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Abstract. The mass-dependent structure of the composite nucleus is shown based on three-dimensional time-
dependent Hartree-Fock calculations with Skyrme interactions (SLy4d and SkM*). One remarkable result is that
the isovector monopole excitation dominantly appears for collisions of heavy nuclei, and the isovector dipole
excitation for those of light ones. Such a difference found in the dynamical structure of composite nucleus plays
a role in the equilibration of charge.

1 Introduction

If one wants to have a synthesis of a nucleus with a certain
charge and mass, it is necessary to find factors to control
charge and mass distributions of final fragments. The nu-
clear synthesis towards the neutron/proton driplines is one
of the most interesting issues as for clarifying the existence-
limit of elements. In this context, the ultimate goal is to ob-
tain the control theory of nuclear synthesis from the view
of collision dynamics.

The bombarding energy is a primary factor to control
the N/Z ratio of the final fragment [1,2], hence the sim-
ple rule governing the appearance/disappearance of charge
equilibration has been clarified to be essentially associated
with the bombarding energy. Charge equilibration natu-
rally prevents the synthesis of exotic nuclei with extreme
proton-neutron asymmetry, therefore, its appearance is di-
rectly connected with the N/Z ratios of the final fragments.
Because the mass of final fragments becomes smaller by
increasing the bombarding energy, there should be an upper-
limit of the final mass yields for a given N/Z ratio. Another
important factor arises from the choice of colliding nuclei,
where the importance of such a choice to nuclear synthesis
has been pointed out (for example, see [3]). Consequently,
the bombarding energy, the total mass, and the proton-
neutron asymmetry are the three major factors (control pa-
rameters) of nuclear synthesis.

Most of all, the mass dependence of the collision dy-
namics has still been an outstanding issue to a large extent,
where the fusion hindrance effect for collisions involving
heavy nuclei was reported more than 20 years ago (for
example, see [4–7]). In this paper we focus on the mass-
dependent dynamics of collisions. The study is based on
time-dependent Hartree-Fock (TDHF) calculations with Skyrme
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Fig. 1. Real-time dynamics on the reaction plane. Charge distri-
butions of24Mg + 24O for the bombarding energy 18MeV/A (lab-
oratory frame) and the impact parameter 5.0 fm are shown.24Mg
is incoming from the left, and24O from the right. The colored re-
gions show the distribution of charge (relatively proton-rich part),
and the contours show the density, where parts with the proton to
neutron density ratio larger than 1.00 and 0.80 are colored in red
and yellow, respectively. For reference, a single time period of the
isovector dipole oscillation of the total system (48Ca) is estimated
to be 1.97× 10−22 s using~ω = 77A−1/3. The Skyrme TDHF
with SLy4d parametrization is shown in the upper panel, and that
with SkM* parametrization in the lower panel.

interactions, where we show calculations with two differ-
ent Skyrme parameter sets (SLy4d and SkM*) in order to
see the robustness of the TDHF results.
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Fig. 2.(Color online) Real-time dynamics on the reaction plane. Charge distributions of208Pb+ 24Mg and208Pb+ 24O for the bombarding
energy 21.6 MeV/A (laboratory frame) and the impact parameter 7.5 fm are shown.24Mg and24O are incoming from the left, and208Pb
from the right. The colored regions show the distribution of charge (relatively proton-rich part), and the contours show the density, where
parts with the proton to neutron density ratio larger than 0.75 and 0.70 are colored in red and yellow, respectively.

2 Mass-dependent dynamics

This section is organized as follows: the mass dependence
at lower energies is developed in Sec. 2.1, that at higher
energies in Sec. 2.2, and those features dependent only
weakly on energy in Sec. 2.3.

2.1 Two isovector modes

In lower energy collisions (roughly speaking, less than 40
MeV/A in the laboratory frame1), the charge equilibrium
is predominantly achieved. In such cases, the equilibrium
of charge during the collisions was shown to be mainly due
to the collective motion highly associated with the mean-
field [2]. Therefore, in this section, special attention is paid
to the isovector collective motions.

Let us begin with a collision between light nuclei. Fig-
ure 1 shows the Skyrme TDHF dynamics of charge distri-
bution for24O + 24Mg, where two different parameter sets
of Skyrme TDHF calculations are demonstrated. We see
the appearance of the isovector dipole (iv-dipole) oscilla-
tion of well-localized charge (4.5, 6.0× 10−22 s) indepen-
dent of the parameter set. Charge equilibration is synchro-
nized with the iv-dipole excitation (for time evolutions of
the dipole mode, see [8])); we will find that this is true only
for collisions between light nuclei. Note that a dipole os-
cillation of the total system for a few cycles is sufficient
to attain charge equilibrium, which implies how rapid the
charge equilibration is.

Next we move on to collisions including a heavier nu-
cleus: 208Pb + 24Mg and 208Pb + 24O, where24Mg (β-
stable nucleus) and24O (neutron-rich nucleus) are an iso-
baric pair ofβ-stable and neutron-rich nuclei, respectively.

1 40 MeV/A corresponds to the upper energy-limit of charge
equilibration, which is estimated from the standard value of
Fermi momentum:kF = 1.36 fm−1.
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Fig. 3. Time evolution of monopole moment for208Pb+ 24Mg.
The monopole moment of a whole system is measured, and val-
ues are normalized by the value at 4.5× 10−22 s (almost equal to
the contact time). For reference, the excitation energy is roughly
estimated to be 7.0 MeV, because the time period of oscillation
in this figure can be read as 6.0× 10−22 s.

Figure 2 shows the TDHF calculations with a fixed im-
pact parameter (b = 7.5 fm). The equilibration dynamics
of charge is not similar to the motion of the iv-dipole exci-
tation in these cases. Instead a spherical layered structure
of the composite nucleus appears in both collisions (7.5
× 10−22 s), in which a relatively neutron-rich core is in
the center, a proton-rich layer surrounds it, and a neutron-
rich skin is in the surface. This is analogous to the isovec-
tor monopole (iv-monopole) excitation. Although TDHF
results do not show any significant monopole oscillation
in collisions involving light nuclei (24Mg + 24O), there
exist monopole excitations in the heavier cases (Fig. 3),
where the damping in Fig. 3 is associated with the dy-
namics towards fusion. Fusion is achieved more rapidly
in case of the SLy4 parametrization, while slowly in the
SKM* parametrization. The appearances of monopole os-
cillation seem to be due to the Coulomb repulsion, hence
the spherical distribution of charge is formed. Note that the
appearance of iv-monopole excitation is not dependent on
the neutron-richness of the colliding nuclei.

The reaction dynamics (equivalent to the dynamics to-
wards charge equilibrium in such lower energy collisions)
is quite different depending on the total mass of the two
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Table 1. N/Z ratios of parts (a), (b) and (c) in Fig. 4 are shown,
where the averaged N/Z values are shown for the part (a).

(a) (b) (c)
SLy4d 1.64 1.42 1.47
SkM* 1.63 1.50 1.50

colliding nuclei. The iv-dipole excitation is dominant for
lighter cases, and the iv-monopole excitation alternatively
appears for heavier cases. Although the relation between
the charge equilibration and iv-dipole excitation has been
pointed out previously (for example, see [9–14]), that be-
tween charge equilibration and the iv-monopole excitation
is pointed out here for the first time.

The discrepancy between fusion and charge equilibra-
tion was reported to be due to a mass dependent collision
dynamics, which was explained by the nuclear binding en-
ergy including the Coulomb energy [2]. It is associated
with the two different modes.

2.2 Pattern of fragmentation

Let us move on to collisions with higher energies (roughly
speaking, more than 40 MeV/A in the laboratory frame).
The mass dependence of the reaction dynamics can be found
not only in the structure of the composite nucleus but also
in the geometry of fragmentation. Under the disappearance
of charge equilibration, the final fragments with a specific
pattern are obtained only for collisions involving heavy nu-
clei. This kind of mass-dependence only appears in higher
energy collisions [2].

For collisions between heavy nuclei, localization of charge
around the contact time (Fig. 4), which is due to the Coulomb
excitation, strongly appears. For simplicity, let us restrict
ourselves to fragmentations into three parts, where we have
a separation into parts (a), (b) and (c) shown in Fig. 4. Ta-
ble 1 shows the N/Z ratios of parts (a), (b) and (c). For both
parameter sets of SLy4 and SkM*, we have more neutron-
rich fragments with almost zero velocity, and more proton-
rich fragments with finite-valued velocity in the center-of-
mass frame. Such a pattern formation in higher energies
is specific to collisions involving heavy nuclei. This study
may contribute to the arrangement of detector system in
experiments.

2.3 Formation of jet

Let us study the mass-dependent dynamics in its features
that depend only weakly on energy. For collisions involv-
ing heavy nuclei, three-dimensional time-dependent theo-
retical calculations predict the possible formation of non-
relativistic jets in low-energy heavy-ion collisions, where
the relative velocity of collision is estimated to be a quarter
of light velocity [2].

Let us move on to collisions:208Pb+ 132Xe and208Pb+
132Sn, where132Xe (β-stable nucleus) and132Sn (neutron-
rich nucleus) are an isobaric pair ofβ-stable and neutron-
rich nuclei, respectively. The calculated time evolutions
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Fig. 4. (Color online) Real-time dynamics on the reaction plane.
Charge distributions of208Pb+ 238U for the bombarding energy
32.1 MeV/A (laboratory frame) and the impact parameter 9.2 fm
are shown, where the upper energy-limit of charge equilibration
is estimated to be 27.7 MeV/A (laboratory frame) based on the
upper-limit formula [1,2].238U is incoming from the left, and
208Pb from the right, where the blue circle designates the forma-
tion of jets. The description manner is the same as Fig. 2.

of the two reactions208Pb+ 132Xe and208Pb+ 132Sn are
shown in Fig. 5, which also shows the formation of the lay-
ered structure with a neutron-rich core. Because the Coulomb
energy becomes much higher compared to the reactions
not involving heavier nuclei, the neutron-rich core forma-
tion appears more strongly. Coulomb excitation causes the
localization of charge around the contact time (4.5× 10−22 s),
the neutron-rich core is formed (6.0× 10−22 s), and the
jet with velocity opposite or perpendicular to the relative
velocity is formed (blue circles in 7.5× 10−22 s). Forma-
tion of jets at a bombarding energy higher than the upper
energy-limit of charge equilibration is shown as blue cir-
cles in Fig. 4, and that at a bombarding energy lower than
the upper limit as blue circles in Fig. 5.

The formation of jets appears in calculations of colli-
sions involving heavy nuclei (jets appear in208Pb+ 238U,
132Xe,132Sn in our calculations), and jets are clearly proton-
rich. It means that the origin of jets in low-energy heavy-
ion collisions is the Coulomb repulsion, because there is
no other reason to have such an aggregation dynamics of
charge. Note that the disappearance of charge equilibration
is not a necessary condition for the jet formation, therefore
jet formation and the resulting nuclear emission are effi-
cient ways to reach the equilibrium of charge. The jet is
also meaningful enough to be an origin of rare nuclei.

3 Conclusion

In this paper, the mass-dependence of reaction dynamics
is shown based on the three-dimensional time-dependent
Hartree-Fock calculations with two Skyrme interactions
(SLy4d and SkM*). For the physics discussed here, the
TDHF results are independent of the two parameter sets.
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Fig. 5. (Color Online) Real-time dynamics on the reaction plane. Charge distributions of208Pb + 132Xe and 208Pb + 132Sn for the
bombarding 25.3 MeV/A (laboratory frame) and impact parameter 7.5 fm are shown.132Xe and132Sn are incoming from the left, and
208Pb from the right. The blue circles designate the formation of jets. The description manner is the same as Figs. 2 and 4.

First of all, the mass-dependent structure of composite nu-
cleus is shown. It is prominent here that the isovector monopole
excitation appears for collisions involving a heavy nucleus,
and the isovector dipole excitation for those including light
ones. Such a difference is directly connected to the dif-
ferent type of charge equilibration dynamics. Next, mass-
dependent pattern formation of final fragments is shown.
In particular, a specific pattern of fragmentation, in which
the neutron-rich fragments tend to be produced with zero
velocity in the center-of-mass frame, is achieved only in
reactions involving heavy nuclei. Finally, the formation of
non-relativistic jets in low-energy heavy-ion collisions is
predicted based on three-dimensional TDHF results. As is
quite natural, all three kinds of mass-dependence can be
regarded as different appearances of the Coulomb excita-
tion for light and heavy nuclear systems.
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