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Abstract. We implemented the ensemble data assimilation (DA) method, the
local ensemble transform Kalman filter (LETKF), into the mesh-refined lattice
Boltzmann method (LBM) for turbulent flows. Both the LETKF and the mesh-
refined LBM were fully implemented on GPUs, so that they are efficiently com-
puted on modern GPU-based supercomputers. We examined the DA accuracy
against the flow around a cylinder. The result showed that our method enabled
accurate DA with spatially- and temporarily-sparse observation data; the er-
ror of the assimilated velocity field with the observation interval of τK/2 and
the observation resolution D/16 (1.56% of the total computational grids) was
smaller than the amplitude of the observation noise, where τK is the period of
the Kármán vortex and D is diameter of the square cylinder.

1 Introduction

Data assimilation (DA), which merges the two types of data from simulations and measure-
ments, is a key technology to construct digital twins in computational nuclear engineering.
One of the challenges in realizing such digital twins is to utilize high-performance computing
(HPC). For Example, in the nuclear CFD field, Merzari et al. [1] utilized almost the entire
resource of the world-leading supercomputer Frontier to simulate the full-scale small mod-
ule reactor. In the DA field, Yashiro et al. [2] allocated almost the full scale of the Japanese
national flagship supercomputer Fugaku to conduct the DA calculation of the global weather
prediction. In this work, we develop high-performance DA and CFD code, especially us-
ing the lattice Boltzmann method (LBM) [3] with mesh refinement. Here, the LBM and the
mesh refinement method are essential for fast and scalable simulations of turbulent flows.
For example, these methods enabled real-time urban wind simulations at a-meter-scale mesh
resolution [4, 5]. As the DA model, we chose the local ensemble transform Kalman filter [6]
(LETKF), which is suitable for large-scale parallel computation (e.g., [2, 7]). By combining
these CFD and DA approaches, we develop the LBM-LETKF on GPU-based supercomput-
ers. As the first step of validation, we address the DA numerical experiments in a simple
model, a flow around a 3D square cylinder, and examine the DA accuracy, in particular, at
sparse observation conditions both in space and time.
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2 Methods

2.1 Lattice Boltzmann method (LBM)

As the CFD model, we utilize our in-house code CityLBM. The code is based on the lat-
tice Boltzmann method (LBM) with the cumulant collision model and the mesh refinement.
CityLBM is fully implemented on GPUs by C++/CUDA, and is capable of fast, scalable,
accurate simulations for single-phase flow problems. By using CityLBM, we achieved the
real-time simulation of the wind condition and the plume dispersion in 4km × 4km urban
areas, where the mesh resolution was 2m or 4m [5].

The LBM treats fluid as the composition of the pseudo-particles called the distribution
function fi jkxyzt. The time evolution of the distribution function is expressed as

fi jk(x+i∆x)(y+ j∆x)(z+k∆x)(t+∆t) = fi jkxyzt + Ωi jkxyzt, (1)

where (i, j, k) are the indices of the distribution function that are (i, j, k) ∈ {−1, 0, 1} ⊗
{−1, 0, 1} ⊗ {−1, 0, 1}, (x, y, z) are the Cartesian coordinates, ∆t is the time interval, ∆x is
the grid spacing, and Ωi jkxyzt is the collision operator. The detail of the collision operator is
derived in the literature [8]. The fluid properties, density ρ and velocity u, are defined as the
moments of the distribution functions, expressed as

ρxyzt =
∑
i, j,k

fi jkxyzt, (2)

uxyzt =
1
ρxyzt

∑
i, j,k

ci jk fi jkxyzt, (3)

where ci jk = (ci, c j, ck)⊤, with c = ∆x/∆t being the model constant called the lattice speed.

2.2 Local ensemble transform Kalman filter (LETKF)

As the DA model, we utilize the local ensemble transform Kalman filter (LETKF) [6]. The
LETKF is one of the ensemble Kalman filters, which are major DA methods in meteolorogy,
is suitable for efficient parallelization in both CPU- and GPU-based supercomputers (e.g.,
[2, 9, 10]).

2.2.1 General description of LETKF

The LETKF utilizes ensemble simulation, which solves the time evolution of nonlinear sys-
tems from different initial conditions. Let M be the ensemble size, and let m = 0, 1, . . . ,M−1
be the index of each ensemble member. Let x f

m be the state variables vector of the m-th simu-
lation (here, superscript f means forecast). Then, the ensemble statistics, the mean vector x̄ f

and the deviation matrix δX f , are introduced as

x̄ f =
1
M

M−1∑
m=0

x f
m, (4)

δX f =
[
x f

0 − x̄ f , x f
1 − x̄ f , ..., x f

M−1 − x̄ f
]
. (5)

Next, the measurement data (called observation) are introduced. Let yo be the observation
vector. Here, to consider the error (or noise) of the observation, the covariance matrix R is
also introduced. R is theoretically defined as

R =
(
yo − yt

) (
yo − yt

)⊤
. (6)
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where yt is the observation vector in the ground truth state. In practice, however, the ground
truth state is unknown, then, the matrix R is given as an empirical model constant. In this
study, we set R = diag

(
σ2, σ2, . . . , σ2

)
, by assuming that each element of the observation

does not correlate with each other, each element has no biased error, and the observation error
follows the Gaussian noise with the standard deviation σ.

The forecast variable converted in the observation space, y f
m = Hx f

m, is also introduced,
whereH is the observation operator. The ensemble mean and deviation of y f is given as

ȳ f =
1
M

M−1∑
m=0

y f
m, (7)

δY f =
[
y f

0 − ȳ
f , y f

1 − ȳ
f , ..., y f

M−1 − ȳ
f
]
. (8)

Finally, the LETKF computes the data-assimilated state (called analysis) by using above
variables, x̄ f , δX f , yo, R, ȳ f , δY f . The analysis state vector of the m-th ensemble, xa

m, is com-
puted as follows. In the LETKF, the analysis is first solved in the ensemble space, wa ∈ RM ,
where xa = x̄ f + δX fwa. The ensemble mean w̄a and deviation δWa are computed by

P̃a =

[
M − 1
β

I + δY f⊤R−1δY f
]−1

, (9)

w̄a = P̃aδY f⊤R−1
(
yo − ȳ f

)
, (10)

δWa =
[
(M − 1)P̃a

]1/2
, (11)

where β is the covariance inflation factor [6]. We choose β = 1.05 in this study. The analysis
is converted back into the state vector on each ensemble member, xa

m, as

xa
m = x̄ f + δX f (w̄a + δwa

m
)
, (12)

where δwa
m is the m-th column of δWa.

The detailed definition of the vectors x, y depends on specific problems. We will define
these vectors for the LBM in the next section.

2.2.2 Choice of vectors in LBM

To define state variable and observation vectors, x, y, we follow the so-called local volume
solver approach [11] (see Figure 1 for example). In this approach, the state vector x is solved
on each grid point independently (Figure 1, red cell), while each grid point refers to some
neighborhood observation points within a certain distance (Figure 1, blue cells within red
circle). In this study, the observation points are uniformly sampled at each mesh refinement
level. The maximum distance between the grid point and the neighborhood observation points
dmax is adjusted so that every grid point in the finest mesh refers to at least one neighborhood
observation point. Here, dmax is set to constant over the different mesh resolutions.

As the state variables vector x, we use the macroscopic variables of fluid, namely,

x = (ρ, u, v, w)⊤ ∈ R4. (13)

Although the independent variable of the LBM is the distribution function fi jk, the above
choice of vector has a merit that the size of the vector x is reduced, leading to the cost
reduction of MPI communication (Note that the ensemble DA needs MPI_Alltoall com-
munication of x f

m and xa
m once per DA cycle [10]). Instead of the distribution function, we
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dmax

Figure 1: Relation between a DA grid point (Red cell) and observation points (Blue cells) on
locally refined grids. Here, neighborhood observation points within local volume (Red circle)
are used in the DA.

solve the analysis of the macroscopic variables; after that, we convert them into the distri-
bution function. To conserve the shear stress tensor of fluid through the DA, the distribution
function is split into the equilibrium and non-equilibrium parts, and only the equilibrium part
is assimilated. This approach is written as

f a
i jk = f eq,a

i jk + f neq, f
i jk , (14)

where f eq,a
i jk and f neq, f

i jk are respectively the assimilated equilibrium and non-assimilated non-
equilibrium parts of fi jk. The equilibrium part f eq

i jk is given by the lattice BGK form [12],

f eq
i jk = wαρ

1 +
u · ci jk

c2
s
+

(u · ci jk)2 − c2
s |u|2

2c4
s

 , (15)

cs =
c
√

3
, (16)

wα =



8/27, |ci jk | = 0
2/27, |ci jk | = 1
1/54, |ci jk | =

√
2

1/216, |ci jk | =
√

3

, (17)

and the non-equilibrium part is defined as

f neq
i jk = fi jk − f eq

i jk. (18)

As the observation, we assume the fluid density ρo and velocity uo = (uo, vo, wo) are
observable. Then, the observation vector yo is given as

yo =

ρo

0, u
o
0, v

o
0, w

o
0, ρ

o
1, u

o
1, v

o
1, w

o
1, . . . , ρ

o
L−1, u

o
L−1, v

o
L−1, w

o
L−1

⊤
, (19)

where L is the number of neighborhood observation points within the local volume.

3 Results

To examine the accuracy of the LETKF, we carried out the DA experiment in the flow around
a 3D square cylinder. The numerical configuration is shown in Figure 2. The domain size was
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Figure 2: Setup of the flow around a 3D square cylinder.

Figure 3: Ground truth state. (Left) snapshot of velocity magnitude profile on a horizontal
plane. (Right) time histories of drag and lift coefficients.

Lx × Ly × Lz = 25× 20× 4, and the 3D square cylinder with diameter D = 1 was placed at the
center of the domain. As the mesh refinement, the finer mesh was assigned near the cylinder;
the mesh resolutions were ∆x = 1/64 in the region near the cylinder, and ∆x = 1/32, 1/16
in the surrounding area. The number of total grid points was then 23 million. The boundary
conditions were set to the inflow-outflow boundary for the streamwise direction (x), and
the periodic boundary for the spanwise and vertical directions (y, z). The inlet flow was the
uniform flow with the velocity U∞ = 1. The lattice speed was set to c = 10U∞, corresponding
to the time interval ∆t = 1/160. The Reynolds number, with reference velocity and length
being U∞ and D, respectively, was Re = 22, 000.

First, we show the calculation result in the ground truth state in Figure 3. Here, drag and
lift coefficients were defined as

CD =
Fx

ρAU2
∞/2
, (20)

CL =
Fy

ρAU2
∞/2
, (21)

respectively, where A = LyLz is the frontal area, (Fx, Fy, Fz) is the fluid force to the cylinder.
The fluid force was computed by the momentum exchange method during the bounce-back
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Table 1: Configuration of DA experiment

parameter value
Ensemble size M 32
DA time interval τDA 600∆t
observation noise amplitude on each velocity component (u, v, w) 0.1 × U∞
observation noise amplitude on density (ρ) 0.01 × ρ0
spacial interval of observation points p∆x {1, 2, 4, . . . , 64}∆x

Figure 4: Comparison of time histories of lift coefficients. "Groundtruth" is the same as
Figure 3. "Non-DA" shows ensemble simulations without DA. "LETKF" shows ensemble
simulations using LETKF with dense observation points p = 1.

boundary condition [13]. As shown in the figure, the flow was composed of the semi-periodic
flow of the Kármán vortex and the small-scale turbulence. The periodic flow component
dominated the properties of the drag and lift coefficient, and its period was τK = 7.5 =
1200∆t, corresponding to the Strouhal number S t = 0.133. We also estimated another time
scale of the turbulence, the Lyapunov exponent λ [14]. The estimated Lyapunov exponent
of this simulation was λ = 2.30, then, the time scale of the turbulence was estimated as
τT = 1/λ ≃ 60∆t, which was an order of magnitude shorter than the Kármán vortex period
τK .

For the DA experiment, we configured the parameter for the observation as shown in
Table 1. The time interval was set to τDA = 600∆t, which was half of the Kármán vortex
period (τK/2), or ten times coarser than the turbulence time scale (10τT ). Such time interval
is recognized as temporarily sparse in terms of the chaotic behavior of turbulence. We also
examined the sparsity in space; the spatial interval of observation points is tested from p = 1
(dense case), 2, 4, . . . , 64 (sparse cases).

Figure 4 shows the result of the time history of the lift coefficient at the dense observation
case p = 1. When the DA was not applied (Non-DA case), the phase of the oscillation in
the ensemble simulation was randomly distributed, although the amplitude of the lift was
consistent. In the LETKF case, the phase of the oscillation was well maintained. However,
large jumps were observed after the DA, because the interval of the observation was relatively
sparse, and thus the corrections to the macroscopic variables due to the LETKF became large.
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Figure 5: Root mean squared error (RMSE) of the velocity field in sparse observation cases.
"Observation" shows the noise amplitude on the velocity, i.e., 0.1 ×

√
3.

(a) ground truth (b) LETKF, p = 1

(c) LETKF, p = 4 (d) LETKF, p = 64

Figure 6: Comparison of the snapshots of velocity magnitude on a horizontal slice.

In Figure 5, the root mean squared error (RMSE) of the velocity field is plotted against
the spacial interval p. Here, the RMSE is computed as

RMS E =

√
1
N

∑
x,y,z

(ūa
xyz − ut

xyz)2 + (v̄axyz − vtxyz)2 − (w̄a
xyz − wa

xyz)2 (22)

where N is the total number of the computational grid points, the superscripts a and t denote
the analysis (data-assimilated) and ground truth states, respectively. The RMSE was smaller

7

EPJ Web of Conferences 302, 03005 (2024)	 https://doi.org/10.1051/epjconf/202430203005
SNA + MC 2024



than the observation noise in p = 1, 2, 4. Here, the spatial interval of p = 4 indicated that
the minimum required number of observation points was 1/43 = 1.56% of the total compu-
tational grids.

Figure 6 shows the comparison of the velocity field on a horizontal plane. The figure
indicated that the phases of the Kármán vortexes of the ground truth and the LETKF were
well synchronized at p = 1, 4, while the flow pattern is significantly different at p = 64.
This result also showed that the result with the minimum required spatial interval p = 4 had
reasonable DA accuracy.

The above results demonstrate that the LETKF enables robust and accurate DA with
sparse observation both in space and time.

4 Conclusion

In this paper, we implemented the local ensemble transform Kalman filter (LETKF) into the
mesh-refined lattice Boltzmann method (LBM) code CityLBM. We examined the DA accu-
racy against the flow around a square cylinder, and showed that our method well assimilated
the periodic part of the flow due to the Kármán vortex, although the observation was sparse
both in space and time. The interval of the observation was enough when τDA = 600∆t,
which was equal to half of the period of the Kármán vortex τT = 1200∆t, or which was ten
times coarser than the turbulent time scale τT ≃ 60∆t. The required spatial resolution of
the observation was at least 4∆x, which was only 1.56% number of the computational grids.
These results encouraged us to apply our DA method, LBM-LETKF, to more complex prob-
lems such as the wind tunnel experiments with multiple buildings and scalar transport [15],
or wind condition and plume dispersion in real urban city [16]. We will study these problems
in the future works.
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