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Abstract. We study the four-nucleon force contribution to the binding enerdidefin the framework of chiral
nuclear interactions. The four-nucleon forces start to contribute in the next-to-next-to-next-to leading order. We
discuss our power counting expectations for the size of the 4N contribution and then explicitly calculate it in
first order perturbation theory. Our expectations agree with the results. Quantitatively, the contribution might be
significant. This motivates further studies in more complex nuclei.

1 Introduction nuclei [4-6,17,8]. But at the same time, such results show

deficiencies that indicate that part of the nuclear Hamilto-

One of the main goals of nuclear physics is the understand-Nian is not understood giciently well.

ing of the properties of nuclei based on nuclear interac-
tions. It is generally accepted that the Hamiltonian for a .
nuclear system is driven by nucleon-nucleon (NN) pair in-
teractions, for which highly accurate models have been de-
veloped [1-3]. But the application of these models to light
nuclei [4-8] has shown that NN interactions alone are not
able to provide a dfiiciently accurate description of the
data. This led to the conclusion that three-nucleon forces
(3NF’s) are required to describe nuclei based on micro-
scopic interaction$. Models for three-nucleon (3N) inter-

A systematic scheme to derive the nuclear Hamiltonian
is based on chiral perturbation theory (ChPT). Here the ap-
proximate but spontaneously broken chiral symmetry of
the QCD Lagrangian is implemented in affieetive field
theory in terms of nucleon and pion fields. Chiral symme-
try constrains the possible couplings of these fields, espe-
cially for the pions being the pseudo-Goldstone bosons re-
lated to the spontaneous symmetry breaking. Due to these
constraints, the Lagrangian and all diagrams can then be

actions exist starting with the venerable Fuijita-Miyazawa €XPanded in terms O}% whee Q is a typical momen-
force [9]. Such models have been refined by repulsive shorttum of the considered process or the pion mass 4nd
distance pieces [10] or implementing constraintsrbyu- is the chiral symmetry breaking scale of the order of the
cleon @N) scattering [11,12]. Unfortunately, due to the o meson or nucleon mass. For low momenta and systems
phenomenological character of NN interactions, none of with nucleon numbeA = 0 or 1, this leads to a pertur-
these models is based on a common footing with any of bative expansion of the relevant amplitudes. Poe 2,

the modern accurate NN interactioAsThis is however  this expansion cannot be perturbative, since bound states
a basic requirement of any combination of NN and 3N (the nuclei) exist. Weinberg recognized that diagrams with
forces since both cannot be defined independently of eactpurely nucleonic intermediate states, so called reducible
other[15]. Nevertheless, brute-force combinations of such diagrams, are responsible for this non-perturbativeness. He
NN and 3N force models, that are tuned to at least describetherefore suggested to expand a potential (the sum of all
the®H binding energy, give quite reasonable results for 3N irreducible diagrams) using the standard power counting
scattering observables [16] and binding energies of light of ChPT. Reducible diagrams can then by summed up to

infinite order by solving the Schrodinger equation based

@ e-mal: a.nogga@fz-juelich.de on such a potential [18,19]. This explains naturally why
! The term microscopic interactions refers to interactions NN forces are driving the nucleon Hamiltonian and more-

among nucleons as basic constituents of nuclei. and-more-nucleon interactions become less-and-less im-

2 For an attempt to derive NN and 3N forces from a unified portant. It also enables us to derive NN and more-nucleon

approach see [13,14]. interactions within the same framework.
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Fig. 1. Non-zero contributions to class | of 4ANF diagramg,. Fig. 2. Non-zero contributions to class Il of 4NF diagramg.

It turns out that leading order (LQ?), next-to-leading l
order (NLOQ?), next-to-next-to-leading order &NO,Q°) T
and next-to-next-to-next-to-leading ordef({D,Q*) terms
of the chiral expansions are required to obtain NN inter-
actions that have an accuracy comparable to the modern
phenomenological ones [20,21]. The leading 3NF's appear
in N2LO [22,23], some parts of the subleading terms have
been formulated [24] but not applied yet. The leading four-
nucleon force (4NF) is of ord&d* and has been derived in
[25,26]. In these proceedings we report on the application
of this 4NF, namely a calculation of its contribution to the
binding energy of‘*He. This work goes beyond our first
estimate of this 4NF contribution [27], since we now take T
the “He wave function in its full complexity into account. T"

This is especially important for a reliable estimate of short
range contributions of the 4NF. Fig. 3. Non-zero contributions to class IV of 4NF diagrams

We start introducing the chiral 4NF in Sec. 2. Then ¢aCr.
we turn to the more technical aspects and define the in-
gredients of the actual calculations in Sec. 3. In Sec. 4,
we discuss our power counting expectations for the size of --®---
the 4NF. The numerical results have been obtained using a
Monte-Carlo approach that is introduced in Sec. 5. The re-
sults are given in Sec. 6, which leads us to the conclusions
and the outlook in the final section. --®---

*--9 ®--

_ _ _ Fig. 4. Non-zero contributions to class V of 4NF diagrams
2 Chiral interactions and 4NF’s g3 Cr.

Four-nucleon interactions have already been discussed in

the 1980’s [28,29]. At the time, the conclusion was that we are now in the position to derive the complete leading
the contribution is probably small enough to be neglected. contribution of 4NF’s consistently to the chiral NN and 3N
Given that 3NF's were known to be much more important interactions.

but much less understood at the time than today, it was rea-  Here, we restrict ourselves to theezffive theory with-
sonable to neglect the 4NF’s based on the results obtainedout explicit 4 isobar degrees of freedom. We stress that
But it is timely to reconsider this part of the interactions due to the strong coupling of theN system to thet and
now for two reasons. Firstly, we are now in position that the small diference of the nucleon antimass, the inclu-
much more accurate nuclear structure calculations are possion of 4 might be advisable. For the NN and for 3NF’s,
sible, the aim being to predict the masses even of drip linethis has been done already (see e.g. [30-33]). The results
nuclei. For such an endeavor, the accuracy of the underly-confirm the importance of’s in nuclear interactions. For
ing forces needs to be much higher and 4NF's might be- the 4NF, the contribution due ttis was estimated in [34]
come quantitatively important. Secondly, we have now a based on a phenomenological approach. This study indi-
systematic scheme to derive consistent NN, 3N and 4N in-cated that thef contribution to 4NF’s is small. It will be
teractions based on chiral perturbation theory. Therefore,interesting to look at this estimate again based on chiral
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Fig. 6. Cutdf dependence of the LO LEGGs andCy for various
orders of the chiral interaction.
tions of NN or 3N interactions. We however only consider

Fig. 5. Non-zero contributions to class VII of 4NF diagrams  the irreducible parts here, which naturally separate in the
g3 C2. expressions derived. To arrive at the final expressions, it is
also mandatory to study 3N forces consistently. It turns out
that the requirement that 3NF’s are renormalizable further
interactions and to confirm that this conclusion persists in- constrains the expressions for the 4NF’s. For details, we
dependent of the choice for ciifs, but this is beyond the refer to Ref. [26] where also the final expressions of the
scope of this study. ANF can be found.

Neglecting4’s and based on the power counting of As mentioned earlier, there is a relation of the short
Weinberg, one only gets NN interactions in LQ% and range part of the leading 4N and LO NN interactions. The
NLO (Q?) and additional NN interactions and first 3NF's LO NN interaction consists of theriexchange and two
in N?LO (Q®). Up to this order the complete nuclear Hamil- contact interactions
tonian has been derived. TIg¢ terms (NLO) have been 5
completely formulated for the NN force and they proved = _( gA ) 01-902-9
to be quantitatively important for an accurate description 2F, o2 + m?

of NN data [20,21] up to the pion production threshold. H is th fum ¢ for f | to th

At this point, parts of the subleading 3NF’'s have been for- o tir:r’ gr']s -?TTgr::aeSali;T n:g?r?czrs ;%?ngqﬁ ggﬁ] e(ic;r:)s?)in)e
i _ Cbl i

mulated [24], but they have not been applied yet. The ap space of nucleon The strength of theslexchange is de-

proach has been reviewed in [35,36]. For the explicit ex- termined by th il ¢ i tantand th
pressions of the NN and 3N forces, we refer to Ref. [37] e_rmlge y the ?X:; —viacggr40('\)ﬂupvn1ghconts 9R ‘3? ftr?
where all results have been derived in the same SCheméc):)OnQac?ﬁ?r/rr?sri]ss p?argnTeterize deb)} theeLSErgg%n dOC €
H H ’ - T
of unitary transformations that was used for the 4NF's ap which are determined by a fit to NN scattering data/and

plied here. The approach is well suited to end up with ) :
; ; - the deuteron properties. Interestingly, parts of the 4NF de-
standard nuclear potentials that can be directly applied topend orCr stressing the strong relation of NN and 4NF’s

few-nucleon systems since all interactions are manifestly dth dqf istent binati NN and
energy-independent. Since the same approach was used fé ¢ 1€ Need for consistent combinations ot NN and more-

he NN and 4N force, it is insured that both are consistent "U¢l€on interactions. .
:oeeach?)tr?er orce, itis insured that both are consistent Fortunately, the strength of the 4NF is completely de-

Addiionally 0 theq NN and 3N, there are aiso i B S0 T letal
first ANF’s in this order. The derivation of the complete set : pietely

of these terms has been done in Refs. [25,26] and s;howec?""r""meter independent.

P e leaing 4NF does not nly consist of ion ex 10 1UESP TIeecion ieeds o be eauamen o
change pieces, but also of short range pieces that are di- gereq )

rectly linked to corresponding short range pieces of the usually done by multiplying the potential matrix elements
NN interaction. It is useful to classify the contributions ac- with a cutdf functions, e.g. exponentials

o

CS/T GeVv?

T1-T2+C5+CTO'1'0'2.

cording to their dependence on the axial-vector coupling p\" p\"
constantga and the low energy constants (LECG}. In V(p',p) — exp(— (Z) ) V(p',p) exp (— (Z) ) .

Refs. [25,26] eight classes have been identified. Some of

the contributions are zero, therefore only class: 1), Thecutof functions dependent on the relative momenta of

class Il ¢ gy), class IV ¢ gaCr), class V & ¢g4Cr), the nucleons (herp andp’) and a cut@ A. The powem

and class VII & giC%) terms have to be considered. In is usually chosen between 4 and 8. Below we will show
Figs. 1 to 5, we summarize the topologies of the diagramsleading order results fot = 2 to 7 fnT* and higher order
contributing to the 4NF. The diagrams shown visualize ex- results forA = 500 to 600 MeV.

pressions that have been derived algebraically. Note that  As can be seen from Fig. 6, tki andCr are strongly
some of the diagrams look as if they are reducible itera- cutof dependent. From naturalness, one would expect that
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Table 1. BE's E(*He) andE(*He) for 3He and*He for selected  been adjusted to th#H binding energy and the nd doublet
phenomenological models and LO,NLO andLi chiral inter- scattering length as outlined in [23].

actions compared to experiment. For chiral interactions, the cut- In order to obtain the wave functions, we solve Yaku-
off dependence is indicated given the minimal and maximal bind- bovsky equations in momentum space in a partial wave
ing energy obtained in our calculations. All energies und the cut- hasis [5]. For the representation of the wave function, we

offs are given in MeV. take angular momenta up to= 6 into account. This re-
interaction E(He) E(*He) quires a large number of partial wave channels of the or-
AV18+Urbana-1X 772 285 der of 1000 for the representation of the wave functions.
CD-Bonm+-TM99 -7.74 -28.4 For the Monte Carlo scheme described below, we need
LO -54...-11.0 -15.1...-39.9 to transform the wave function from this partial wave ba-
NLO -6.99...-7.70 -24.4...-28.8 sis to a basis depending on three-momenta and individual
N2LO -7.72...-7.81 -27.7...-28.6 nucleon spifisospin projections. This transformation has
Expt. -7.72 -28.3 been implemented quitdtieiently, still it takes the bulk of

the computational resources.
We summarize the binding energy results in Table 1.

) One can see that the binding energies are well described for
Cs andCr are of the order of 100 GeV. ForCs, thisnat- e phenomenological and chirafND interactions. Due

uralness estimate holds for most ditsaand orders with a g the correlation of théH, *He and*He binding energies,
few exceptions. Such exceptions can be linked to the ap-ihjs js not surprising. At LO and NLO, the binding energy
pearance of spurious bound states in the NN system [38].of 34 cannot be adjusted, so that the dependence is still
Generally, theCs;r for suchA can be large, but their con-  rather strong. The chiral expansion of binding energies is
tribution to interactions are nevertheless natural, since thegenerally slowly converging, since the cancelation of ki-
shortdistance wave function s suppressed for Su€on- petic and potential energy enhances small contributions to
trarily, Cr is much smaller than the naturalness estimate. ihe interaction.

This has been observed already in [39] and can be traced

back to the approximate Wigner symmetry of nuclear in-

teractions. It will be interesting to study the importance of i i

terms of the 4NF proportional ©1 below. 4 Power counting estimate

Before actually doing an explicit calculations for the 4NF,
we would like to estimate its contribution based on gen-
eral power counting arguments and previous experience.
Although potential energies are no observables, it is useful
We are going to estimate the 4NF contribution in first or- to estimate higher order contributions to the binding en-
der perturbation theory. For such an estimate the expectaergy based on the expectation values of the NN potential,
tion value of the relevant operators with respect to*tie since the chiral expansion is performed for this potential.
wave function has to be calculated. Therefore, we would Since typical momenta in nuclei are of the order of the pion
like to summarize briefly which wave functions enter our mass, the small scale of the expansion is usually assumed
calculations. to be of this order. There are some discussions on the large
Although consistent results can only be obtained basedchiral symmetry breaking scale. Whereas for purely pio-
on chiral nuclear interactions, we have also performed cal-hic processes, loop contributions can be well estimated as-
culations based on the modern phenomenological interacsumingA, ~ 4rf, ~ 1 GeV, this is probably not a valid
tions AV18 [1] and CD-Bonn [2]. In both cases, we aug- choice for processes involving nucleons. Pion production
ment the NN interaction by phenomenological 3NF's based is not explictly included into the chiral interactions and the

3 “He wave functions

on 2r exchange, which have been adjusted to*tHdind- momentum scale associated with such processes is of the
ing energy and, for Urbana, also to nuclear matter density.order of 400 MeV. At the same time, the momentum éuto
For details on this adjustement see Refs. [5,40]. of higher order chiral interactions is in the same order of

For studying the cut® dependence of the expectation Magnitude. Therefore, we use this value for our estimate

order wave functions. Here, we follow the scheme of becomes/% ~ 0.35.
Ref. [38]. However, we only considerwave interactions, With this choice, we can estimate the 3NF contribution

so that only two LEC’s need to be adjusted, which we fit to the binding energy. Since it is of ord€3, we expect
to the deuteron binding energy and tt& phase shift at  that the 3NF contributes 4 % of the potential energy to the

1 MeV laboratory energy. binding energy. In Table 2, we present the expectation val-
Our most consistent calculations are based on chiralues of the NN and 3N interactions for foufl@irent calcu-
nuclear interactions of order NLO andND. Here, we ap-  lations of the*He binding energy. The NLO calculations

ply the interactions of Ref. [21] which have been derived coincide with the ones we will use for the evaluation of the
in the same framework as the 4NF. This guarantees consis4NF. Additionally, we show results for#O calculations
tency of both parts of the interaction. In ordefllD also based on the chiral interactions of Ref. [20]. Note that also
the leading 3NF’s are included. The relevant LEC’s have here the 3NF is only up to order’NO.

05006-p.4
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Table 2. BE's E and expectation values of the N/ )) and 3N (Vane)) interactions fofHe. All energies and the cuffs are given in
MeV. “DR” indicates that loops for the chiral interaction of Ref. [20] are regularized using dimensional regularization. The experimental
BE is -28.30 MeV.

interaction | A/A E  (Van)  Vanp)  (Vanp)/(Van)

N2LO 450/ 700 -27.65 -84.56 -1.11 1.3%
N2LO 600/700 -28.57 -93.73 -6.83 7.3%
N3LO-3NF-A | 500/DR  -28.27 -99.45 -4.06 4.1%
N3LO-3NF-B | 500/ DR  -28.24 -98.92 -7.10 7.2%

15 T T T T T 0.45

V(4NF) [MeV]
V(4NF) [MeV]

N LO-LAM=7 wf Class IV contribution l NNLO-CUT=3 wf Class I contributior
=l 1 0.39

15 . . . . 0.38 L— . . . .
0 2 4 6 8 0 2 4 6 8
Fig. 7. 4NF contribution to the binding energy 6He. Ten in- Fig. 8. Same as Fig. 7 for a calculation of the class | contri-
dependent MC results are shown for the class IV contribution bution for the NNLO wave function witt = 550 MeV and
based on the LO wave function with = 7 fm~2. Error bars are A =600 MeV.
estimates for the single run standard deviations. The line is the
average of all ten runs. The band indicates the standard deviation
of the combined runs. = Z fd3 p120° pad®gad®p;,d p3dia;
aa’
. . o w(P12, P3, Ga; Pho» P3 Cly)
We find that the expectation values of the 3NF is indeed

of the order of 4 %. This seems to back our very conser- (?Ip12p3qs@) (... IVal...) (p12'P3'qs’@'|¥)
vative choice for,. We note that the inclusion afs into w(P12 P3, Ga; Php» P Af)
the dfective theory shifts part of the 3NF to NLO. Here, (1)

we strictly stick to4-less ChPT and estimate the higher
order contributions based ot} = 400 MeV.

The 4NF is ordeQ*. Based on the expectation values
of NN potential given in the table, we can estimate that the
ANF contributes approximately 1 MeV to the binding en-
ergy. Such a contribution is not negligible in nuclear struc-
ture calculations. This estimate is also in line with the ob-
servation that an accurate description of NN data requires
potentials up to order NLO. It is therefore necessary to
make an explicit calculation to get a more reliable estimate
of its contribution.

Here,p12p3qs4 (p12’p3’qs’) are incoming and outgoing
Jacobi momenta in the 4N system. The 4NF matrix ele-
ment is{...|Vy4|...) and depends on these momenta and
the incoming and outgoing sgisospin channels and

«’ (labeling all possible combinations of sfisospin pro-
jections of the four nucleons). ThiHe wave functions
(p12’p3’qs’’|¥) are also given in terms of the Jacobi mo-
menta andr andw is a weight function to be discussed
below.

We have not performed a partial wave decomposition.
Therefore, the dimensionality of the integral is much to
high to be calculated with standard techniques. A Monte
Carlo (MC) scheme is much better suited for this purpose.
5 Numerical technique We found that an importance sampling similar to the Metro-
polis algorithm [41] is required to keep the computational
needs small and increase the accuracy.

Usually such an importance sampling is guided by the
square of the wave function. In configuration space, this
guantity is perfectly suited as a weight function since it
is then automatically normalized to one at least as long
as the operators are local. For momentum space, the struc-
ture is more complicated, since the integrals require weight
functions with higher dimensionality as in configuration

In this section, we want to introduce briefly the numerical
method used for the evaluation of the pertinent integrals.
Since we base our estimate of the 4NF contribution on first
order perturbation theory, we need to calculate the expec-
tation value of the 4NF with respecttble wave functions.
This leads to integrals of the form

(Va) = Z fd3 p1od®psd3qad® p,lzdspédsq:l space. This implies that alsimple square of t.he wave func-
o tion is not useful for the importance sampling anymore.
(P|p12p3qa) (... [V4l...) (p12'p3’qs '’ |¥) This problem could be solved by performing part of the

05006-p.5
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integrals using standard methods as has been successfully 04
done in [42]. We found this approach less practical in our
case, since the three- and four-nucleon operators would re-
quire to perform high dimensional integrations using stan-
dard integration methods.

Our solution was to give up weight functions based
on the wave functions of the system, but choose a ratio-
nal ansatz instead. The parameters of the ansatz were then
adjusted so that the standard deviation in test cases was
minimized. In this way, we were able to improve the ac- 08— . ; .
curacy stficiently. At the same time, the weight function Afm™]

could be analytically normalized to one so that the calcu- gjg, 9. Cutaf dependence of the class | contribution to the 4NF

lations became feasible. _ _ for the LO wave functions. Error bars are the statistical errors of
E.g. we choose for the importance sampling for inte- the MC evaluation.

grals of the form of Eq. (1) a weight function depending
on the six integration variablgs = pi2, p3, q4, P15 P; 08
andq;1 0.6 -

o
N

o
T

I
IS

Class I contribution

(V(4NF)) [MeV]

o
o
T

Class IV contribution

o
~

o
N

w (Piz’ Pé, qi, P12, P3, (I4) =w (p’lg, p'g, CIZ;, P12, P3, CI4)
r-3r-2¢-1y c§?
=11 . r (2
i 4 (pi + Cpi)

o
T

o
N

o
IS

(V(4NF)) [MeV]

4
©

For simplicity, the ansatz only depends on the magnitude
of the momenta. With the paramet&g andr the shape

of the weight functions can be influenced. The ansatz guar-
antees (for large enoughthat the weight function is nor-
malized to one.

In practice, we used Elathematica script to generate
the numerical expressions of the potential matrix elements
for eacha/a’ reliably. The resulting code lines could be
directly included in a FORTRAN code evaluating the high For the larger cutis, it is not necessarily true that the
dimensional integrals given above. ANF is perturbative. For 3NF's, we know that first order

In order to check the statistical character of our MC re- perturbation theory is ingficient for some higher cufts
sults, we performed for each quantity 10 independent cal-[43] or for some phenomenological models [44]. There-
culations. Figs. 7 and 8 summarize the results of two rep-fore, the large cutd results have to be taken with some
resentative sets of calculations. The error bars are standardare, although we have no indication that perturbation the-
deviations of the single runs. The line is the average of all ory is not appropriate for these estimates.
the ten runs and the shaded region indicates the standard  Surprisingly, we find a rather large contribution from
deviation of the average. It is reassuring that the approxi-class IV. This class depends @, which generally is
mately 23 of the single runs overlap with the average in smaller than natural due to Wigner symmetry. But our re-
both cases within one standard deviation. This is a non-sults for the expectation values in LO for class IV is not
trivial confirmation of the statistics of the runs. unnaturally small. In fact, as can be seen in the figures, it

With this technique, we were able to estimate the 4NF is larger than class | contributions for most cfisoAt this
contribution for the dierent interactions reliably. We are point, we do not fully understand this enhancement of the
now in the position to discuss the results in the next section.LO results.

The complete final results are depicted in Fig. 11. We

show results for the dierent classes separately. The bars
6 Results indicate the range of the results forfférent cutdfs (or

for Av18 and CD-Bonn for the phenomenological mod-
We start the discussion of the results based on LO waveels). For the chiral interactions, the parameters of the 4NF
functions for which we were able to investigate a large are completely fixed by the NN interaction. For the phe-
range of cutfs. Some exemplary results are shown in nomenological ones, the strength of the contact pieces was
Figs. 9 and 10. The actual contribution of the two shown fixed arbitrarily toCr = 10 GeV2. This choice is below
parts of the 4NF are strongly cif@ependent. This is not  the naturalness estimate and is meant to take Wigner sym-
surprising and reflects the fact that the potential is not ob- metry into account. For completeness, we also show the
servable. Even for the large ctitéhe 4NF contributionis ~ sum of all contributions.
stable and remains below or around 1 MeV. This is not The phenomenological and LO estimates tend to be
only true for these two examples, but also for all the other larger than the ones for NLO and®NO interactions. In
classes of diagrams. both cases, we observe that class IV contributions are larger

“

2

. 5
Afm™]
Fig. 10. Cutaof dependence of the class IV contribution to the

ANF for the LO wave functions. Error bars are the statistical er-
rors of the MC evaluation.

05006-p.6
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4He these two classes cancel each other in parts so that
the complete contribution for this case is below or up to
approximately 300 keV in magntitude.

Although this would probably be considered as a neg-
ligible contribution, some care has to be taken before final
conclusion on 4NF’'s can be made. Firstly, the phenomeno-
logical interactions tend to lead to larger 4NF. But most
importantly, the 4NF contribution could be larger for nu-
clei with a diferent spigisospin structure thatHe. In this
case the class | and Il contributions might add construc-

13 tively implying a visible contribution of 4NF’s. This has to
Fig. 11. Expectation values of the 4NF for various chiral and phe- bée studied in more detail in future.
nomenological interactions. Contributions offéirent classes are
shown separately. The width of the bars indicates the dependenc
on the cutd for the chiral interactions and the band spanned by
AV18 and CD-Bonn for the phenomenological interactions.

AV18-COB M
LO e
NLO mmmm |
NNLO. M

0.5+

0.0

-0.5+

<V(4NF)> [MeV]

Class VII
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dependence of the binding energy.
NLO and NLO results are more interesting since for
these the NN interactions are strictly consistent with the
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