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Functional renormalization group approach to the four-body problem
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Abstract. We present a renormalization group analysis of the non-relativistic four-boson problem by means
of a simple model with pointlike three- and four-body interactions. We investigate in particular the unitarity
point where the scattering length is infinite and all energies are at the atom threshold. We find that the four-body
problem behaves truly universally, independent of any four-body parameter confirming the findings of Platter et
al. and von Stecher et al. [1-3].

1 Introduction therein. As a result, the Efimoufect in three-body sys-
tems is a well-understood phenomenon today.

dThe next natural step is to raise the question what the
physics of four interacting particles may be. In their pio-
neering work, Platter and Hammer, et al. [1, 2] investigated
the four-body problem usingftective interaction poten-
tials and made the conjecture that the four-boson system

In recent years few-body physics experienced a renewe
interest due to the advent of experiments with ultracold
atomic gases. Whereas the study of few-body physics in
nuclear systems is hindered by the large complexity of the

interparticle potentials, the interactions in ultracold atomic " . .
gases are describable to high accuracy with very Simpleexmbns unlversa! behavior. They also found that no four-
body parameter is needed for a self-consistent renormal-

short-range models. In addition, ultracold atomic gases be-." "~ .
come even more attractive as an ideal theoretical and ex-IZatlon of the theory. Calculating the energy spectrum of

perimental playground since they do not onfjen excel- lthe lﬁwﬁt boqntd state? tm dte;iendencfe onbthde sbcatte(;mg
lent experimental control but also the amazing possibility engtha the existence of two tetramer (four-body bound)

of tuning the two-body interaction strength, given by the s- states associated with each trimer was conjectured.

: . . ) Recently, von Stecher, D’'Incao, and Greene [3, 14] investi-
ggzﬁbsgfgtfé;nc?nlsggg; %er awide range using so-called gated the four-body problem. They found that the Efimov

This made it possible to test central predictions of univer- trimer and tetramer states always appear as sets of states

sality in few-body systems exhibiting strong interactions. with two tetramers associated with each of the trimer lev-
Besides the universal two-body bound state, the weaklyels and calculated the bound state energy spectrum of the

bound dimer, which obeys an universal formula for its lowest few sets of states. The calculation suggests that the

binding energyEp = #2/(ma?) asa approaches large val- energy levels within one set of states are related to each
ues, about thirty years ago V. Efimov predicted also uni- other by universal ratios, which were obtained from the

versal behavior [5] of the three-body system. The Efimov tbhehaworltof t?(leasletloweft ‘T’eti (;f ?;]atesb In acco;danc? with
effect constitutes itself in the existence of infinitely many b edresu S Ot a erel ad[ 2] tetadsTncedo ?n?. gur-
trimer states for infinitely large scattering length where the ody parameter was also demonstrated. In orderto find ex-

two-body interaction is just on the verge of having a bound p_erimental evidence of the tetramer states extremely_ pre-
state. The energy levels form a geometric spectrum and thec'lSe measblfretmegts are r_eqmtred. Refzrtr;]arrably,tli\zrlal??h et
three-body system is found to be universal in the sense tha iwere at (?[ 0 observe S|tgna ures o ¢ 1e5 owest two ot the
apart from the s-wave scattering lengthnly one piece of V?/r:?m?; St els |r|1 ":‘. receg eé?et{lment [ I ]'1 o1 and
information about the three-body system enters in the form lle the calculations by Platter et al. [1,2] and von

of a so-called three-body parameter [6]. Recently, ultracold Stechﬁr et al. [3, g'f'] rﬁlyd ?nh?ua?tutrr‘? rpech;n(;cal ag-
atom experiments made it possible to test Efimov’s semi- proaches, we want to shed light onto the tour-body prob-

nal predictions. First evidence in favor of the presence of lem from a renormalization group (RG) perspective, com-

these states had been found in the remarkable experimerR/€Mentary to the previous approaches.

by Kraemer et al. in 2006 [7]. The findings of Kraemer et Of special interest is the further investigation of uni-
al. stimulated extensive activity in the field of three-body versality in the four-body system. In this context the so-
physics, both experimentally [8—12] and theoretically; for called unitarity point is of particular importance. Here all
recent reviews on also the latter see [6,13] and referencedound states are degenerate with the atom threshold, the
scattering lengtla is infinite, and physics becomes truly

2 e-mail:richard.schmidt@ph. tum.de universal. The unitarity point is therefore the most interest-

This is an Open Access article distributed under the terms of the Creative Commons Attribution-Noncommercial License 3.0, which
permits unrestricted use, distribution, and reproduction in any noncommercial medium, provided the original work is properly cited.
Article available at http://www.epj-conferences.org or http://dx.doi.org/10.1051/epjconf/20100302006


http://www.epj-conferences.org
http://dx.doi.org/10.1051/epjconf/20100302006

EPJ Web of Conferences

AtTA+TA+A . A+A+A+4A  (laTM/A)E the existence of bound states is signaled by poles in the
04 02 04 0.6 038 vertex functions corresponding to the relevant scattering
! processes. However, the computation of a very com-

: - -\ plicated task as quantum fluctuations have to be integrated
3 ol N out on all length and therefore momentum scajek or-

der to cope with this task we rely on the functional renor-
malization group [17] (for reviews see e. g. [18,19]). The
central quantity of the FRG is a scale dependdigotive
action functional, the so-calledfective flowing actior .
The dfective flowing action, which includes all fluctu-
) ations with momenta > k, interpolates between the clas-
D sical actionS at some ultraviolet (UV) cutd scalek = A
r N Fo and the full quantumféective action/” in the limitk — 0.
—(IEl/)? ‘ The underlying idea is similar to Wilson's idea of momen-
tum shell-wise integration of fluctuations. The evolution of

Fig. 1. (Color online) The generalized Efimov plot for four iden- T« is governed by the Wetterich equation [17], which is an
tical bosons. We plot the energy levels of the various bound statesgy 50t non-perturbative RG equation. It reads

as a function of the inverse s-wave scattering lersgtls numer-

-0.

o

ically calculated in our approximativeffective theory. In order 1 @ -1

to improve the visibility of the energy levels we rescale both the Ol = §Tr [(Fk + Rk) 5kRk] > 1)
dimensionless energli/A? and the dimensionless inverse scat-

tering lengtha—t/A whereA denotes the UV cufdof our model. Wherel"l(f) is the flowing, full inverse propagator and the

Also, we only show the first three sets of Efimov levels. The solid {1506 Tr sums over momentuyrand Matsubara frequency

black line denotes the atom-atom-dimer threshold, while the dot- qo as well as the internal degrees of freedom such as species

ted tblaCk ”';.e givtehs the fljiliner-dimer t?reshc}lq.flln.:hle three-lJE(Jny of fields. The dependence on the RG sdalg introduced

sector one finds the well known spectrum of infinitely many Efi- = .

mov trimer states (green, dashed) which accumulate at the uni-ﬁgvs?r? rzgtlijcl)?]t?Rg ﬁgfgfhg\égg;f; ;c/t‘iggnege;;“\:\?e

tarity pointE, = a! = 0. In our pointlike approximation the 9 ik €q .

four-body sector features a single tetramer (red, solid) associateolwant to consider dilute qtomlc gases the .UV scale set

with each trimer state. to be of the order of the inverse Bohr radmﬁé. For most
problems, quantum and statistical fluctuations will gener-
ate infinitely many terms idy. Due to this fact it is in

ing one from a theory point of view. Unfortunately, it had practice impossible to solve Eq. (1) exactly. Therefore one

been inaccessible with the previous calculations. Within has to decide for a truncation &%, which in turn corre-

our approach this point can easily be addressed. We in-sponds to solving the theory only approximately.

vestigate the renormalization group behavior of the rele- In this work we choose the following truncation for the

vant four-body interactions with an approximate, but sim- Euclidean flowing action, given by a simple two-channel

ple and physically intuitive model which allows only for model,

pointlike three- and four-body interactions. In the three- 4

body problem universality manifests itself in an RG limit - f 9. — * _Z

cycle of the three-body coupling. We find that this three- I x{w O =4+ B+ #'lALG 2) * mf,]q)

body limit cycle leads in turn to a “self-sustained” limit h, . . . £ 02
cycle of the four-body sector leaving no room for any four- + §(¢ U+ QYY) + Aap Y Y + A4(479)
body parameter. + B OGP + PP YY) + v W ), (2)

The RG method allows furthermore for computations away
from the unitarity point. We calculate the bound state en- where4 denotes the Laplace operator and we use the natu-
ergy spectrum in the pointlike approximation (see Fig. 1) ral, non-relativistic conventiond = 7 = 1 with the atom
and investigate how the relations between tetramer andmassM.  denotes the field of the elementary bosonic
trimer states approach the universal limit as one comesatom, while the dimer, the bosonic bound state consist-
closer to the unitarity point. ing of two elementary atoms, is represented by the field
¢ ~ yy. Both the atom and the dimer field are supple-
mented with non-relativistic propagators with energy gaps
2 Method and Model Ey andmﬁ, respectively. In our approximation the funda-
mental four-boson interaction A, (*y)? is mediated by a
We are interested in the computation of the few-body prop- dimer exchange, which yieldg, = —hz/mg in the limit of
erties, such as the bound state spectrum, of four identicalpointlike two-body interactions. The dynamical propagator
bosons. In a quantum field theory approach the informa- of the dimer fields with the wave function renormalization
tion about these properties can be extracted from the ef-A, allows us to capture essential details of the momentum
fective actionl” which is the generating functional of one- dependence of the two-body interaction. The only nonzero
particle irreducible vertex function&™. As such it con- interaction, present at the microscopic UV schle- A,
tains all information about a given system. For example, is taken to be the Yukawa-type term with the couplmg
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The atom-dimer interactiofap as well as the various four- Knowing the analytical solution of the two-body sec-
body interactionsl,, 8, andy vanish at the UV scale and tor, this relation can be used to fix the initial values of our
are built up via quantum fluctuations during the RG flow. model. For the UV value of the dimer gapj we find

In the general case of nonzero density and temperature

one works in the Matsubara formalism and the integral 2 2

in Eg. (2) sums over homogenous three-dimensional space m¢2>(/‘) = _Ea + @A +2E,. ®)

. . . 1T
and over imaginary timg = [d®x [ dr. Although our _ _ _

method allows us to tackle a full, many-body problem at fi- _The first term f|x_es the s-wave scattering length accord-
nite temperature in this way, we are interested solely in theing to Eq. (4), while the second term represents a countert-
few-body (vacuum) physics in this paper, for which den- €rm takln_g care of the UV renormalization of the two-body
sity n and temperaturd@ vanish. ForT = 0, [, reduces s_ector. qully, the last term accounts for the_fact that the
to an integral over infinite space and time. Our truncation dimer consists of two elementary atoms. Additionally, we
(2) is based on the simple structure of the non-relativistic cN00S€As(A) = 1 which corresponds to the eftive range
vacuum and, as demonstrated in [16,20], numerous sim-leff = —%’T-

plifications occur when solving Eq. (1) compared with the In the limit of large, positive scattering length there exists
general, many-body case. a universal, weakly bound dimer state. In order to find its
We note that the flowing action (2) has a globlLl) sym-  binding energy we calculate the pole of the dimer propa-
metry which corresponds to particle number conservation. gator, corresponding to the conditiar(E,.k = 0) = 0,

In the vacuum limit it is also invariant under spacetime which yields in the limitg, /A% < 1

Galilei transformations which restricts the form of the non-

relativistic propagators to be functions &f — 4 for the ) p Y 2

atoms andi. — 4/2 for the dimers. All couplings present Ep = —2E, = -2 L L ¥ ha™

in Eq. (2) are allowed to flow during the RG evolution and 64r (641)2  32n

are taken to be momentum-independentin Fourier space. 2

Besides the ansatz fdf, we must choose a suitable reg- 2 2 o

ulator functionRy in order to solve the flow equation (1). -T2 1- T Ta |- 6)

Based on our recent treatment of the closely related three- eft

fermion problem [21,22], we choose the regulators, In the limit h — oo, corresponding togg — O one recov-
R, = (K* - p?)O(K* - p?), ers the well-known resuEp = —2/a2. The dimer bound

As, 5 os o state energy is shown as a function of the inverse scatter-

Ry = 7(k = p)o(k” — p°). ) ing length in Fig. 1 (black solid line). The deviation from

the universa 1/a? scaling for large inverse scattering
lengths is due to the finite size afwhich is taken to be
h?/A = 10 in Fig. 1. In the regime of small scattering
lengtha one finds a crossover of thefiirent behavior of
the dimer binding energy which then has the limiting be-
haviorEp = 4/(argfg)-

These regulators are optimized in the sense of [19, 23] and
allow to obtain analytical results.

3 Two-body sector

A remarkable and very useful feature of the vacuum flow

equations is comprised by a special hierarchy: the flow

equations of thé\-body sector do not influence the renor- 4 Three-body sector
malization group flows of the lowe — 1-body sector [16].

For this reason the flerentN-body sectors can be solved e pound state spectrum of the three-body sector is much
subsequently. In this spirit we first solve the two-body sec- icher than the one of the two-body system. Due to the Efi-
tor, then investigate the three-body sector in order to finally 1,0y efect an infinite tower of three-body bound (trimer)
approach the four-body problém states appears as one approaches the so-called unitarity
The solution for the two-body sector can be found an- |imit E, = a = 0. Remarkably, trimer states exist even
alytically [21,24]. The only running couplings in the two- o negative scattering lengtiasvhere no two-body bound
body sector are the dimer gag and the wave function  giate is present; they become degenerate with the atom
renormalizatior®, and the flow equations of the two-body threshold for negative scattering length and merge into the
sector in terms of Feynman diagrams are shown in Fig. 2. atom-dimer threshold for positive An additional three-
As there are no possible nonzero diagrams for the Yukawayody parameter in needed in order to determine the actual

couplingh, it does not flow in the vacuum limit. positions of the degeneracies [25]. In our truncation, the
The infrared (IR) values of the coupllngs_andmﬁ can be three-body sector contains a single, congiat’ gy term
related to the low-energy s-wave scattering leraiia with a couplinglap, which is assumed to vanish in the UV.
h?(k = 0) 4 It is built up by quantum fluctuations during the RG flow
a=- . i i B
16vrm§(k —0.E, =0) (4) and the corresponding Feynman diagrams of the flow equa:

tion for A1ap are shown in Fig. 2. For the unitarity point,

. . _ -1 _ H -
! Theatom inverse propagator (one-body sector) is not renor- E«// =a  =0we are able to Obtal!’l an _analytlc_al _SO|U-
malized in the non-relativistic vacuum. tion for the flow equation ofiap. In this limit all intrinsic
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lengh scales drop out of the problem and the system be-
comes classically scale invariant. At unitarity, the Yukawa
couplinghis dimensionless and the only (extrinsic) length
scale present is the inverse ultraviolet ¢tito*, which de-
fines the validity limit of our efictive theory.

In our approximation the dimer field develops a large

anomalous dimension = M 1 at wnitarity which is

consistent with the exact solution of the two-body sector
[16,20]. As the atom and dimer propagators have vanish-
ing gaps in the IR the two-body sector respects a continu-
ous scaling symmetry.

In order to find the solution of the three-body sector
we switch to the rescaled, dimensionless couplipg =

E—Z/IAD. Ore finds that the flow equation folap becomes
independent of andh,

at:lAD = a;liD + b;lAD + C, a, b, ceR. (7)

The numerical coeffientsa, b, andc can be found in [24],
and as demonstrated in [16,26], the behavior of the so-
lution of this type of flow equation is determined by the
sign of the discriminanD of the right hand side of Eq. (7)

which isD = b? - 4ac < 0. The solution of Eq. (7) is given
by

) b+ \/—Dtan(@(ua))
App(t) = a (8)

wheres is connected to the three-body parameter and de-
termines the initial condition. Most remarkably, the three-
body sector undergoes a quantum anomaly: The RG flow
of the renormalized couplingap exhibits a limit cycle,
which, due to its periodicity, breaks the classically con-
tinuous scaling symmetry to the discrete subgrdguphe
Efimov parameter can be determined from the period o
the limit cycle [16] leading in our approximation to

V=D
3 ©)

The exact result is given bgy ~ 1.00624 [6]. Consider-
ing the simplicity of our pointlike approximation the agree-
ment is quite good. In fact, in previous work [16] we have
shown how to obtain the exact valuesfusing the FRG.

>

f

~ 0.92523.
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Fig. 2. The flow equations in terms of Feynman diagrams. All in-
temal lines denote full, regularized propagators. The scale deriva-
tive 9; on the right hand side of the flow equations acts only on the
regulators. The vertices are: Yukawa couplim@mall black dot),
atom-dimer vertexiap (open circle), dimer-dimer coupling,
(black circle), coupling (two circles), and the atom-atom-dimer
vertexy (black square). Due to the large number of diagrams for
the latter two vertex functions, we only show two exemplary dia-

The presence of N-body bound states leads to divergen-ams.

cies in the RG flow of the corresponding N-body vertices.
The periodic divergencies in the analytical solutiomgh

in Eq. (8) correspond therefore to the presence of the in-
finitely many Efimov trimer states at the unitarity point.

We can use the latter identification to calculate the
bound state spectrum also away from unitarity. The trimer
binding energies are calculated by determining the atom
energiesE,, for which 2ap exhibits divergencies in the IR
as function ofa™t. The trimer binding energy is then given
by Er = —3E,. The result is shown in Fig. 1.

In the unitarity limit the trimer binding energies form a
geometric spectrum and the ratio between adjacent level
is given by

(10

02006-p.4
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which can be understood from the limit cycle flow.bf5.

At each scalk = A€', wherelap diverges, one hits a
trimer state. The RG scalecan in turn be connected to
the atom energ§, [16,21,22] and as the divergencies ap-
pear periodically irt one easily obtains Eq. (10).

There is an additional universal relation obeyed by the
trimer energy levels which we may take as a measure of
the quality of our approximation. It is given as the rela-
tion between the trimer binding enerdy fora —» o
and value ofa for which the trimer becomes degenerate
with the atom-dimerg;) and three-atom threshold’(),
respectively. For comparison we define a wave number
by E* = —#%*2/M (in our conventionE* = —2«*?) and
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find infinities during the RG flow. In order to circumvent this
a k" ~0.08 a'« ~-168 (12) difficulty we use the method of complex extension, devel-
which has to be compared with the exact resik’ = oped in [26]. The basic idea is to extend the domain of the

0.07076, a'«* = —1.56(5) from the fully momentum- running couplings to the complex plane
dependent calculation in [6,25]. The agreement with our
approximate solution suggests that our model should pro- : )
vide a solid basis for the step to the four-body problem. B—pBi+if2 ¥y —=y1tlya (13)

App = Appa +idap2  Ap = A1 +ids2

On the one hand thisfiectively doubles the number of
real flow equations and additional initial conditions must
be provided. We choosgap, = € = 107 in our nu-
merical calculation and take all other imaginary parts to
be zero in the UV. On the other hand this procedure allows
us to perform the numerical integration of the flow equa-
tions as it regularizes the periodic infinities in the flow and
makes the numerical treatment feasible. Physically, by the
complex extension we convert the stable bound states into
metastable resonances and by takintedent values o€

we are able to vary the decay width of the resonances. One
Jnay compare this with the procedure of Braaten and Ham-
mer [27] who introduce a parametgr in order to model

the decay of the trimers to deeply bound states which have
not been included in the etive model. In this line we

5 Four-body sector

Recently, the solution of the four-body problem in the low-
energy limit has gained a lot of interest. In quantum me-
chanical calculations the existence of two tetramer (four-
body bound) states was conjectured for each of the in-
finitely many Efimov trimers [1, 2]. By calculating the low-
est few sets of bound state levels von Stecher et al. [3,14]
concluded that both ratios of energies between tfiergint
tetramers and the trimer state approach universal constant
However, with the quantum mechanical approach the cal-
culation directly at the unitarity poing(* = E, = 0) turns

out to be dificult, although this point is of great interest | ; | tensi to include th
when one wants to gather evidence for universality of the also view our complex extension as a way to inciude these

four-body system. In fact, in the three-body sector the in- deeply bound states in the FRG calculation. Specifically,

finite RG limit cycle appears only exactly at the unitarity We find that fore < 1 the decay width of the'h Efimov
point and it is directly connected to the breaking of the con- trimer FSF) is given byr® = 4eE(-|-n) at unitarity. This is in
tinuous scale symmetry. Within our approach, the unitarity agreement with the result in [6]
region is easily accessible.
o A o

In order to investigate the four-body sector we include FT = EET (14)
all possible, U(1) symmetric, momentum-independent in-
teraction couplings in theflective flowing actiory. Like which holds for smally*. Thus, fore < 1, the relation
in the three-body sector we assume all these couplings tdto the parametey* introduced by Braaten and Hammer is
be zero at the microscopic UV scale Under this con-  given by
dition one can easily show that only the three four-body e= T (15)
couplingsi,, 8, andy are built up by quantum fluctuations )
and are therefore included in Eq. (2). All other couplings
will stay zero during the whole RG evolution.

For the investigation of the unitarity limit we work with

rescaled, dimensionless couplings

The result of the numerical calculation of the four-body
sector at unitarity is shown in Fig. 3. Here, we display
the RG flows of the real parts of all nonzero three- and
four-body sector couplings. In the lower part of the figure
- k3 - Lk we show the flow over a wide range of values of the RG
Ao =gl B=i5h ¥ =157 (12 scalet = In(k/A) while in the upper part we show the RG
flow in more detail for appearance of the first few reso-
By the use of the rescaled couplings we find three couplednances. The three-body couplingp 1 (black dotted line)
ordinary diferential equations, which are again coupled to exhibits the well-known limit cycle behavior, described in
the two- and three-body sectors, but become explicitly in- Section 4, with the period being connected to the Efimov
dependent dfi andk. We show the diagrammatic represen- parametes,. Remarkably, there is an additional limit cycle
tation of the flow equations in Fig. 2. Their computationis in the flow of the four-body sector couplings with a peri-
straightforward, but as the analytical expressions becomeodic structure of exactly the same frequency as the three-
extremely lengthy we refrain from showing them here.  body sector. This four-body sector limit cycle exhibits res-
onances which are shifted with respect to the ones of the
In order to determine the bound state spectrum of the three-body system. The magnitude of this shift is given by
four-boson system we exploit the fact that the appearancea new universal number, which is inherent to the four-body
of bound states is connected with divergent vertex func- sector.
tions FI((”). At this point we must note that these infini- Our observation is that the four-body sector is intimately
ties are complicated to handle in a numerical solution of connected with the three-body sector in the unitarity limit.
the theory. In particular, the numerical treatment of un- Itis permanently attached to the running of the three-body
bounded limit cycles is problematic due to the periodic sector from the first three-body resonance on. From here
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Fig. 3. (Color online) Renormalization group limit cycle behavior of the three- and four-body sector at the unitaritgpeire = 0.
The real parts of the couplings are plotted as functions-ofn(k/A). Not only the three-body couplingp 1 (dashed, black) exhibits a
limit cycle behavior, but also the four-body sector couplings (red, dotted); (blue, solid), andy, (green, solid) obey a limit cycle
attached to the three-body sector with the same period.

on the periodic structure of the flow remains unchanged asSuch an #ect is known from field theoretical studies of
one goes to smaller valueskfDue to this tight bond be-  the three-body problem. Here, it is essential to include a
tween the three- and four-body sector, there stays no roonmomentum dependent atom-atom interaction. Only under
for an additional four-body parameter. this condition one arrives at the quadratic equation as in (7)
We also find that the magnitude of the shift beyond the first and observes the Efimov efit.
resonance is neither dependent on the initial values of theWe can also use our model to investigate the full bound
four-body sector couplings in the UV nor is it influenced state energy spectrum by solving the flow equations for ar-
by finite range corrections which we are able to check by bitrary values of the scattering lenggthThe energy levels
choosing diferent values for the Yukawa couplihgArbi- of the various bound states are then determined by vary-
trary choices lead to the same behavior. Having done thising the energy of the fundamental atofs such that one
calculation directly in the unitarity limit our conclusionis, finds a resonant four-body coupling in the IR. The result
that, within our simple approximation, the four-body sector of this calculation is shown in Fig. 1, where we plot the
behaves truly universal and independent of any four-body energy levels of the various bound states versus the inverse
parameter confirming the conjecture made by Platter et al.scattering length. We find one tetramer state attached to
and von Stecher et al.. We expect that universality will also each of the Efimov trimer states. These tetramer states be-
hold for an improved truncation. come degenerate with the four-atom threshold for negative
Naively one expects that each resonance in the flow of thescattering length and merge into the dimer-dimer threshold
vertex functions is connected to the presence of a boundfor positivea. In the experiment this leads to the measured
state. As one observes there are also additional resonanceagsonance peaks in the four-body loss cogffit. In or-
in the four-body sector being degenerate with the three-der not to overload the plot we show only the first three
body sector resonances. However, we arrive at the conclusets of levels, although the FRG method allows to calcu-
sion that these resonances are artifacts of our approximalate an arbitrary number of them. One also observes that
tion. The mathematical structure of the flow equations is the shape of the tetramer levels follows the shape of the
of a kind that divergencies in the three-body sector directly trimer levels. In analogy to the three-body sector one can
lead to a divergent four-body sector. We are confident thatcalculate a universal formula relating a tetramer binding
the resonances at these positions will disappear as one inenergyE;,, = —2K.*r2 ata — oo with the corresponding
cludes further momentum dependencies in the field the-scattering length at which the tetramer becomes degener-
oretical model. Therefore we can already infer from the ate with the four-atom thresholf _ and the dimer-dimer
calculation at unitarity that within our approximation we thresholda; , , respectively. We find
are only able to resolve a single tetramer state attached P T
to eachytrimer state also awaygfrom unitarity. In contrast, arsq ~ -L75 g ~020 (16)
the “exact” quantum mechanical calculations in [1-3,14] Intheir recent quantum mechanical calculations von Stecher
predict the existence of two tetramer states which have re-et al. were able to calculate the lowest few sets of bound
cently been observed by Ferlaino et al. [15]. As one in- State energy levels [3]. From their behavior it was inferred
cludes further momentum dependencies, we may specuthat the ratio between the tetramer and trimer binding ener-
late however that not only the degenerate resonance disgies approaches a universal number within these first few
appears but also new, genuine resonances associated witsets of levels. Figuratively speaking it is therefore expected
the “missing” tetramer state will appear at the same time. that the universal regime in the energy plot in Fig. 1 is
reached very fast as one goes to smalférandEg,.

02006-p.6
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Von Stecher et al. finel(T”()et/a(T”r)i ~ 0.43 (09) for the deeper

(shallower) bound tetramer ariﬂ(”e)t/E(T”r)i ~ 4.58(101),
respectively. Considering the simplicity of our model the
agreement is quite good.

With an ultracold bosonic Cs gas Ferlaino et al. found
al /al’ ~ 0.47 (084). In this experiment only the lowest
set of tetramer states in the energy spectrum had been ac-

# Level

cessible due to the particular scattering length profile. Con-
sidering our observation that the deepest set of levels is still
strongly dependent on the microscopical details it cannot
be expected to find the universal numbers in this particular
setting. Therefore more experiments for bosons interacting
. via a larger scattering lengths would be desirable.

h? _ 4R 4
¢ T =484

ol 6 Conclusions

In this work, we investigated the four-body problem with
the help of the functional renormalization group. Employ-
ing a simple two-channel model with pointlike three- and
four-body interaction we were able to investigate universal
properties at the unitarity poiat — oo, E, = 0 as well as

to perform computations away from it.

In the RG language the Efimov physics of the three-body
problem manifests itself as an infinite RG limit cycle be-

3‘5,*‘(19)”“””“”“

1 2 3 4 5

Fig. 4. (Color online) Calculation of the universal ratios for the
lowest five set of levels. The calculation is done fdfetient val-
ues of the Yukawa coupling?/A which determines theffective
range in our model. The dotted lines are only guide for the eye. havior of the three-body coupling constant at unitarity. We
(a) Ratios between the values of scattering lengffisanda’”, found that also the four-body sector is governed by such a
for which the tetramer and corresponding trimer become degen-limit cycle which is solely induced by the RG running of
erate with the four-atom threshold. (b) Ratios between the valuesthe three-body sector, signaling the absence of a four-body
of binding energie€", andE", at resonanca — co. parameter.
We also computed the energy spectrum away from uni-
. , ) ) tarity and were able to obtain the universal relations be-
In Qrder to mvestygate this obse_rvauon we calculate the wyeen four- and three-body observables in our approxima-
behavior of two ratios as a function of the set of level {jon Our calculation provides an explanation for the find-
for which they are determined. The first ratio relates the ings of von Stecher et al. [3], who found that these ratios
negative scattering lengthe’), and al; for which the  approach universal constants very quickly as they are com-
nth tetramer and trimer become degenerate with the atomputed for higher and higher excited states. We also found
threshold. The second is the ratio between the binding en-a dependence of the ratios for the lowest level on micro-
ergies of the th tetramerE(T”gt and the 1 trimer E(an)i at scopic details such as thﬁ@ctlve range. Thls in turn is
resonancea — co. The resulting plots are shown in Fig. of relevance for the experimental observations by Ferlaino

4. We calculate the ratios for fiiérent values of the mi- €t @l [15]. In this experiment the lowest states have been
croscopic couplings in order to test the degree of univer- mgasured anq one can therefore not expect to find the exact
sality of the various sets of energy levels. In the plots we Universal relations between them.

show in particular the dependence on the choice of the €onsidering the simplicity of our model, the agreement
Yukawa couplingh determining the e€ictive range o of with the previous studies in [1—3] is quite good. There
the model. As one sees, only the first of the ratios dependhad been some disagreement in literature about universal-
on the microscopic details. Already from the second set of Iy @nd the absence or existence of a four-body parameter,
levels on the microscopic details are washed out and theS€€ €-9. [28-30]. Our RG results support the conclusion
ratios become independent of the choice of initial condi- that the four-body system is universal and independent of
tions: The regime of universality is reached extremely fast 21y four-body parameter.

and asa ! andE,, are lowered one will ultimately find the An important shortcoming of the pointlike approximation
four-body limit cycle described above. is the absence of the shallower of the two tetramer states.

For the asymptotic ratios we find Obviously the pointlike approximation of the three- and
four-body sectors is not fiicient and in future work one
should include momentum dependent interactions. From

a(T”; ~ 0.518a" the energy spectrum in Fig. 1 it becomes also evident that

Tri> (17)
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the ecited tetramer states can decay into an energetically18.

lower lying trimer plus atom. The higher excited states in
the four-body system are therefore expected to have an in-
trinsic finite decay width [2]. Whether this width has a uni-
versal character still remains an open question as well as
in which way the corresponding imaginary coupling con-
stants will change the RG analysis.

The inclusion of the full momentum dependencies in the

three- and four-body sector seems to be a rather compli-19.
20.

cated task. In the edttive field theory study of the three-
boson system the introduction of a dynamical dimer field,

often called the di-atom trick [6], has been a decisive step 21.

towards the exact solution of the three-body problem. From

this perspective we suggest that the inclusion of a dynami-22.

cal trimer field in the effctive action might help to simplify

the momentum dependent calculation. 23.
The four boson system remains still a subject with many 24.
open questions. With our RG analysis in the pointlike ap- 25.

proximation, we made the first step towards a renormal-
ization group description of the four-body problem sup-

plementing the previous quantum mechanical approaches26.

From this perspective this work provides a starting point
for a deeper understanding of universality in the four-body
problem.
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