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Hadron Spectrum from Lattice QCD
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Abstract. In order to claim that we understand strong interactions quantitatively, we should be able to derive
key properties of hadrons, such as their mass, “ab initio” from the interaction of quarks and gluons. In particular
the phenomenon of “dimensional transmutation”, i.e. of having a massive proton even with exactly massless
quarks and gluons, is a distinctive property of QCD. In this talk | summarize reffentsein the context of the
Budapest-Marseille-Wuppertal collaboration, to compute the masses of the flavor non-singlet mesons and of the
light baryon octet and decuplet in the isospin limit of QCD on the lattice, with fully controlled systematics.

1 Introduction methods to be useBy contrast, at low relative momentum
the interaction becomes strong, to the point where asymp-
The bulk part of the visible matter in the universe is made totic states do not carry a net “color” charge any more. This
from protons and neutrons. The modern theory of strong phenomenon is called “confinement”.
interactions, known as Quantum Chromodynamics (QCD),  In order to derive these properties from the QCD La-
describes how quarks and gluons amalgamate to form nugrangian (1), the theory needs to be regularized, both in
cleons and other strongly interacting states, called hadronsthe ultraviolet and in the infrared. A particularly conve-
Due to the highly non-linear structure of these interactions, nient choice is the lattice, as introduced by Wilson [4,5].
any form of ab-initio determination of the properties of The finite lattice spacing and the finite four-dimensional
these hadrons from the underlying interaction of quarks box volumeV = L* provide such a regularization. In other
and gluons has remained a challenge for decades. The goakords, they make sure that the generating functional
of this contribution is to describe how lattice QCD tack-

les the problem and allows us to obtain results with fully Z[n,n] = (2)
controlled systematics. JDu & J Sodx=3 [[W(D+myymy+ym] dx _
At first sight QCD is rather analogous to QED, the ZofDU DyDy e d d T =
guantum theory of relativistic electrodynamics. This is be- e < d
cause the Lagrangian (in Euclidean space) [1] ZofDU ]_[det(D+m) gL [Orm i dx g[S, dx
1 N (with sums and products running over the flavors) is well-
Loco = STH(FuwFiw) + Z y(D+m)y (1) defined, and the important property of gauge symmetry is

i=1 maintained exactly. The task is then to compute a given di-

closely resembles itQED counterpart. The flerence is ~ Mensionless ratio, e.44n/Mz, for a series of lattice spac-
that the field-strength tensby,, =d,A, — 8,A, +ig[A., A ings a, box sizesL and quark massesy, mg, ms, and to

is (for a giveny, v combination) a %3 matrix in “color” perform a well monitored extrapolation of this ratio to zero
space with a commutator term (which in the case of QED lattice spacing, infinite volume and physical values of the
is zero). The symbol TiY refers to the trace over this in- duark masses. If one can control all sources of error in each
ternal degree of freedom. A similar sum is implied in the Step, one can claim to have an ab-initio result for the strong
second term of (1) which, in addition, contains an explicit Intéractions which provide the bulk part of the mass of the
sum over the “flavors” one wants to deal with, usually “up” Visible matter in the universe.

(u), “down” (d) and “strange” §). This commutator term

and the pertinent non-linearities render QCD a fascinat- .

ing theory, but also a demanding one. One key property is2 Elements of Lattice Gauge Theory

called “asymptotic freedom” [2, 3]. It states that théee-

tive (renormalized) version of the couplimgshowing up

in F,, becomes weak at short distances. In other words,
at high energies (or high relative momentum) quarks and
gluons interact weakly, allowing for standard perturbative

Putting a non-gauge field theory on the lattice is straight-
forward. One lets the fielg reside on ad-dimensional
lattice (X, ..., Xq) with x, € {a,2a,...,N,a} and periodic
or anti-periodic boundary conditions in all directions. Fur-
thermore, one replaces derivativés#)(x) by discrete dif-
@ e-mail:s.durr (AT) fz-juelich.de ferences §(x+aj1) — ¢(x—ai))/(2a), whereu denotes the
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unit-vector in p—dLrection. This recipe provides a lattice ratio considered before, this means that
formulation of ag*-type field theory, which allows one to
address the triviality issue pertinent to such a theory. m(a) = ﬂ(0) + const(g)n + O((E)m) (3)
: ) O . Mz Mz A A

With gauge theories the situation is a bit more involved,
as a naive application of this recipe would break gauge- Wherenis a propertyof the action used to sample the phase
invariance througl®(a)-suppressed terms [4]. It was Wil-  space and to construct the interpolating fields of the states
son who noted that one can maintain gauge-invariance ex-considered, and is a QCD intrinsic scale (e.glqcp or
actly, if one lets only the matter fields (bosonic) and  the nucleon mass in the chiral limit).
¢ (fermionic) reside on the sites while the gauge field The crucial observation by Symanzik was that one may
A,(X) lives on the links connecting the neighboring sites ~ augment a given lattice action by “irrelevant” terms (i.e.
andx+/1. More precisely, it is the path-ordered exponential terms of mass-dimension 5 and higher) with coefficients
U, (X) = EXp(ing#(T)dT) which is considered the funda- tuned such that “const” in the first sub-leading term of (3)

mental object [4]. Here, the integral runs fronto x+aj, is zero. This has an enormous impact on the cost, in terms
and U,(x) is aU(1) group element in QED or 8U(3) of CPU time, of a physical result in the continuum, because
group element in QCD, respectively. it enlarges the smallest (and hence most expensive) lattice

Adding fermions makes things again a bit more tricky. SPacing at which simulations need to be carried out. For
That Grassmannian numbers cannot be directly represenillustration, let us assume the scaling regime [the region
ted through ordinary (complex) variables is not a problem, Where theO((a/A)™*) term in (3) can be neglected] starts
it simply means that the functional determinant appears in@t 0-1fm, and we wish to have data over 3/4 of the range in
(2), and not it's inverse. The more severe part is that the Which we extrapolate linearly. In a theory wiB{a) cut-off
straightforward (so-called “naive”) fermion discretization effects, we would sample atfm ~ 0.025,0.05,0.075,0.1,
yields Z species, not just one. In [5] Wilson provides a While in a theory withO(a?) effects we would usa/fm =
clear solution to this so-called “doubling problem” which, 0.05.0.071,0.087,0.1. This factor of 2 on the smallest lat-
however, comes at the price of destroying chiral symme- tiC€ Spacing amounts to great savings. _
try throughO(a) lattice artefacts. Later it was realized that Following these general ideas the Budapest-Marseille-
this is a specific manifestation of a general theorem which Wuppertal collaboration uses the Symanzik action [12]

excludes that a simple (read: ultra-local) action would si- B b

multaneously be undoubled and chiral [6, 7]. Sy =73 Z {Co Z [1-ReTr(Uj)] +
Perhaps the most important feature of Wilson’s formu- X Isp<r=4

lation of QCD [4, 5] is that confinement follows as a disor- c 1 — Re Tr(U*? } 4

der phenomenon in the strong-coupling limit (see e.g. [8] 11<;;<4[ (U] @

for a review), and the task is thus to show that this feature _ _ _
persists in the opposite (weak coupling) lirit> 0. Last for the gluons and the Sheikholeslami-Wohlert action [13]
but not least, from an analytical point of view this formula- L&

tion is a bit uneasy, since it breaks Lorentz symmetry, thus S = a* {_ - Y, .

giving rise to a plethora of terms. f ZX: 2a #Z_; tﬂx[(}/ﬂ Wrssi

4
OOV s + G+
3 Choice of Lattice Action and Algorithm _ 52 {C%v Zﬁx(fqux,yv[V]wx} )
X H<V

Creutz was the first author to notice [9] that well estab- for the quarks, withr,, = (i/2)[y,. 7] and hermitearf,,.
lished importance sampling techniques from statistical me-The improvement coefficients are set to their tree-level val-
chanics can be used to calculate specific ratios of QCDeg j.ec,=-1/12,co=1-8c, =5/3 andcsw = 1. Note that
functional integrals in Euclidean space on the computer. j, (4) the original (“thin”) gauge linksJ,,, are used to de-
With this technique and the gluon and fermion discretiza- fina the %1 and &2 Wilson loopsU < andU2 whereas
tions given in [4,5] one can in principle carry out Wil- i, (5) mogified (“fat”) gauge Iinks\};; are used which re-
son's program. In practice things look somewhat different. 4e 15 theu,, through 6 levels of stout smearing [14].
The reason is that the cost, in terms of CPU time, grow i

her d -callv al h fthe directi This is a legal modification with an enormous impact on
rather dramatically along each one of the directians 0, poth the stability of the simulation and the speed (see be-

h .

V = oo, Myg — nﬂdyswe aim for. low). Note that the usual ultra-locality of Wilson fermions
To mitigate this cost growth some theory investmentis D(x,y) = O for ||[x—y|| > a is maintained, but the ultra-

required. Let me discuss how the continuum limit> O is locality with respect to changes in the gauge field is re-

accelerated, postponing the other two steps for a momentplaced by a locality in the modern sense. By this we mean
The conceptual background for controlling the costs of the that 6(D(X, y))/6(A(2)) falls off exponentially az moves
continuum limit has been laid out by Symanzik [10,11]. away fromx=y, see [15] for details.

The starting point is that on the lattice any dimensionless  The cost of a QCD simulation with the HMC algo-
ratio differs from its value in the continuum by terms which rithm [16] is dominated by frequently solving sparse sys-
scale with a certain power af For the nucleon-to-xi mass  tems of the formD+m){(D+m)x = b, to keep track of the
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Fig. 1. Synopsis of the quark mass extrapolation of our data to the physical vaing ¢¢quivalentlyto the physical value of1,). In

the left plot a mass-independent scale setting is used (th@ghat the physical mass point), in the right plot only dimensionless ratios
are considered (i.e. the scale is set throalyh: in the actual simulation). As expected, the resulting predictions at the physical mass
point are fully consistent. Our data at three lattice spacings seem to lie on a universal line, confirming the good scaling seen in [22].

change of the functional determinant in (2). There is a bat- [i.e. the prefactor of the (a/A)term] seems to be small.

tery of tricks to ease this task. We use even-odd precondi-We find it remarkable that these properties hold true out to

tioning [17], multiple time-scale integration [18] (“Sexton- lattice spacings arourah 0.16 fm.

Weingarten scheme”), multiple mass preconditioning [19]

(“Hasenbusch trick”), Omelyan integrator [20], RHMC for

the strange quark [21] and mixed-precision solver [22]. 5 Ap-initio calculation of Hadron Masses

As noted in the literature [23,24] combining several of

these ingredients yields a dramatic reduction of the criti- Aq mentioned in the introduction, one of the classic goals

qal slowing down that has traditionally been observed for ¢ |attice QCD is to get the spectrum of the light hadrons

light quark masses. correct. To provide an ab-initio calculation, such a study
should simultaneously satisfy the following requirements:

1. Inclusion of they, d, ands quarks in the fermion deter-
minant with an exact algorithm.

2. A complete determination of the masses of the light
flavor-nonsinglet pseudoscalar and vector mesons, as
well as the baryon octet and decuplet.

3. Large box volumes to guarantee small finite-size ef-
fects on one-particle states and, in addition, at least
one data point at an even larger volume to confirm the
smallness of these effects.

. Controlled interpolations and extrapolations of all re-

sults to the physical values of the quark magssgand

myg = (my+my)/2, respectively.

Controlled extrapolations to the continuum+®), re-

quiring that the data are generated at no less than three

values of the lattice spaciray

4 Algorithm Stability and Scaling Tests

Having specified our action and algorithm, it is important
to verify that it entails a nice scaling of physical observ-
ables towards the continuum and — a point particularly rel-
evant for (improved) Wilson fermions — algorithmic sta-
bility. We have performed several stability analysis [22],
including a hysteresis test (to detect a nearby bulk phase
transition) and a determination of the smallest (in magni- 4
tude) eigenvalue of the hermitean Wilson operdiigy =
vs(D+m). The latter test shows how the distributionigfi,

gets narrower, at a fixed physical quark mass, as the lattice
spacing diminishes. In practice, it is far more convenient ~
to monitor the inverse iteration count mof the solver

[22], since this quantity is closely relatedtgi, and comes

for free. An explicit example from &k = 2+ 1 run (with | would like to stress that important progress on each indi-
a degenerate quark masgy for the first two flavors and  vidual point has been made by a number of groups, but a
a heaviems for the third one) aM, = 190 MeV has been  simultaneous fulfillment of all these requirement has been
shown in [22]. Itindicates a clear gap, providing strong ev- elusive prior to [15]. As the first and the last point have al-
idence for the stability of the algorithm. We monitor ready been discussed in the previous section, | concentrate
in all our production runs. on the remaining three.

Furthermore, in [22] various scaling tests have been  Regarding point 2, | just mention that particles with
carried out, mostly folN; = 3 QCD at a common quark a significant admixture of flavor-singlet states have been
mass which roughly corresponds to the physical strangeomitted, since they require a dedicated all-to-all propagator
guark mass. Both the nucleoN) and the delta (4) mass technique and massive 1/O capabilities which (at the time
have been found to scale rather well, that is the term pro-when these simulations were performed) were not avail-
portional toa/A in (3) seems to be absent and the slope able on BG/L and BG/P.
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Fig. 2. Our ab-initio calculation [15] of the light hadron spectrum with three light flavors (pseudoscalar and vector meson octet, baryon
octet and decuplegxcluding states with significant flavor singlet admixture), compared to experiment. In the latter case states which
decay under strong interactions are shown with their width. The error-bars on our data include statistical and systematic uncertaintie
Note thatM,;, Mk, Mz have no error-bar, since they have been used as input to adjust the quark masses and to set the lattice spacing.

Regarding point 3, let me emphasize that the effect small amount of curvature. Moreover, that our pion mass
of the finite spatial volume has been corrected for, evenreaches down to 190 MeV implies that we need to extrap-
though these effects were tiny. In particular for two stable olate very little to reach the target value of 135 MeV. We
states (the pion and the nucleon) th€L)/M predictions do this both via a Taylor fit and via formulae from Chiral
of Chiral Perturbation Theory [25,26] have been tested by Perturbation Theory [28]. In a similar sense the scale is set
augmenting our dataset by dedicated simulations with aeither through the value @Mz at the (extrapolated) phys-
smaller and larget.. We found complete agreement be- ical mass point or through the value @1z in the actual
tween our data and the prediction. simulation. Both methods are shown in Fig. 1, and the re-

sults at the physical mass point are in complete agreement.

Regarding point 4, two comments are in order. The first Similarly, one may choose to set the scale through@he
one concemns the fact that the differemds”*—m)™* is rather than thez, which, again, yields consistent results at
small compared to the typical scale in hadron physics. Thethe physical mass point.
effects due to this splitting are tiny compared to our error-
bars, and a similar statement holds true for the effects due The last two options are, in fact, just two examples
to the electromagnetic interactions of the quarks (which we of the overall analysis strategy adopted in [15]. Whenever
do not attempt to simulate on the lattice). This implies that there are several reasonable ways of how to set a given
we need to correct the physical valuesMf, My, M= to variable to its physical value, we do not just use one of
which we want to tune our simulation, for the influence of them, but we use them all in a systematic form. Each time
isospin breaking and electromagnetic effects. On this pointwe perform a full analysis, including an assessment of the
we follow [27] and choséM,; = 135 MeV, M = 495 MeV statistical error via a complete bootstrap procedure, lead-
and Mz = 1318 MeV as input values. The fact that each ing to an overall distribution of the central values. From
one of these values comes with an error of a few MeV is this distribution we draw, in the final phase of the analysis,
accounted for and contributes to the final systematic er-our central value and the best estimate of the overall the-
ror. The second comment concerns the details of the quarkoretical or systematic uncertainty. This uncertainty is then
mass extrapolation and the scale setting. As one can seadded (in quadrature) to the statistical uncertainty to give
in Fig. 1, our data, when plotted agaidf, show a rather  the error-bars depicted in Fig. 2.
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6 Summary and Outlook 6.

| have reported on an ab-initio calculation of the spectrum 7.
of the light pseudoscalar and vector mesons and octet and

decuplet baryons in QCD with fully controlled system- g
atics, as performed by the Budapest-Marseille-Wuppertal g

collaboration [15]. The outcome is in perfect agreement 10
with experiment. As a result we can claim to understand 11.

the origin of the bulk of the visible mass in the universe 12
guantitatively and from first principles; it is due to the dy-

namical mechanism which binds almost-massless quarks; 3.

and exactly-massless gluons into protons and neutrons, th-
ereby giving them a mass of order 1 GeV each.
In my view this is more of a beginning rather than the

end. Within QCD there is still a number of challenges. One 15

of them is to obtain similarly precise results for the mass
and the decay width of states which decay under strong in-

teractions, even though the pertinent conceptual questions g

have been solved [29, 30].

By the general philosophy that “yesterdays discovery is 17.

todays high-precision measurement and tomorrows back-
ground”, we are now in an era where large-scale lattice 1g
QCD simulations are used to separate QCD effects from

the electroweak observables we are interested in. Typicaljg.

examples includdy / f,, fp./fp, Bk, Bg and various form
factors between pions, kaons, aB&ndD mesons, since
these QCD matrix elements are needed for a precise deter-

mination of various Standard Model parameters, including 21

the CKM matrix elements. In particular, tests of the unitar-

ity of this matrix have the potential to establish stringent 22

bounds on the flavor structure of possible extensions of the

Standard Model; see e.g. [31] for an overview. Last but 23

not least, there is the possibility that the reality beyond the
Standard Model itself may contain some strongly interact-
ing degrees of freedom.

25.
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