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Two-particle Bound States: Mesons and Glueballs
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Abstract. A relativistic quantum-field model based on analytic confinement is considered to study the twoquark and two-gluon bound states. For the spectra of two-particle bound states we solve the ladder Bethe-Salpeter
equation. We provide a new, independent and analytic estimate of the lowest glueball mass and found it at 1660
MeV. The conventional mesons and the weak decay constants are described to extend the consideration. By
using a few parameters (the quark masses, the coupling constant and the confinement scale) we obtain numerical
results which are in reasonable agreement with experimental evidence in the wide range of energy scale from
140MeV up to 9 GeV. The model can serve a reasonable framework to describe simultaneously different sectors
in low-energy particle physics.

1 Introduction
The calculations of hadron mass characteristics on the level
of experimental data precision still remain among the unsolved problems in QCD due to some technical and conceptual difficulties related with the color confinement and
spontaneous chiral symmetry breaking. We are far from
understanding how QCD works at longer distances. The
well established conventional perturbation theory cannot
be used at low energy, where the most interesting and novel
behavior is expected [1].
The confinement and dynamical symmetry breaking are
two crucial features of QCD, although they correspond to
different energy scales [2, 3]. The confinement is an explanation of the physics phenomenon that color charged particles are not observed, the quarks are confined with other
quarks by the strong interaction to form bound states so
that the net color is neutral. However, there is no analytic
proof that QCD should be color confining and the reasons
for quark confinement may be somewhat complicated.
At longer distances, it is useful to investigate the corresponding low-energy effective theories instead of tackling the fundamental theory itself. Although lattice gauge
theories are the way to describe effects in the strong coupling regime, other methods can be applied for some problems not yet feasible with lattice techniques. So data interpretations and calculations of hadron characteristics are
frequently carried out with the help of phenomenological
models. Different nonperturbative approaches have been
proposed to deal with the long distance properties of QCD,
such as chiral perturbation theory [4], QCD sum rule [5],
heavy quark effective theory [6], etc. Along outstanding
advantages these approaches have obvious shortcomings.
Particularly, rigorous lattice QCD simulations [7] suffer
from lattice artifacts and uncertainties and cannot yet give
a
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reliable result in low-energy hadronization region. The coupled Schwinger-Dyson equation is a continuum method
without IR- and UV-cutoffs and describes successfully the
QCD vacuum and the long distance properties of strong interactions such as confinement and chiral symmetry breaking (e.g., [8]). However, an infinite series of equations requires to make truncations which are gauge dependent. The
Bethe-Salpeter equation (BSE) is an important tool for studying the relativistic two-particle bound state problem in a
field theory framework [9]. The BS amplitude in Minkowski
space is singular and therefore, it is usually solved in Euclidean space to find the binding energy. The solution of
the BSE allows to obtain useful information about the understructure of the hadrons and thus serves a powerful test for
the quark theory of the mesons. Numerical calculations indicate that the ladder BSE with phenomenological potential models can give satisfactory results (e.g., see [10]).
There exist different suggestions about the origin of
confinement, some dating back to the early eighties (e.g.,
[11,12]) and some more recent based on the Wilson loop
techniques [13], string theory quantized in higher dimensions [14] and lattice Monte-Carlo simulations (e.g., [15])
etc. It may be supposed that the confinement is not obligatory connected with the strong-coupling regime, but may
be induced by the nontrivial background fields. One of the
earliest suggestion in this direction is the Analytic Confinement (AC) based on the assumption that the QCD vacuum is realized by the self-dual vacuum gluon fields which
are stable versus local quantum fluctuations and related to
the confinement and chiral symmetry breaking [11]. This
vacuum gluon field could serve as the true minimum of
the QCD effective potential [16]. Particularly, it has been
shown that the vacuum of the quark-gluon system has the
minimum at nonzero self-dual homogenous background
field with constant strength and the quark and gluon propagators in the background gluon field represent entire an-
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alytic functions on the complex momentum plan p2 [17].
However, direct use of these propagators for low-energy
particle physics problems encounters complex formulae and
cumbersome calculations.
It represents a certain interest to combine the AC conception and the BSE method within a phenomenological
model and to investigate some low-energy physics problems by using the path-integral approach. Particularly, it
is shown that a ’toy’ model of interacting scalar ’quarks’
and ’gluons’ with AC could result in qualitatively reasonable description of the two- and three-particle bound states
[18] and obtained analytic solutions to the ladder BSE lead
to the Regge behaviors of meson spectra [19]. This model
was further modified in [20], applied to leptonic decay constants in [21] and used to simultaneously compute meson
masses and estimate the mass of the lowest-lying glueball
in [23]. Below we consider an extended and more realistic model by taking into account the spin, color and flavor
degrees of constituents. Here the aim is to collect all necessary formulae, explain the method in detail and show that
the correct symmetry structure of the quark-gluon interaction in the confinement region reflected in simple forms
of the quark and gluon propagators can result in quantitatively reasonable estimates of physical characteristics in
low-energy particle physics. In doing so, we build a model
describing hadrons as relativistic bound states of quarks
and gluons and to calculate with reasonable accuracy the
hadron important characteristics such as the lowest glueball mass, mass spectra of conventional mesons and the
decay constants of light mesons.

2 The Model
Because of the complexity of QCD, it is often prudent to
examine simpler systems exhibiting similar characteristics
first. Consider a simple relativistic quantum-field model of
quark-gluon interaction assuming that the AC takes place.
The model Lagrangian reads [20]:
2
1 A
Fµν − g f ABC AµB ACν
4 
X
h
iab 
+
q̄af γα ∂α − m f + gΓCα ACα qbf ,

L= −

(1)

f

where ACα - gluon adjoint representation (α = {1, ..., 4});
A
Fµν
= ∂µ AνA − ∂ν AµA ; f ABC - the S Uc (3) group structure
constant ({A, B, C} = {1, ..., 8}); qaf - quark spinor of flavor
f with color a = {1, 2, 3} and mass m f ; g - the coupling
strength, ΓCα = iγα tC and tC - the Gell-Mann matrices.
Consider the partition function
( Z
)
ZZ
Z
Z(g) =
Dq̄ Dq DA exp − dx L[q̄, q, A] ,
Z(0) = 1 .

(2)

We allow that the coupling remains of order 1 (i.e., α s =
g2 /4π ∼ 1) in the hadronization region. Then, the consideration may be restricted within the ladder approximation
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sufficient to estimate the spectra of two-quark and twogluon bound states with reasonable accuracy [20,23]. The
path integrals defining the leading-order contributions to
the two-quark and two-gluon bound states read:
(
E )
g2 D
2
−1
(q̄ΓAq)
,
Zqq̄ =
Dq̄Dq exp −(q̄S q) +
D
2


 g
,
(3)
ZAA = exp − ( f AAF)
2
D
Z
1
−1
h(•)iD  DA e− 2 (AD A) (•) .
ZZ

The Green’s functions in QCD are tightly connected to
confinement and are ingredients for hadron phenomenology. The structure of the QCD vacuum is not well established and one may encounter difficulties by defining the
explicit quark and gluon propagator at the confinement scale.
Obviously, the conventional Dirac and Klein-Gordon forms
of the propagators cannot adequately describe confined
quarks and gluons in the hadronization region. Any widely
accepted and rigorous analytic solutions to these propagators are still missing. Besides, the currents and vertices
used to describe the connection of quarks (and gluons)
within hadrons cannot be purely local. And, the matrix
elements of hadron processes are integrated characteristics of the propagators and vertices. Therefore, taking into
account the correct global symmetry properties and their
breaking, also by introducing additional physical parameters, may be more important than the working out in detail
(e.g., [22]).
Due to the complexity of explicit Green functions derived in [17], we examine simpler propagators exhibiting
similar characteristics. Consider the following quark and
gluon (in Feynman gauge) propagators:

 2


 p + m2f 
+ m f [1 ± γ5 ω(m f )]


,
exp 
= δ
−


2


Λm f
2Λ 


δµν
AB
D̃µν
(p) = δAB 2 exp −p2 /4Λ2 ,
(4)
p

S̃ ±ab ( p̂)

ab i p̂

where p̂ = pµ γµ and ω(z) = 1/(1+z2 /4Λ2 ). The sign ’±’ in
the quark propagator corresponds to the self- and antiselfdual modes of the background gluon fields. These propagators are entire analytic functions in Euclidean space and
may serve simple and reasonable approximations to the explicit propagators obtained in [17]. Note, the interaction of
the quark spin with the background gluon field generates
a singular behavior S̃ ± ( p̂) ∼ 1/m f in the massless limit
m f → 0. This corresponds to the zero-mode solution (the
lowest Landau level) of the massless Dirac equation in the
presence of external gluon background field and generates
a nontrivial quark condensate
Z 4
i
D
E
d p h
Tr S̃ ± ( p̂)
q̄ f (0)q f (0) = −
4
(2π)


2

3


6Λ

 mf 
,0
= − 2 exp 

− 2Λ2 


π

(5)
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indicating the broken chiral symmetry as m f → 0. A mass
splitting appears between vector and pseudoscalar mesons
(MV > MP ) consisting of the same quark content.
Our model has a minimal number of parameters, namely,
the coupling constant α s , the scale of confinement Λ and
the quark masses {mud , m s , mc , mb }. Hereby, we do not distinct the masses of lightest quarks, so mu = md = mud .
Below we describe the main steps in our approach on
the example of the quark-antiquark bound state [21].
Allocate the one-gluon exchange between colored biquark currents
ZZ


g2 X
dx1 dx2 q̄ f1 (x1 )iγµ t A q f1 (x1 )
L2 =
2 f f
1 2


AB
Dµν (x1 , x2 ) q̄ f2 (x2 )iγν t B q f2 (x2 ) .
(6)

0 0

4 ii0 j j0 1 A ii0 A j j0
δ δ − (t ) (t ) .
9
3

J

ξi = m fi /(m f1 + m f2 ) ,

i = 1, 2 .

Then, we rewrite (6)
ZZ
2g2 X
L2 =
C J dxdyJ J f1 f2 (x, y)D(y)J J† f1 f2 (x, y), (7)
9 Jf f
1 2



J J f1 f2 (x, y) = q̄ f1 (x + ξ1 y) O J q f2 (x − ξ2 y) .

Introduce a system of orthonormalized functions {U Q (x)}:
Z
0

dx U Q (x) U Q0 (x) = δQQ ,

Then, (7) can be rewritten as follows
Z
g2 X
dx JN (x)JN (x) .
L2 =
2 N
Represent the exponential by using a Gaussian path integral
P 2
(JN )

D
E
= eg(BN JN ) ,
B
Z Y
1
2
DBN e− 2 (BN ) (•) ,
h(•)iB 
g2
2

N

h1iB = 1

N

B

where J = {S , P, V, A, T }, C J = {1, 1, 1/2, −1/2, 0} and
O J = {I, iγ5 , iγµ , γ5 γµ , i[γµ , γν ]/2}.
For systems consisting of quarks with different masses
it is important to pass to the relative co-ordinates (x, y) in
the center-of-masses system:

where

N = {QJ f1 f2 } .

by introducing auxiliary meson fields BN (x). Then,
*Z Z
n
o+
−1
Zqq̄ =
Dq̄Dq exp −(q̄S q) + g(BN JN )
.

Perform a Fierz transformation
X
C J · OJ OJ ,
(iγµ )δµν (iγν ) =

xi = x − (−1)i ξi y,

JN† (x) = JN (x) ,

e

The color-singlet combination is isolated:
(t A )i j δAB (t B ) j i =

and a colorless bi-quark current localized at the center of
masses:
Z


JN (x) 
dy q̄ f1 (x) VQJ (x, y) q f2 (x) ,

X

U Q (z) U Q (y) = δ(z − y) .

Q

Expand the bi-quark nonlocal current on the basis
D(y) J J† f1 f2 (x, y)
Z
p
p
= D(y) dz δ(z − y) D(z) J J† f1 f2 (x, z)
XZ
p
p
=
dz D(y)U Q (y) · D(z)U Q (z) J J† f1 f2 (x, z) .
Q

Define a vertice function VQJ (x, y)
q̄ f1 (x) VQJ (x, y) q f2 (x)
p
2p
C J D(y)U Q (y)q̄ f1 (x + ξ1 y) O J q f2 (x − ξ2 y)

3

Now we can take explicit path integration over quark
variables and obtain



Zqq̄ → Z = exp Tr ln 1 + g(BN VN )S B ,
P
where Tr  Trc Trγ ± , Trc and Trγ are traces taken
P on
color and spinor indices, correspondingly, while ± implies the sum over self-dual and anti-self-dual modes.

3 Mesons
In particle accelerators, scientists see ’jets’ of many colorneutral particles in detectors instead of seeing the individual quarks. This process is commonly called hadronization and is one of the least understood processes in particle
physics.
Introduce a hadronization Ansatz and identify BN (x)
fields with mesons carrying quantum numbers N. Isolate
all quadratic field configurations (∼ B2N ) in the ’kinetic’
term and rewrite the partition function for mesons [23]:

Z Y

h
i


0
 1 X
Z =
DBN exp 
−
BN δNN + ΠNN 0 BN 0

 2
NN 0
N
−Wres [BN ]} ,

(8)

where the interaction between mesons is described by the
residual part Wres [BN ] ∼ 0(B3N ).
The leading-order term of the polarization operator is
ΠNN 0 (z1 − z2 )
ZZ

dxdy UN (x) α s λ(z1 − z2 , x, y) UN 0 (y) ,

(9)
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where the Fourier transform of the kernel reads
Z
α s λ JJ 0 (p, x, y) = α s dz eipz λ JJ 0 (z, x, y)
√
Z 4
d k −ik(x−y)
4g2 C J C J 0 p
e
D(x)D(y)
=
9
(2π)4
h



i
·Tr O J S̃ k̂ + ξ1 p̂ O J 0 S̃ k̂ − ξ2 p̂ .

(10)

Diagonalize the polarization kernel on the orthonormal
basis {UN }:
Z
dyλ JJ 0 (p, x, y) UN 0 (y) = λN (−p2 ) UN 0 (x)
or,
ZZ
0

dxdyUN (x)λ JJ 0 (p, x, y)UN 0 (y) = δNN λN (−p2 )
that is equivalent to the solution of the corresponding ladder BSE.
In relativistic quantum field theory a stable bound state
of n massive particles shows up as a pole in the S-matrix
with a center of mass energy. Accordingly, the meson mass
may be derived from equation:
2
1 + α s λN (MN
) = 0,

2
−p2 = MN
.

(11)

The following renormalization takes place:
(UN [1 + α s λN (−p2 )]UN )
2
2
2
= (UN [1 + α s λN (MN
) + α s λ̇N (MN
)[p2 + MN
]UN )
dλ
(z)
N
2
= (UR [p2 + MN
]UR ) ,
λ̇N (z) 
,
(12)
dz
where the renormalized state function reads
q
2
) · UN (x) .
UR (x) = α s λ̇N (MN

(13)

The use of path-integral technique leads to the following practical advantages over simply solving a BSE with
one-boson exchange:
- the vacuum functional may be written in alternative
representations, either through original variables of quarks
and gluons or, in terms of bound states, i.e., we obtain socalled ’quark-hadron duality’,
- the BS kernel (10) is natively obtained in a symmetric
form,
- the normalization of the operators of bound states is
performed in the most simple way by keeping the condition
λ̇(M J ) > 0 evident,
- after renormalization (12) the partition function of the
system of BN fields takes the conventional form with a kinetic term and interaction parts.
3.1 Pseudoscalar and Vector Meson Ground States



In the quark model q f1 q̄ f2 bound states are classified in
J PC multiplets. For a pair with spin s = {0, 1} and angular
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momentum ` the parity is P = (−1)`+s and the total spin is
|` − s| < J < |` + s|. Below we consider the meson ground
states (` = 0, nr = 0), the pseudoscalar (P : J PC = 0−+ )
and vector (V : J PC = 1−− ) mesons, the most established
sectors of hadron spectroscopy.
We should derive the meson masses from equation (11).
The polarization kernel λN (−p2 ) is real and symmetric that
allows us to find a simple variational solution to this problem. For the ground-state we choose a trial function [21,
23]:
)
(
p
aΛ2 x2
,
U(x, a) ∼ D(x) · exp −
4
Z
dx |U(x, a)|2 = 1 ,
a > 0.
(14)
Substituting (14) into (11) the following variational equation defining the masses of P and V mesons as follows:
1 = −α s · λ J (Λ, M J , m1 , m2 )
 2 2
2
2
2

α s C J Λ2

 M J (ξ1 + ξ2 ) − m1 − m2 
exp 
=



3πm1 m2
2Λ2
"


#
2


 aM J2 (ξ1 − ξ2 )2 
 (6a − 1)(1 − 2a)

· exp −
· max 

1/4<a<1/2 
a
2Λ2


M2 

· 4aρ J + 2J ξ1 ξ2 + a(2 − aρ j )(ξ1 − ξ2 )2
Λ

m1 m2 
(15)
+ 2 1 + χ J ω (m1 ) ω (m2 ) ,
Λ
where C J = {1, 1/2}, ρ J = {1, 1/2} and χ J = {1, −1} for
J = {P, V}.
Localization of the meson field at the center of masses
of two quarks results in the following asymptotic properties. For mesons consisting of two very heavy quarks
(m1 = m2 = m  1) we solve (15) and obtain the correct asymptotic behavior
!
3π
.
ε J  4 ln
M J2 = 4m2 + ε J ,
√
32 (7 − 4 3) C J α s
Note, the next-to-leading value ε J does not depend on any
masses. Moreover, εV > εP because the corresponding
Fierz coefficients obey C P = 1 > CV = 1/2. The mass
splitting MV > MP remains for ’heavy-heavy’ quarkonia.
For a ’heavy-light’ quarkonium (m1  1 , m2 ∼ 1) we
estimate the mass
M J2 = m21 −  J ,

 J ,  J (M J ) .

3.2 Weak Decay Constants

An important quantity in the meson physics is the weak
decay constant. The precise knowledge of its value provides great improvement in our understanding of various
processes convolving meson decays. For the pseudoscalar
mesons the weak decay constant fP is defined by the following current-meson duality
i fP pµ = h0|JA (0)|UR (p)i ,
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where aP is the value of parameter a calculated for given
meson with mass MP .
Particularly, for an ’asymmetric’ meson containing an
infinitely heavy quark (m1  m2 ∼ 1) we obtain the correct asymptotic behavior
√
fP ∼ 1/ m1
due to the localization of meson field at the center of two
quark masses.

To calculate the meson masses we need to fix the model
parameters. We determine the quark mass mud and the coupling constant α s from equations:
(17)

by fitting the well established mesons π(138) and ρ(770)
at different values of Λ. The remaining constituent quark
masses m s , mc and mb are determined by fitting the known
mesons K(495), J/Ψ (3097) and Υ(9460) as follows:
1 + α s λP (Λ, 495, mud , m s ) = 0 ,
1 + α s λV (Λ, 3097, mc , mc ) = 0 ,
1 + α s λV (Λ, 9460, mb , mb ) = 0 .
The dependencies of the estimated constituent quark masses
on Λ are plotted in Fig. 1.
The sharp drop of all quark mass curves in Fig.1 may
be shortly explained as follows. Note, two equations in
Eqs. (17) mostly differ by meson masses in exponentials
along different numerical factors C J , ρ J and χ J . They have
general solutions {mud , α s } not for any Λ. Suppose, at fixed
Λ = Λ0 they are solvable. Then, for finite coupling α s
the solution mud is obviously finite to obey both equations.
However, for vanishing α s → 0 the equations take form
1≈

αs C J
· const(Λ0 , M J , ρ J )
m2ud

Quark mass (MeV)

1096.63316

403.42879

148.41316

54.59815

u
s
c

20.08554

b
7.38906

380

400

420

440

460

480

(MeV)

Fig. 1. Solutions for constituent quark masses versa the confinement scale value Λ.
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3.3 Numerical Results

1 + α s λP (Λ, 138 MeV, mud , mud ) = 0 ,
1 + α s λV (Λ, 770 MeV, mud , mud ) = 0

2980.95799

Meson mass (MeV)

where JA is the axial vector part of the weak current and
UR (p) is the normalized vector of state.
We estimate
√ Z
Z
p
dk
2g
dx e−ikx UR (x) D(x)
fP · pµ =
4
3
(2π)
h



i
Tr iγ5 S̃ k̂ + ξ1 p̂ γ5 γµ S̃ k̂ − ξ2 p̂
q
32 Λ α s 2λ̇(MP2 ) (1 − 2a )(6a − 1)
P
P
= pµ ·
(1 + 2aP )2
3 π3/2 (m1 + m2 )
 2 2
#
"
 M (ξ + ξ22 )
aP (m1 − m2 )2
exp  J 1
1+
1 + 2aP m1 m2
2

2
2
m + m2

aP
−
M 2 (ξ1 − ξ2 )2  ,
(16)
− 1
2
1 + 2aP P

380

400

420

440

460

480

(MeV)

Fig. 2. Solutions for some meson masses in dependence on the
confinement scale value Λ.

√
and the solution for quark mass behaves mud ∼ α s → 0.
This picture is observed in Fig.1.
By using these quark masses and coupling constant we
can estimate other meson masses in dependence on Λ and
the some results are shown in Fig. 2.
To fix the value of parameter Λ we calculate the weak
decay constants fπ and fK to compare with experimental
data. Note, these constants considerably depends on Λ (see
Figure 3) that allows us to fix it unambiguously at Λ =
416.4 MeV.
The final set of model parameters are fixed as follows:
α s = 1.5023 ,
mud = 206.9 MeV ,
mc = 1453.8 MeV ,

Λ = 416.4 MeV ,
m s = 323.6 MeV
mb = 4698.9 MeV . (18)

With these parameters we have estimated the pseudoscalar
and vector meson masses shown in Table 1 and compared
with experimental data [24]. The relative error of our estimate does not exceed 3.5 per cent in the whole range of
mass (from 140 MeV up to 9.5 GeV).
There are mainly two schemes describing ω − Φ and
η−η0 mixings [24]. The octet-singlet scheme √
uses the mixing angle θ between states (uū + dd̄ − 2s s̄)/ 6 and (uū +
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300

this expectation because it is estimated to fit the π meson
mass and so, the corresponding energy scale is ∼ 140 MeV.
We keep this value for further calculations.
The weak decay constants of light mesons are well established data and many groups (MILC [29], NPLQCD
[30], HPQCD [31], etc.) have these with accuracy at 2 percent level. Therefore, these values are often used to test any
model in QCD. By substituting optimal values of
{mud , m s , α s , Λ} (18) into (16) we calculate

Weak Decay Constants (MeV)

f
f

250

200

150

fπ = 128.8 MeV ,
fK = 157.7 MeV .

100

50

380

400

420

440

460

480

(MeV)

Fig. 3. Weak decay constants depending on the confinement scale
value Λ.
Table 1. Estimated spectrum of conventional mesons (in MeV).
J

PC

−+

=0

MP

J

PC

−+

=0

MP

π(138)
K(495)
η(547)
D(1870)
D s (1970)

138
495
547
1840
1970

ηc (2979)
B(5279)
Bs (5370)
Bc (6286)
ηb (9300)

3012
5437
5551
6522
9434

J PC = 1−−

MV

J PC = 1−−

MV

ρ(770)
ω(782)
K ∗ (892)
Φ(1019)
D∗ (2010)

770
785
909
1022
1942

D∗s (2112)
J/Ψ (3097)
B∗ (5325)
Υ(9460)

2078
3097
5464
9460

√
dd̄+s s̄)/ 3. We use the quark-flavor
based mixing scheme
√
between states (uū + dd̄)/ 2 and s s̄ with mixing angle ϕ.
These two schemes
√ are equivalent to each other by θ = ϕ −
π/2 + arctan(1/ 2) when the S U(3) symmetry is perfect.
◦
Particularly, for ’ideal’ vector mixing the angle is ϕid
V = 90
id
◦
or, θV = 35.3 .
With fixed parameters (18) we calculate a relatively
heavy mass MV (s s̄) = 1064 MeV of vector s s̄ state. To
obtain correct masses of ω(782) and Φ(1019) one needs
a considerable mixing to light quark-antiquark state with
mixing angle ϕV ' 73.2◦ which differs significantly from
the ’ideal’ value. By using the same parameters (18) we
obtain a pseudoscalar s s̄ state with mass MP (s s̄) = 705
MeV. We cannot describe the physical mass of η0 (958) by
any mixing to light-quark pair and can only fit the correct
mass MP (η) = 547 MeV at angle ϕP ' 58.5◦ . Our model
fails to describe simultaneously η − η0 mixing. This problem obviously deserves a separate consideration.
Note, the infrared behavior of effective QCD coupling
α s is not well defined and needs to be more specified [25–
27]. In the region below the τ-lepton mass (Mτ = 1.777
GeV) the strong coupling value is expected between
α s (Mτ ) ≈ 0.34 [24] and the infrared fix point α s (0) =
2.972 [28]. Our parameter α s = 1.5023 does not contradict
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(19)

The obtained estimates are in agreement with the experimental data [32,24]:
fπPDG
= 130.4 ± 0.04 ± 0.2 MeV ,
−
fKPDG
= 155.5 ± 0.2 ± 0.8 ± 0.2 MeV .
−

(20)

Our model represents a reasonable framework to describe the conventional mesons and the parameters are fixed.
Below we can consider two-gluon bound states.

4 Glueball Lowest State
Because of the confinement, gluons are not observed, they
may only come in bound states called glueballs. Glueballs
are the most unusual particles predicted by the QCD but
not found experimentally yet [33]. There are predictions
expecting non-qq̄ scalar objects, like glueballs and multiquark states in the mass range ∼ 1500÷1800 MeV [34,35].
Experimentally the closest scalar resonances to this energy
range are the f0 (1500) and f0 (1710) [36]. Some references
favor the f0 (1500) as the lightest scalar glueball [37], while
others do so for the f0 (1710) [38,39]. Recent scalar hadron
f0 (1810) reported by the BES collaboration may also be a
glueball candidate [40].
The study of glueballs currently deserves much interest
from a theoretical point of view, either within the framework of effective models or lattice QCD. The glueball spectrum has been studied by using effective approaches like
the QCD sum rules [41], Coulomb gauge QCD [42] and
potential models (e.g., [43,44]), etc. The potential models consider glueballs as bound states of two or more constituent gluons interacting via a phenomenological potential [43,45,46]. It should be noted that potential models
have difficulties in reproducing all known lattice QCD data.
Different string models are used for describing glueballs
[47,48], including combinations of string and potential approaches [44]. It has been shown that a proper inclusion of
the helicity degrees of freedom can improve the compatibility between lattice QCD and potential models [49].
An important theoretical achievement in this field has
been the prediction and computation of the glueball spectrum in lattice QCD simulations [50,51]. Recent lattice
calculations, QCD sum rules, ”tube” and constituent glue
models predict that the lightest glueball has the quantum
numbers of scalar (J PC = 0++ ) and tensor (2++ ) states [52].
Gluodynamics has been extensively investigated within
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quenched lattice QCD simulations and the lightest glueball is found a scalar object with a mass of ' 1.66 ± 0.05
GeV [53]. A use of much finer isotropic lattices resulted in
a value 1.475 GeV [51]. Recently, an improved quenched
lattice calculation of the glueball spectrum at the infinite
volume and continuum limits based on much larger and
finer lattices have been carried out and the scalar glueball
mass is calculated to be 1710 ± 50 ± 80 MeV [54].
Two-gluon bound states are the most studied purely
gluonic systems in the literature, because when the spinorbital interaction is ignored (` = 0), only scalar and tensor states are allowed. Particularly, the lightest glueballs
with positive charge parity can be successfully modeled
by a two-gluon system in which the constituent gluons are
massless helicity-one particles [55].
Below we consider a two-gluon scalar bound state. We
isolate the color-singlet term in the bi-gluon current in ZAA
(4) by using the known relations :
Nc2 − 1 il jk
1 CC
t t ,
δ δ −
Nc il jk
2Nc2

2  AA0 BB0
0 0
0
0
δ δ − δAB δBA
f ABE f A B E =
3
0
0
0
0
+ d AA E d BB E − d AB E d BA E .
tCik tCjl =

The second-order matrix element containing color-singlet
two-gluon current reads [20]
ZZ

g2
AA
BB
dxdy Jµµ
LAA =
0 (x, y)Jνν0 (x, y)
12
 h 0
0
νν
BB
AA
Wµµ0 (x, y) − δµν Wνµ0 (x, y)
−Jµν
0 (x, y)Jνµ0 (x, y) · δ
i
0
0
−δνµ Wµν0 (x, y) + δµµ Wνν0 (x, y) ,
where
BC
Jµν
(x, y)  AµB (x)ACν (y) ,
∂ ∂
D(x − y) = δµν W(x − y) + . . . ,
Wµν (x, y) 
∂xµ ∂yν
1
2
e−z .
W(z) =
2
(2π)

This part consists of spin-zero (scalar) and spin-two
(tensor) components. Below we consider the scalar component.
ZZ
g2
S
dx1 dx2 J(x1 , x2 )W(x1 − x2 )J(x1 , x2 ) ,
LAA
=
3
BB
J(x1 , x2 )  Jµµ
(x1 , x2 ) .
By introducing the relative co-ordinates (x1  x + y/2
and x2  x − y/2) we rewrite
ZZ
g2
S
LAA
=
(21)
dxdy J(x, y)W(y)J(x, y) .
3
One can see that matrix element (21) is similar to (7)
by the very construction. By omitting details of intermediate calculations (similar to those represented in the previous section) we rewrite the partition function in terms of

auxiliary field B(x) as follows
)
(
Z

1
−1
ZAA → ZG =
DB exp − B G B + LI [B] ,
2
where LI [B] ∼ O(B3 ) and the BS kernel is
8 g2
Π(x − y) ,
G−1 (x − y) = δ(x − y) −
3
ZZ

t + s
p
+z
Π(z) 
dtds Un (t) W(t) D
2
p
t + s
− z W(s) Un (s) .
·D
2
The hadronization Ansatz allows us to identify B with
scalar glueball field. To find the glueball mass we should
diagonalize the Bethe-Salpeter kernel Π(z). The glueball
mass MG is defined from equation [21]:
Z
8 g2
dz eizp Π(z) = 0 ,
1−
p2 = −MG2 . (22)
3
For the lightest ground-state scalar glueball choose a
Gaussian wave function:
Z
2c −cx2
e
,
dx |U(x)|2 = 1 ,
c > 0.
U(x) =
π
Then, we derive (22) as follows
√
 2

3π(3 + 2 2)2
αs

 MG 
.
αcrit 
exp 
1=
,
 4Λ2 
αcrit
4
The final analytic result for the lowest-state glueball
mass reads
!#1/2
"
αcrit
.
(23)
MG = 2Λ ln
αs
The solution MG2 ≥ 0 exists for any α s < αcrit ≈ 80.041.
Note, the scalar glueball mass depends linearly on the
confinement scale Λ and the scaled mass MG /Λ depends
only on coupling α s (see Fig. 4). Particularly, if take values
Λ ∼ ΛQCD ≈ 360 MeV and α s ' α s (Mτ ) = 0.343 then we
estimate MG ≈ 1710 MeV.
However, our purpose is to describe simultaneously different sectors of low-energy particle physics. Accordingly,
with values α s = 1.5023 and Λ = 416.4 MeV determined
by fitting the meson masses and weak decay constants we
calculate the scalar glueball mass as follows
MG = 1661 MeV .

(24)

Our estimate (24) is in reasonable agreement with other
predictions expecting the lightest glueball located in the
scalar channel in the mass range ∼ 1500 ÷ 1800 MeV [34,
41,51,56]. The often referred quenched QCD calculations
predict 1750 ± 50 ± 80 MeV for the mass of the lightest
glueball [50]. The recent quenched lattice estimate with
improved lattice spacing favors a scalar glueball mass MG =
1710 ± 50 ± 58 MeV [54].
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= 6πα s Λ4 ≈ 0.8 GeV 4

5.5

which is the same order of magnitude with the reference
value [58]
D
E
g2 T r GµνGµν ≈ 0.5 GeV 4 .

5.0

4.5

G

M /

(26)
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s

Fig. 4. Evolution of the lowest-state glueball mass scaled to Λ
with the coupling α s .

Another important property of the scalar glueball is its
size, the ’radius’ which should depend somehow on the
glueball mass. We estimate the glueball size by using the
’effective potential’ W(y) (21) connecting two scalar gluon
currents. The glueball radius may be roughly estimated as
follows
v
tR
√
d4 x x2 W(x)
2
R
rG ∼
=
4
Λ
d x W(x)
1
≈
≈ 0.67 fm .
(25)
295 MeV
This means that the dominant forces responsible for binding gluons must be provided by medium-sized vacuum fluctuations of correlation length ∼ 0.7 fm. Consequently, typical energy-momentum transfers inside a scalar glueball occur at the QCD scale ∼ 360 MeV, rather than at the chiral
symmetry breaking scale Λχ ∼ 1 GeV (or, ∼ 5 fm).
From (23) and (25) we deduce that
!#1/2
"
√
αcrit
≈ 5.64 .
rG · MG = 2 2 ln
αs
This value may be compared with the prediction (rG · MG =
4.16 ± 0.15) of quenched QCD calculations [50,54]. A
study of the glueball properties at finite temperature using
SU(3) lattice QCD at the quenched level with the anisotropic
lattice imposes restrictions on the glueball parameters at
zero temperature: 0.37 fm < rG < 0.57 fm and MG '
1.49 GeV [57]. The nonprincipal differences of quenched
lattice QCD data from our estimates may be explained by
the presence of quarks (our parameters have been fixed by
fitting two-quark bound states) in our model.
A method of analysis of correlation functions in QCD
is to calculate the corresponding condensates. The value of
the correlation function dictates the values of the condensates. We calculate the lowest non-vanishing gluon condensate in the leading-order (ladder) approximation:
Z
D
E
2
A µν
4
g T r Fµν F A = 8Nc πα s Λ d4 z W(z)

03014-p.8

In conclusion, the suggested model in its simple form
is far from real QCD. However, our aim is to demonstrate
that global properties of the lowest glueball state and conventional mesons may be explained in a simple way in
the framework of a simple relativistic quantum-field model
of quark-gluon interaction based on analytic confinement.
Our guess about the symmetry structure of the quark-gluon
interaction in the confinement region has been tested and
the use of simple forms of propagators has resulted in quantitatively reasonable estimates in different sectors of the
low-energy particle physics. The consideration can be extended to other problems in hadron physics.
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