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Abstract. The transmutation operator method is extended to the case of functions of two variables. The 
transmutation operator flattens the function, i.e. the transmutation operator replaces a function with 
discontinuous partial derivatives on the coordinate axes by a continuously differentiable function. The work 
reveal the properties of the transmutation operator, and prove the commutativity of the transmutation 
operator and the Laplace operator. It was found that the Cauchy problem for the Laplace equation with 
internal conjugations in an unbounded domain can be  replaced with the model Cauchy problem for the two-
dimensional Laplace equation. As a result, a new analytical method for solving initial-boundary value 
problems for a two-dimensional heat equation has been developed. The factorization of the transmutation 
operator is established as a product of two one-dimensional transmutation operators. The form of the 
transmutation operator establishing the isomorphism of two mathematical models of heat conduction in 
unbounded media with different physical characteristics was found and descrfibed.

1 Introduction 
The transmutation operator establishes a connection 
between the solutions of two problems of mathematical 
physics,one of the problems is considered as a model 
one. 

Example 1. The Cauchy problem for the heat 
equation [6] 

( ) ( )
, 0,

0, ,
t xxu u t x

u x f x x
= > −∞ < < ∞

 = −∞ < < ∞

 


 (1) 

Is model. Let’s consider a new  Cauchy problem  

( ) ( )

2 , 0,
0, ,

t xxu a u t x
u x f x x
 = > −∞ < < ∞
 = −∞ < < ∞

 (2) 

An operator :J u u→  that establishes an 
isomorphism of the solution space  for problems (1) and 
(2) is called a transmutation operator. In this example, 
the  transmutation operator is defined by the formula 

( ) ( ) ( )2, , ,u t x J u t x u a t x≡ =    . 

Example 2. Consider the initial-boundary value 
Cauchy problem for the heat equation  

( ) ( )

2
1 1 1

1 1

, 0, 0
0, , 0

t xxu a u t x
u x f x x

 = > −∞ < <
 = −∞ < <

 

( ) ( )

2
2 2 2

2 2

, 0,0
0, ,0

t xxu a u t x
u x f x x

 = > < < ∞
 = < < ∞

 (3) 

with internal conjugation conditions 

( ) ( )
( ) ( )

1 2

1 1 2 2

,0 ,0 , 0,
,0 ,0 ,0 .x x

u t u t t
u t u t tλ λ

 = >
 = <

 (4) 

Transmutation operator 1 :J f f→ ,    

( ) ( )1 2f f H x f H x= − + , 

where ( )H x − Heaviside step function, is defained by 
formula 

( ) ( )2 2/ , 0,f x f x a x= >  (5) 

( ) ( ) ( )1 1 1
1 1/ / , 0,
2 2

f x f x a f x a xν ν   = + + − − <   
   

    

here  

2 1

1 2

1
2

a
a

λ
ν

λ
= . 

In the model problem, the initial condition is chosen 
in the form [ ]1

1 .f J f−=  In more detail, the inverse 

operator 1
1J −  with respect to the transmutation operator 

1J  has the form 
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( ) ( )

( ) ( ) ( )

2 2

1 1 2 1

, 0,
2 1 2 , 0.

1 2 1 2

f x f a x x

f x f a x f a x xν
ν ν

= >

−
= − − <

+ +




 (6) 

So, the solution to problem (3)-(4) has the form  [6] 

( )
2

1
1 1

1 ( )( , ) exp .
42

( )x yu x t J J f y dy
ttp

− −
= −     

 
∫
R

 

In the authors' work [1,2,21], the formula for solution 
of  problem (3) - (4) is transformed to the  form  

2 2

2 20
1 1

1 1
1

( ) ( )
1 1 24 4= ( )

1 22

x x
a t a tu e e f d

a t

x x
ν x x
νπ

− −

−∞

− + 
 

− + 
+  

 

∫
-  

1 1 2
1 2

1
20

2

( )
1 4 (1 2 ) ( ) , 0, 0;

a x a
te f d t x

a t

x

ν x x
π

− −
−

∞ −

−

+ < <∫ +  

1 1 2
2 1

0 1
2 1

1

( )
1 4= 2 (1 2 ) ( )

2

a x a
tu e f d

a t

x

ν ν x x
π

− −
−

−

−∞

−

+∫ + (7) 

2 2

2 2
2 2

20
2

( ) ( )
1 1 24 4 ( ) , , 0.

1 22

x x
a t a te e f d t x

a t

x x
ν x x
νπ

− −
∞

− + 
 

+ + > 
+  

 

∫
-  

Formula (7) is a generalization of the Poisson 
formula of heat conduction theory [6]. 

In works [3,4,5,7,14,16,18,20] the theoretical 
foundations of transmutation operator’s method are 
created. Papers [8,10-13,15,17,19] are devoted to various 
applications of the method, including the solving of 
partial differential equations. The most important of the 
applications of the developed method is the solution of 
boundary value problems in areas with axial symmetry 
[3,11,12]. The transmutation operator method allows 
problems with axial symmetry to be reduced to boundary 
value problems in domains with plane symmetry. 

Example 3. Let ( ),u t x  be the solution of the initial-
boundary value problem (3) - (4) with parameters

1 2 1 2, , ,a a λ λ    and initial  condition  

( ) ( ) ( ) ( ) ( )2 2 .f x f x H x f x H x= − +    

and  ( ),u t x   is the solution to initial-boundary value 
problem (3)-(4) with parameters 1 2 1 2, , ,a a λ λ and initial  
condition  

( ) ( ) ( ) ( ) ( )2 2 ,f x f x H x f x H x= − +  

then the transmutation operator J  is defined so that
[ ] ; [ ].J f f u J u= =   The transmutation operator J  is a 

linear combination of stretched or compressed operators 
and reflections. Let's write out the expression of the 
transmutation operator J  

( ) 2
2 2

2

, 0,
af x f x x
a

 
= > 

 

  

( ) 1 2
1 1 2

2 1

1 .
1 1

a ak k kf x f x f x
a ak k

   + −
= − −   

+ +   

  
 

 

Remark 1. Inverse operator 1J −  with respect to  
transmutation operator J can be calculated by formulas 

( ) 2
2 2

2

, 0,
af x f x x
a

 
= > 

 



 

( ) 1 2
1 1 2

2 1

1 , 0,
1 1

a ak k kf x f x f x x
k a k a

   + −
= − − <   + +   

 


 
 

where 

2 1 2 1

1 2 21

, .
a ak k
a a

λ λ
λ λ

= =
 
 

  

The solution to initial-value problem (3)-(4) with 
parameters 1 2 1 2, , ,a a λ λ  and initial condition  

( ) ( ) ( ) ( ) ( )1 2 ,f x f x H x f x H x= − +  

can be obtained by algorithm: 
1. find the initial conditions for the model problem 

according to the rule ( ) ( )1[ ]f x J f x−= ; 

2. calculate the solution ( ),u t x  to the model 
problem; 

3. determine the solution of problem (3) - (4) by 
the formula ( ) ( )1, [ , ].u t x J u t x−=   

2 Transmutation operator’s method for 
two-dimensional problems 

2.1 Statement of the problem 

Let us set the goal of obtaining the Poisson formula for 
solving the heat equation in an unbounded four-layer 
plate. Consider a separate system of equations describing 
thermal conductivity in a four-layer medium  

2 2
, ,= , > 0, , ,ijt i ij xx j ij yy iju a u b u t x y D+ ∈  (8) 

where 

( ){ } ( ){ }
( ){ } ( ){ }

11 12

21 22

, / 0, 0 , , / 0, 0 ,

, / 0, 0 , , / 0, 0

D x y x y D x y x y

D x y x y D x y x y

= < < = < >

= > < = > >
 

with initial conditions 
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(0, , ) = ( , ), , 1, 2ij iju x y f x y i j =  (9) 

with internal conjugation conditions on coordinate lines 
0, 0x y= =  

1 2 1 1 2 2= , = , = 0.j j x j x ju u u u x∂ ∂λ λ  (10) 

1 2 1 1 2 2= , = , = 0.i i y i y iu u u u yµ µ∂ ∂  

Consider the model equation of heat conduction in an 
unbounded medium  

2, > 0, , ,t xx yyu u u t x y R= + ∈    (11) 

with initial condition 

(0, , ) ( , )u x y f x y=  . (12) 

In order to solve the two-dimensional heat 
conduction problem (8), (9), (10), it is necessary to 
determine the transmutation operator. Transmutation 
operator J  establishes isomorphism (8),(9),(10) and 
(11)-(12), so that : ; :J f f J u u→ →  .  

2.2 Construction of transmutation operator 

It will be proved here that the transmutation operator J  
represents as linear combination of stretched or 
compressed transforms and reflections. 

Theorem 1. Transmutation operator J  has the form  

( ) ( ) ( )22 2 2 22, , , / , / , , ,u t x y u t x a y b x y D= ∈  

( ) ( )

( ) ( )

12 1 2

1 2 12

1, , , / , /
2

1 , / , / , ,
2

u t x y u t x a y b

u t x a y b x y D

ν

ν

 = + + 
 

 + − − ∈ 
 





 

( ) ( )

( ) ( )

21 2 1

2 1 21

1, , , / , /
2

1 , / , / , ,
2

u t x y u t x a y b

u t x a y b x y D

µ

µ

 = + + 
 

 + − − ∈ 
 





 (13) 

( ) ( )

( )

11 1 1

1 1

1 1, , , / , /
2 2

1 1 , / , /
2 2

u t x y u t x a y b

u t x a y b

ν µ

ν µ

  = + + +  
  

  + + − − +  
  





 

( )

( ) ( )

1 1

1 1 11

1 1 , / , /
2 2
1 1 , / , / , ,
2 2

u t x a y b

u t x a y b x y D

ν µ

ν µ

  + − + − +  
  
  + − − − − ∈  
  





 

here 

2 1 2 1

1 2 1 2

1 1,
2 2

a a
a a

λ µ
ν µ

λ µ
= =  . 

Proof. Equations (1) are satisfied by construction. 
Check the conjugation conditions for the component 11u  

11 21 1 11 2 21= , = , = 0,x xu u u u x∂ ∂λ λ   

11 12 1 11 2 12= , = , = 0.y yu u u u yµ µ∂ ∂  

Let's check the first of the four conditions. We have 

( ) ( )11 1
1 10, 0, /
2 2

u y u y bν µ  = + + +  
  

  

( )1
1 1 0, /
2 2

u y bν µ  + + − − +  
  

  

( )

( )

( ) ( )

1

1

1 1

1 1 0, /
2 2
1 1 0, /
2 2
1 10, / 0, / .
2 2

u y b

u y b

u y b u y b

ν µ

ν µ

µ µ

  + − + +  
  
  + − − − =  
  
   = + + − −   
   





 

 

( ) ( ) ( )21 1 1
1 10, 0, / 0, / .
2 2

u y u y b u y bµ µ   = + + − −   
   

   

The third condition is established similarly. To check 
the second condition, we calculate the derivatives in the 

direction of the normal 

( ) ( )1
1 11 1

1

1 1, 0, /
2 2x xu x y u y b

a
λ

λ ν µ  = + + +  
  

  

( )

( )

1
1

1

1
1

1

1 1 0, /
2 2
1 1 0, /
2 2

x

x

u y b
a

u y b
a

λ
ν µ

λ
ν µ

  + + − − −  
  

  − − + −  
  





 

( )

( ) ( )

1
1

1

1 1
1 1

1 1

1 1 0, /
2 2

1 12 0, / 2 0, / .
2 2

x

x x

u y b
a

u y b u y b
a a

λ
ν µ

λ λ
ν µ ν µ

  − − − − =  
  

   = + + − −   
   



 

 

Then 

( ) ( )

( )

2
2 21 1

2

2
2 1

2

10, 0, /
2

1 / , / .
2

xu y u y b
a

u x a y b
a

λ
λ µ

λ
µ

 = + + 
 

 + − − 
 





 

Further, the fourth conjugation condition is proved 
similarly. The conjugation conditions for the functions 

12 21 22,u u u . 
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Тheorem 2. The inverse operator 1J −  to the 
transfmutation operator J has the form  

( ) ( ) ( )22 2 2 22, , , , ,u x y u a x b y x y D= ∈  

( ) ( ) ( )

( )
12 1 2 22 1 2

12

2 1 2, , , ,
1 2 1 2

, ,

u x y u a x b y u a x b y

x y D

ν
ν ν

−
= − −

+ +
∈


 

( ) ( ) ( )21 2 1 22 2 1
2 1 2, , , ,

1 2 1 2
u x y u a x b y u a x b yµ

µ µ
−

= − −
+ +

  

( ) 21, ,x y D∈  (14) 

( ) ( )( ) ( )

( ) ( )

11 1 1

12 1 2 22 1 2

4, ,
1 2 1 2

1 2 2 1 2, ,
1 2 1 2 1 2

u x y u a x b y

u a x b y u a x b y

ν µ

µ ν
µ ν ν

= −
+ +

− − − − − − − + + + 



 

( ) ( )

( ) ( ) ( )

21 2 1 22 2 1

22 2 2 11

1 2 2 1 2, ,
1 2 1 2 1 2
1 2 1 2 , , , , .
1 2 1 2

u a x b y u a x b y

u a x b y u x y x y D

ν µ
ν µ µ
µ ν
µ ν

 − −
− − − − − − + + + 

− −
− − − − − ∈

+ +


 

Proof. From the first equation of (13) we determine 
the function ( ),u x y  in the domain 22D  . Then we move 
on to the second equation. Considering the first step, we 
get the  expression of function ( ),u x y  in the area 12D . 
We finish the calculations by considering the fourth 
equation from (13), using the previously obtained values 
of the function ( ),u x y  in the domains 22 21 12, , .D D D  

In the next section, for a better understanding of the 
construction of the transfmutation operator, we will 
establish the possibility of its decomposition  as a 
product of simple transfmutation operators 1J  and  2J . 

2.3 Factorization of the transmutation operator 

The  transfmutation  operator 1J acts on a function of the 
variable x. Similarly, we define a transformation 
operator 2J that acts on a function of the variable y. Let 

a function ( )h y be continuously differentiable on the 
real axis, and let the function  

( ) ( ) ( ) ( ) ( )1 2h y h y H y h y H y= − +   

was defined as follow  

( ) ( )

( ) ( ) ( )

2 2

1 1 1

/ , 0,

1 1/ / , 0
2 2

h y h y b y

h y h y b h y b yµ µ

= >

   = + + − − <   
   



 
 

where  

2 1

1 2

1 ,
2

b
b

µ
µ

µ
=  

then the function  
( ) ( ) ( ) ( ) ( )1 2h y h y H x h y H x= − + is continuously 

differentiable in { }\ 0R  and the conjugation condition 

( ) ( )
( ) ( )

1 2

1 1 2 2

0 0 ,

0 0y y

h h

h hµ µ

=

=
 

are hold. So, for transmutation oherator 2J the following 
formula is true: 

( ) ( )2 .h y J h y =  
  

Inverse operator 1
2J − takes form   

( ) ( )

( ) ( ) ( )

2 2

1 1 2 1

, 0,
2 1 2 , 0

1 2 1 2

h y h b y y

h x h b y h b y yν
ν ν

= >

−
= − − <

+ +




 

Тheorem 3. The transmutation operator J  is 
factorized as the product of an operator 1J  that acts on 
the variable x and an operator 2J  that acts on y, i.e.

1 2J J J= . The inverse operator 1J −  to the transmutation 
operator also admits factorization in the form

1 1 1
2 1J J J− − −= . 

The proof follows from the definition of the 
operators 1J  and 2J .  

Тheorem 4. The transmutation operator J  and the 
Laplace operator∆  are commutative 

( ) ( ) ( )2 2
1 1xx yya b H x H y∆ = ∂ + ∂ − − +  

( ) ( ) ( )
( ) ( ) ( )

2 2
2 1

2 2
1 2

xx yy

xx yy

a b H x H y

a b H x H y

∂ + ∂ − +

+ ∂ + ∂ − +
 

( ) ( ) ( )2 2
2 2 ,xx yya b H x H y∂ + ∂ − −  

i.е. J J∆ = ∆ . 
The proof follows from Theorem 1. 

2.4. Extending the Results to the Vector Case 

Let a vector-function   

( ) ( ) ( ) ( ) ( )1 2 ,f x f x H x f x H x= − +  

where 

( ) ( ) ( )( )1 , 1, 2i i inf x f x f x i
∗

= =2
 

be continuous in, continuously differentiable in R  , and  
continuously differentiable in { }\ 0R . The parameters

4
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1 2 1 2, , ,a a λ λ  are matrices of n n× size   for each of which 
all eigenvalues are different and positive. 

The definition of a matrix argument function can be 
found in the book [9]. We present an unknown definition 
of the vector function of a matrix argument. 

Definition 1. Suppose, that all eigenvalues of 
matrices A  and B  оf dimensions n n× are different and 
positive, and the vector -function ( )f x  is given in R  

and has 1n× -size, then the vector -function ( )f Ax of 
the matrix argument is determined by the rule  

( ) ( ) 
1

, 0 1 0 .
n

k k k
kk

f Ax f Ax e e
∗

=

 = =  
 

∑     

and the vector-function ( )Bf Ax  is defined by the rule 

( ) ( )( )Bf Ax Bf x x Ax= → . 

Let us explain the last formula. First, you need to 
calculate the product ( )Bf x , and then  to apply the 
definition of a vector- function of a matrix argument. 
However, the order of operations cannot be changed. 

Example 4.  If we have  matrices 

1 3 1 2
,

2 4 0 3
A B

−   
= =   −   

 

then 

( )
2

2

5 29
,

6 30
x x

Bf Ax
x x

 − +
=  

− + 
 

( )( )
2

2

17
,

2 18
x x

Bf x x Ax
x x

 − +
→ =  

− + 
 

and 

( ) ( )( ).Bf Ax Bf x x Ax≠ →  

Note, if matrices A and B  are permute the equality 
is true. 

The vector analogs of transformation operators have 
the following form: 

Transmutation operator 1 :J f f→ , where  

( ) ( )1 2f f H x f H x= − + , 

( )H x − Heaviside step function, and  f is defined by 
equality  

( ) ( )1
2 2 , 0,f x f a x x−= >  

( ) ( ) ( ) ( )1
1 1 , 0,

2 2
f x f x f x x a xν ν − Ε Ε    = + + − − → <    

    
   

where  

1 1
1 1 2 2

1
2

a aν λ λ− −= . 

The inverse vector transmutation operator 1
1J −  for the 

operator 1J  has the form 

( ) ( )2 2 , 0,f x f a x x= >  

( ) ( ) ( ) ( )( ) ( )( )
( )

1 1
1 2

1

2 2 2 2

, 0.

f x f x f x

x a x x

ν ν ν− −= Ε + − Ε − Ε + −

→ <


 

The vector analogue of the initial-boundary value 
Cauchy problem (3) - (4) for the heat equation is posed 
as follows: find a solution to the system of differential 
equations  

( ) ( )

2
1 1 1

1 1

, 0, 0,
0, , 0,

t xxu a u t x
u x f x x

 = > −∞ < <
 = −∞ < <

  

( ) ( )

2
2 2 2

2 2

, 0,0 ,
0, ,0 ,

t xxu a u t x
u x f x x

 = > < < ∞
 = < < ∞

 

satisfied the conditions of internal conjugation 

( ) ( )
( ) ( )

1 2

1 1 2 2

,0 ,0 , 0,
,0 ,0 ,0 ,x x

u t u t t
u t u t tλ λ

 = >
 = <

 

where matrices 1 2,λ λ  n n×  - size eigenvalues of wich  
are different and positive. The solution of this vector 
analogue of problem (3) - (4) can be determined by the 
formula with  help of transmutation operator 1J  and its 

inverse operator 1
1J −  :  

( )
2

1
1 1

1 ( )( , ) exp .
42

( )x yu x t J J f y dy
ttp

− −
= −     

 
∫
R

 

3 Solution of the initial-boundary value 
problem for the heat equation in an 
unbounded piecewise-homogeneous  
plate  
We find the solution to the initial-boundary value 
problem (1) - (3) using Theorem 1. We apply the 
transmutation operator J  from theorem 1 to problem (1) 
- (3). In the images, we obtain problem (4) - (5), in 
which the initial state of the temperature field is 
determined by the formula [ ]f J f= . We use the 
Poisson formula for the two-dimensional Poisson 
equation 

( )
( ) ( )

( )
2

2

2
41, , ,

2

x y
t

R

u t x y e f d d
t

x η

x η x η
π

− + −
−

= ∫   

On the base of theorem 1 we have 
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( )
( ) ( )

( )
2

2

2
41, , , .

2

x y
t

R

u t x y J e f d d
t

x η

x η x η
π

− + −
− 

 =
  

∫   

In each of the four areas 22 21 12 11, , ,D D D D , we obtain 
a solution to problem (1) - (3)  

( )
( ) ( )

( )

( )

2
2 2

2

/ / 2
4

22

22

1, , , ,
2

, ,

x a y b
t

R

u t x y e f d d
t

x y D

x η

x η x η
π

− + −
−

=

∈

∫ 
 

( )
( ) ( )

( ) ( )

( ) ( )

2
1 2

2

2
1 2

/ / 2
4

12

/ / 2
4

12

1 1, ,
2 2

1 , , , ,
2

x a y b
t

R

x a y b
t

u t x y e
t

e f d d x y D

x η

x η

ν
π

ν x η x η

− + −
−

+ + −
−

 = + +  
  + − ∈    

∫



 

( )
( ) ( )

( ) ( )

( ) ( )

2
2 1

2

2
2 1

/ / 2
4

21

/ / 2
4

21

1 1, ,
2 2

1 , , , ,
2

x a y b
t

R

x a y b
t

u t x y e
t

e f d d x y D

x η

x η

µ
π

µ x η x η

− + −
−

− + +
−

 = + +  
  + −    

∫



 

( )
( ) ( )

( ) ( )

2
1 1

2

2
1 1

/ / 2
4

11

/ / 2
4

1 1 1, ,
2 2 2

1 1
2 2

x a y b
t

R

x a y b
t

u t x y e
t

e

x η

x η

ν µ
π

ν µ

− + −
−

− + +
−

  = + + +    

  + + − +  
  

∫
 

( ) ( )2
1 1/ / 2

41 1
2 2

x a y b
te

x η

ν µ
+ + −

−  + − + +  
  

 

( ) ( )

( )
2 2

1 1/ /
4

11
1 1 , , .
2 2

x a y b
te f d d in D

x η

n µ x η x η
+ + +

−    + − −      

  

Further, we can simplify the found formulas. To do 
this, we use the expression of the function ( ),f ξ η  from 
theorem 2. As a result of  simplifications for each of the 
four components, we obtain formulas in which only the 
initial data (9) participate. For example, we present the 
formula for the component 11u   

11

2 2

2 2
1 1

11
1 1

( ) ( )
1 1 24 4=

4 1 2D

x x
a t a tu e e

a b t

x x
ν

π ν

− −
− + 

 
− ⋅ 

+  
 

∫
-

2

2
1

( )
4
y

b te

η
−

−

⋅ −



 

2

2
1

11

( )
1 24 ( , )
1 2

y
b te f d d

η
µ ξ η ξ η
µ

−
+ 


+

+ 


-  

12

2 2
1 1 1 1

1 2

( / / ) ( / / )
1 1 24 4

2 1 2D

x a a x a a
t te e

a b t

x x
ν

π ν

− −
− + 

 −
+ − ⋅ + 

 

∫  

2
1 2

1
12

( / / )
4(1 2 ) ( , )

y b b
te d f d d

η

µ η ξ η ξ η
−

−

−

⋅ ++  (15) 

21

2
1 1

1

2 1

( / / )
1 4 (1 2 )

2 D

x a b
te

a b t

x

ν
π

−
−

−

+ ⋅∫ +  

2 2
1 1 1 1

21

( / / ) ( / / )
1 24 4
1 2

( , )

y b b y b b
t te e

f d d

η η
µ
µ

ξ η ξ η

− −
− + 

 −
⋅ − ⋅ + 
 
⋅ +

 

22

2 2
1 2 1 2

2 2

1 1
22

( / / ) ( / / )
1 4 4

(1 2 ) (1 2 ) ( , ) , , 0.
D

x a a y b b
t te e

a b t

f d d x y

x η

π

ν µ x η x η

− −

− −

− −

+ ⋅

<

∫
+ +

  

Similarly, the components 12 21 22, ,u u u can be found. 

4 Discussion 
The method of Fourier integral transforms, well-known 
in classical mathematics, is an alternative to the method 
of transmutation operators developed in this article. Let's 
compare both methods. Let us associate problem (9) - 
(11) with two one-dimensional Sturm-Liouville 
problems. The first problem is to determine a  bounded 
on the real axis solution to the equation with piecewise 
constant coefficients  

2 2
1 1 1
2 2
2 2 2

, 0,

, 0
xx

xx

a x

a x

ϕ a ϕ

ϕ a ϕ

+ <

+ >
 (16) 

with  internal  conjgation conditions on the stright line 
0x =  

1 2 1 1 2 2= , = , = 0.x x xϕ ϕ ϕ ϕλ λ  (17) 

The solution to problem (16) - (17) defines the kernel 
of the inverse Fourier integral transform 1

1xF −  with a point 
of division on the real axis [21]  

( ) ( ) ( ) ( )1
1 , .xf x F f x f dα ϕ ααα 

∞
−

−∞

 ≡ =  ∫   

Then consider the dual Sturm-Liouville problem: 
find a  bounded on the real axis solution of the equation 
with piecewise constant coefficients  

2 2
1 1 1
2 2
2 2 2

0, 0,

0, 0
xx

xx

a x

a x

ϕ a ϕ

ϕ a ϕ

∗ ∗

∗ ∗

+ = <

+ = >
 (18) 
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with  internal  conjgation conditions on the stright   
0x =  

2 1 1 2 1 2= , = , = 0.x x xϕ ϕ ϕ ϕ∗ ∗ ∗ ∗λ λ  (19) 

The solution to this dual problem (18) - (19) defines 
the kernel of the direct  Fourier integral transform 1xF  
with a point of division  on the real axis  

( ) ( ) ( ) ( )1 , .xf F f x x f x dxα ϕ α
∞

∗

−∞

≡ =   ∫  

The expressions for the kernels of integral transforms 
are written out in [21]. 

The direct 1yF  and inverse 1
1yF − Fourier transforms 

with the division point in the variable y are defined 
similarly. Moreover, in the Sturm-Liouville problem, it 
is necessary to replace , ; , 1, 2.i i i ia b ia b λ µ→ → → =   

To solve problem (9) - (11), we apply the Fourier 
integral  transforms 1xF  and 1yF . According to the 
scheme proposed in [21], we obtain a formula for 
solving problem (9) - (11): 

( ) ( ) ( )( )
2 2

1 1
1 1 1 1, , , .t

x y x yu t x y F F e F F f x yαβ − +− −  =   
 (20) 

Comparing formulas (15) and (20), we conclude the 
advantage of transmutation operator’s method. In 
formula (15), the solution is given by a double integral, 
and in formula (20) it is need to use four -times integral. 
Thus, the  transmutation operator’s method has all the 
advantages of the   integral transforms method and is 
more efficient from a computational point of view. 

5 Conclusion 
The article has solves a number of problems. In 
particular, a solution is found for a two-dimensional 
problem of heat conduction in an unbounded  thin plate 
with four sections with different thermophysical 
parameters. The solution is found in terms of the 
transmutation operator. The construction of the 
transmutation operator and its inverse is found, the 
factorization of the transmutation operator is found in the 
form of the product of transmutation operators with 
respect to the variables x and y. The connection between 
the transmutation operator  method and the method of 
integral transforms is established. It is shown that from 
the computational point of view the method of 
transmutation operators is more efficient than the 
method of integral transforms. 

The method of transmutation operators makes it 
possible to predict the structure of the temperature field 
of an unbounded piecewise homogeneous thin plate from 
the known temperature field of a model piecewise 
homogeneous (or homogeneous) thin  plate. 
Just like the method of integral transforms, the method 
of transmutation operators is universal. It can be used to 
solve differential equations of hyperbolic and elliptic 

types. The technique of applying the method is similar to 
the method of Fourier integral transforms: 
1.From the problem in the originals, we pass to the 
problems in the images, 
2. we solve the problem in images, 
3. back to the originals space. 

The difference lies in the fact that the image space 
coincides with the space of the originals of a certain 
model problem. 

Example 4. Consider the initial-boundary value 
Cauchy problem for the equation of vibrations of a 
infinite string with two sections of different dencity 

( ) ( )
( )

2
1 1 1

1 1

1

, 0, 0,
0, , 0,

0, 0, 0,

tt xx

t

u a u t x
u x f x x

u x x

 = > −∞ < <


= −∞ < <
 ∂ = −∞ < <

 

( ) ( )
( )

2
2 2 2

2 2

2

, 0,0
0, ,0

0, 0,0

tt xx

t

u a u t x
u x f x x

u x x

 = > < < ∞


= < < ∞
 ∂ = < < ∞

 (21) 

with  internal  conjgation conditions 

 
( ) ( )
( ) ( )

1 2

1 1 2 2

,0 ,0 , 0,
,0 ,0 ,0 .x x

u t u t t
u t u t tλ λ

 = >
 = <

 (22) 

The Cauchy problem for the equation of string 
vibrations is a model problem  

( ) ( )
( )

, 0, ,

0, , 0,

0, 0, ,

tt xx

t

u u t x

u x f x x

u x x

= > −∞ < < ∞


= −∞ < <
∂ = −∞ < < ∞

 





 

The solution to the model problem is determined by 
the d'Alembert formula  

( ) ( ) ( )
, .

2
f x t f x t

u t x
− + +

=
 

  

Thus, the solution to problem (21) - (22) has the form 

( ) ( ) ( )
1, .

2x

f x t f x t
u t x J

 − + +
=  

  

 
 

In the expanded form, the aforeentioned formula is 
given in the work  [18]. 
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