are different and positive. The solution of this vector
analogue of problem (3) - (4) can be determined by the

formula with help of transmutation operator J; and its

inverse operator J,™ :

u(x,t) = 2—\};]\]1 |:6Xp(_ (x- Y)2 )j|\]11 |:f (y)]dy.

4t

3 Solution of the initial-boundary value
problem for the heat equation in an
unbounded piecewise-homogeneous
plate

We find the solution to the initial-boundary value
problem (1) - (3) using Theorem 1. We apply the
transmutation operator J from theorem 1 to problem (1)
- (3). In the images, we obtain problem (4) - (5), in
which the initial state of the temperature field is
determined by the formula f=J[f]. We use the

Poisson formula for the two-dimensional Poisson
equation

1 . ez
U(t,x,y):z—mje a f(&,n)dédn
RZ

On the base of theorem 1 we have
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(x=¢)+(y-n)2

u(t,x,y)=$[J[e a ]f(g,n)dgdn.

In each of the four areas D,,, D,,, D,,, D,;, we obtain
a solution to problem (1) - (3)

7(x/az —f)z +(y/by-17)2

u22(t,x,y)=2—m e “ f(&m)dedn,
RZ

(X,y) € Dy,

ulz(t’XIY)zziﬂt [(%ﬂ/je 4t +
RZ

1 _(Xare) +(ylb-m)2 |
+(E—vje “ F(£.m)dédn,(x,y) < Dy,

(XIap =) +(y/by—n)2

1 1 -
Uy (£, X, y)=2_7rt [[E+ﬂJe “ +
RZ

1 _(Wa=g)' syl )
+[§—ﬂ]e “ t(&m)d&dn,(x,y) Dy,

(x/ai—.f)2+(y/bl—r])2
1 1 1 el AL e
u, (X, y)=— —+vi|=+ule “ +
L(x) MRZ[(Z J3+4]
1 1 7(x/a1—§)2+(y/bl+r7)2
+H =4V =—ule a +
[2 j(z g ]
1 1 7(x/al+§)z+(y/bl—n)2
+(——vj(—+,u]e at +
2 2

1 1 7(x/a1+§)2+(y/bl+ry)z 5
+(E—vj(5—yje 4 f(&n)dédn,inD,,.

Further, we can simplify the found formulas. To do
this, we use the expression of the function f (&,77) from
theorem 2. As a result of simplifications for each of the
four components, we obtain formulas in which only the
initial data (9) participate. For example, we present the
formula for the componentu,,

(x=8y  (x+&)
2 2 _
w=- 1 f o 4t 4a2t 1-2v |
mabt s 1+2v
(y—n)? (y+m)?
4%t 2t 1-2
o e B2y e nacans
+2u

(xla=¢la)y  (xla+ila)
L1 T
2a,b,7t 5.

1-2v _
1+2v

(yb=nlb,?
(1+2m)re M dpf,(&m)dedn+
(xa—¢lyy
L1 e 4t

2&12b17rtDZl

(15)

(1+2v)*.

(ylb—n/b)>  (y/b+n/b)?
le 4t e s 1=2u |
1+2u

f (& m)d&dn +

(x/a—¢la,)?  (y/y—nlb,)?
S Ot S
Tah,t 5

(L+2v) (L4200 £, (&, m)d i, X,y <O,

Similarly, the components u,,,u,,,u,, can be found.

4 Discussion

The method of Fourier integral transforms, well-known
in classical mathematics, is an alternative to the method
of transmutation operators developed in this article. Let's
compare both methods. Let us associate problem (9) -
(11) with two one-dimensional Sturm-Liouville
problems. The first problem is to determine a bounded
on the real axis solution to the equation with piecewise
constant coefficients

aizgolxx + azq)l’ X< o’

(16)
aggom +a2¢2,x >0

with internal conjgation conditions on the stright line
x=0

O=0 Moy = ke, x=0. 17

The solution to problem (16) - (17) defines the kernel
of the inverse Fourier integral transform F,* with a point
of division on the real axis [21]

f(x)= [ T (a)] :T;w(x,a)  (a)da.

Then consider the dual Sturm-Liouville problem:
find a bounded on the real axis solution of the equation
with piecewise constant coefficients

g, +a’e’ =0,x<0, (18)
azzgo*ZXX +a2g0*2 =0,x>0
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with  internal
x=0

conjgation conditions on the stright

L TR PN P S (19)
The solution to this dual problem (18) - (19) defines
the kernel of the direct Fourier integral transform F,

with a point of division on the real axis

0

fla)=F,[f(x)]= j¢*(x,a) f (x)dx.

—o0

The expressions for the kernels of integral transforms
are written out in [21].

The directF,, and inverse Fl;lFourier transforms

with the division point in the variable y are defined
similarly. Moreover, in the Sturm-Liouville problem, it
is necessary to replace o —» f,a, > b; A — u,i=12.
To solve problem (9) - (11), we apply the Fourier
integral  transforms F, andF, . According to the

scheme proposed in [21], we obtain a formula for
solving problem (9) - (11):

u(t,x,y)= Fl;lFl;l[ef(awz)t R Ry (F (X, y))} (20)

Comparing formulas (15) and (20), we conclude the
advantage of transmutation operator’s method. In
formula (15), the solution is given by a double integral,
and in formula (20) it is need to use four -times integral.
Thus, the transmutation operator’s method has all the
advantages of the integral transforms method and is
more efficient from a computational point of view.

5 Conclusion

The article has solves a number of problems. In
particular, a solution is found for a two-dimensional
problem of heat conduction in an unbounded thin plate
with four sections with different thermophysical
parameters. The solution is found in terms of the
transmutation operator. The construction of the
transmutation operator and its inverse is found, the
factorization of the transmutation operator is found in the
form of the product of transmutation operators with
respect to the variables x and y. The connection between
the transmutation operator method and the method of
integral transforms is established. It is shown that from
the computational point of view the method of
transmutation operators is more efficient than the
method of integral transforms.

The method of transmutation operators makes it
possible to predict the structure of the temperature field
of an unbounded piecewise homogeneous thin plate from
the known temperature field of a model piecewise
homogeneous (or homogeneous) thin plate.

Just like the method of integral transforms, the method
of transmutation operators is universal. It can be used to
solve differential equations of hyperbolic and elliptic

types. The technique of applying the method is similar to
the method of Fourier integral transforms:

1.From the problem in the originals, we pass to the
problems in the images,

2. we solve the problem in images,

3. back to the originals space.

The difference lies in the fact that the image space
coincides with the space of the originals of a certain
model problem.

Example 4. Consider the initial-boundary value
Cauchy problem for the equation of vibrations of a
infinite string with two sections of different dencity

U, =a’u,, ,t>0,-0<x<0,
u, (0,x) = f,(x),—0 < x <0,
.U, (0,x) =0,—0 < x <0,

Uy, =a’U,, ,t>0,0<x<oo
u,(0,x)=f,(x),0<x<oo  (21)
9,u,(0,x)=0,0< x <0

with internal conjgation conditions
u, (t,0)=u,(t,0),t >0,
AUy, (£,0) = 4,u,, (1,0),0<t.

The Cauchy problem for the equation of string
vibrations is a model problem

(22)

U, =0, ,t>0,—0 <X <o,
1(0,x) = f (x),—0 < x <0,
0,0(0,x)=0,—0 < X <o,
The solution to the model problem is determined by
the d'Alembert formula

0(tx) = f(x—t); f(x+t).

Thus, the solution to problem (21) - (22) has the form

u(tx) = Jl{ f(x-t)+ f(x+t):|.

2

In the expanded form, the aforeentioned formula is
given in the work [18].

The work is supported by the Scientific Research by
Educational Organizations in 2020-2022 Project under Grant
No FSFS- 2020-0031 (075-03-2020-079/2).
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