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Implementing van der Waals forces for polytope particles in DEM simulations
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Abstract. Clay minerals are non-spherical nano-scale particles that usually form flocculated, house-of-card
like structures under the influence of inter-molecular forces. Numerical modeling of clays is still in its infancy
as the required inter-particle forces are available only for spherical particles. A polytope approach would allow
shape-accurate forces and torques while simultaneously being more performant. The Anandarajah solution
provides an analytical formulation for van der Waals forces for cuboid particles but in its original form is not
suitable for implementation in DEM simulations. In this work, we discuss the necessary changes for a functional
implementation of the Anandarajah solution in a DEM simulation of rectangular particles and their extension

to cuboid particles.

1 Introduction

Clay minerals are thin, hexagonal nanoparticles [1] that in-
teract through attractive van der Waals forces and repul-
sive double layer forces [2, 3] and arrange themselves into
loose, flocculated structures. [4, 5]. As clays are very com-
mon in geotechnical engineering, understanding their mi-
crostructure is of great interest. Experimentally, clay mi-
cromechanics is difficult to access given the size of the
minerals. In contrast, particle-scale modeling of clay ag-
gregates can - in principle - mitigate this problem, but is
itself difficult, as the required formulations for van der
Waals forces are available in the literature only for simple
geometries such as spheres [6] or infinite half-spaces [7].
The common approaches in DEM modeling are to either
represent clay particles via potentials [8, 9] or as clusters
of rigidly connected spheres either as an inefficient, coarse
grained numerical integration, or with inaccurate represen-
tation of the actual particle shape[10, 11]. A more re-
alistic and computationally more efficient approach is to
represent the particles as single polytopes [12], however
the only available formulation of van der Waals forces and
force points [13, 14] suffers from multiple issues that make
direct implementation difficult[15]. Previously we re-
viewed the force law and pointed out the deficiencies [16].
In this work we propose suitable remedies to make it ap-
plicable in Discrete Element Simulations.
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2 Corrections to the Anandarajah solution
2.1 Treating the orientation discontinuity
Anandarajah and Chen[13] derive the force for an in-

clined, finite-sized platelet interacting with an infinite-
sized wall as in Fig. 1, a) as
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where d is the distance between platelet and wall, 6 the rel-
ative orientation of the platelet, A is the Hamaker constant,
w, the depth of the particle and c is a long distance correc-
tion term. The X; are the components of an 8-component
vector describing the geometry of the particle relative to
the wall, see [13] for details. For 8 = 0° and 8 = 90°, this
force becomes undefined due to the sine in the denomina-
tor in eq. (1). We can mitigate this divergence by means of
a piece-wise implementation of the van der Waals force.
For two equal sized, parallel aligned platelets, the van der
Waals force is
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where [, and d,, are the length and the thickness of the par-
ticle. We can then construct a piece-wise solution without
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Figure 1. a) Geometry of the wall-particle system in the original formalism. b) Computation of the minimum distance between a vertex
and an edge. ¢) Components for the force point approximation shown for a single vertex and a single projection point.

singularities for all 6 from eqs. (1,2) so that
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In that case, F'4V(d) is chosen in the same functional
form as F ﬁ’dw(d) in eq. (2), but exchanging [, — d, and
d, — l,. While eq. (1) is derived for a particle-wall sys-
tem, the changes due to the modification for two equal
sized platelets are negligible due to the fast decay of the
atomic van der Waals force with separation distance. Con-
ceptually, there is nothing wrong with a case discrimina-
tion for the the van der Waals force. As rectangular parti-
cles are defined piecewise by their edges, so that their elas-
tic interaction can only be computed piecewise, it is only
consequent that the van der Waals interaction is also im-
plemented piecewise. The norm of the Anandarajah force
F X‘I‘lw(d, ) diverges towards infinity for 6 — 0° or § — 90°
as can be seen in Fig.2, which makes numerical imple-
mentations with a finite timestep impractical. However, a
smooth, non-diverging numerical solution can be obtained
by defining the limit as

o £ .0 = Y@, @

2.2 Minimum distance between two finite sized
particles and force direction

To make the Anandarajah formalism viable for the inter-
action of two finite-sized platelets A and B, we replace the
particle-wall distance d with the minimum distance be-
tween two finite sized particles dy,,. For any vertex i of
particle A, the minimum distance d;g to edge E between
vertices [/, j + 1] of particle B is

dip = ||‘{E x 1l if P(eg,r; ;) € [0,1,],
" min(||r; I, [Ir; j1 1)) else.

&)

Here eg is the unit vector of the edge E, r; ; is the distance
between vertex i of particle A and vertex j of particle B, ||-||
denotes the vector norm, and P(eg, r; ;) is the projection of
r; ; onto eg as sketched in Fig. 1 b). The minimum distance
dmin between the two particle surfaces is then found by it-
eratively descending towards the minimum distance for all

vertices and edges. Figure 3 shows the evolution of the van
der Waals force with increasing horizontal particle separa-
tion x at fixed vertical separation y and different relative
particle orientations. The revised formalism captures the
orientation dependence of the force evolution: For small
0, the force at approach from the left is less than for the
approach from the right as the approaching platelet is ori-
ented away from the second platelet. While this effect also
occurs at steep relative particle orientation it is vanishingly
small.

The direction of the force vector is given by the direc-
tion of the vector between the minimum distance vertex
(Viin) and its projection point (Py,;,) on the other particle,
e —
VminP min

Fde(d, 9) — Fde(d, 0) =

(6)
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Figure 2. Dependence of the force magnitude on the relative par-
ticle orientation for fixed particle distance in the revised Anan-
darajah formalism (eq.3): The force converges to the limiting
cases on the left for 6 = 0° and on the right for 6 = 90°.

2.3 Force point

The original formulation by Anandarajah and Chen ob-
tains the coordinates of a force point by integration of the
eq. 1 over the volume of the particle, but is likewise un-
defined for parallel and perpendicular particle orientation.
As a piece-wise solution is not guaranteed to be smooth,
a reformulation is required. Therefore, we select the force
point with a geometric approach which ensures that the
change of the force point is always smooth, else no stable
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Figure 3. Dependence of the force magnitude on the particle sep-
aration distance (dseparation = V*> + y?) for a fixed vertical sepa-
ration (y) and different fixed relative orientation (6) and varying
horizontal displacement (x). The force decreases faster for larger
0, as the mean distance between surface atoms increases.

numerical integration of the equation of motion is possi-
ble. The necessary geometric information is already avail-
able from the minimum distance calculation presented in
subsection 2.2.

For each particle we have four vertices V;_4 and four
minimum distance projection points Pj_4, contributed by
the other particle. For each of these eight points we can
define a weight w; = (1/d;)* according to their minimum
distance (see in Fig. 1, c) so that
Wp = (Ll)p,l, ey wR4)T. (7)

Wy = (Wy,...,wya)",

While the exponent « is a free parameter, we found that
a = 3 gives the best approximation of the numerically
computed force point. As the total contribution from each
point cannot exceed the physical torque acting on the par-
ticle, we need to normalize wy and wp as

Wvynorm = WV/L7 Wpnorm = wP/L’ (8)

where L = Y, (wy, wp)". Finally, the van der Waals force
point FP4w is obtained by summing the weighted contri-
butions for each vertex and projection point to the particle
center C,

l::PvdW =C +Z (wV,norm . I‘) +Z (WP,norm . rP)a (9)

where r are the vectors from the particle center to each ver-
tex and rp are the vectors to each projection point P. The
force point of the second particle is obtained analogously.

2.4 Treating particles in contact

As the van der Waals force is defined only for finite dis-
tances dy,, > 0, we partition each particle into a “core”,
which we use to compute the van der Waals forces, and a
“shell”, which is used to compute the repulsion between
the solids. This ensures that the mechanical repulsion
starts before the van der Waals force diverges. It is also
helpful to further enforce a minimum separation distance,

}li_I)I(l)(d) = dhimit (10)

between the “cores”, where djin;, i the atomic lattice spac-
ing of the material. To account for the influence of the

deformation on the van der Waals force point, we use the
mechanical force point FPy,., as auxiliary vertex so that

yeonact = (Vl—47 FPmech)T s (1 1)

for which we use the minimum separation distance djimit
in the associated weight in eq. (7). Figure.4 shows the
relocation of the van der Waals force point during con-
tact after inclusion of the mechanical force point into
eq.11. For § — 0° and 8 — 90°, the resulting van der
Waals force point then approaches the mechanical force
point, see Fig.5. For any other relative particle orienta-
tion 6 € (0,90)°, the differences between the mechanical
force point and the van der Waals force point lead to a
residual torque that reorientates the particles into a stable
(torque-free) configuration, either parallel when 8 = 0° or
perpendicular when 6 = 90°.

e

Mechanical

Figure 4.  Relocation of the van der Waals force point dur-

ing contact (i.e. deformation) due to inclusion of the mechanical
force point. For visualization the sketch significantly exaggerates
the size of the deformation.
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Figure 5. Distance between the mechanical and van der Waals
force points with different particle orientation on contact. For
parallel (6 = 0°) and parallel (8 = 0°) particle orientation the the
force points converge onto each other.

However, as our approach is a geometric approxima-
tion of the analytical solution by Anandarajah and Chen,
there are deviations between the mechanical and the van
der Waals force point at # = 0°, respectively 6 = 90°,
which lead to a residual torque that induces noise in the
orientational equilibrium. In particular, to reach an equi-
librium orientation at & — 90°, the particle orientation is
likely to overshoot and then oscillate around its equilib-
rium orientation. While mechanical interactions between
the particles very slowly will dampen out these oscilla-
tions over time, an additional stabilization is necessary to
quickly obtain a stable configuration.
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3 Extension to three dimensions

While the original derivation in the Anandarajah ap-
proach [13] is written up for three dimensions, the for-
malism is effectively restricted to quasi-two-dimensional
configurations, where the normals of the particle and the
plate lie in the same plane. As our approach presented
here is based on the relative location and orientation of two
cuboid particles, an extension of the implementation to
three dimensions and skewed orientation is possible. The
minimum distance between two particles and and its di-
rection can be computed in three dimensions analogously
to two dimensions, where only the number of operations
changes due to the larger number of corners and edges. As
the definition of the force point also can be carried over, no
further modifications are necessary to extend this approach
to three dimensional Discrete Element Methods.

4 Conclusion

Van der Waals forces are among the dominant interac-
tion forces between clay platelets, but are generally dif-
ficult to implement in DEM with complex particle shapes
due to the lack of available analytical solutions. We have
outlined in this paper a fundamental implementation of
the Anandarajah formalism for van der Waals forces into
DEM simulations with polytope particles. As our ap-
proach is mostly based on simple geometric considera-
tions, it is easy both to implement and parallelize our ap-
proach in two- or three dimensions. We have thus pro-
vided in this paper an efficient numerical method to study
the micromechanics of clay minerals which are difficult to
access through laboratory experiments, at least on the par-
ticle length scales.
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