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Solving few-body scattering problems in the momentum lattice basis
O.A. Rubtsovaa, V.I. Kukulin, and V.N. Pomerantsev
Institute of Nuclear Physics, Moscow State University, 119991 Moscow, Russia

Abstract. The brief description of a new approach based on the Wave-Packet Continuum Discretization
method recently developed by the present authors towards solving few-body quantum scattering problems is
given. The formalism uses the complete continuum discretization scheme in terms of the momentum stationary
wave-packet basis, which leads to formulation of the scattering problem on a lattice in the momentum space.
The solution of the few-body scattering problem can be found in the approach from linear matrix equations with
non-singular matrix elements, averaged on energy over lattice cells.

1 Introduction
For last decades a lot of different methods for treatment
of the few-body scattering problems have been developed.
Along with effective direct techniques for solving Faddeev
and Faddeev–Yakubovsky scattering equations [1–4], many
alternative approaches using L2 type wave functions for
a description of processes in continuum have been proposed [5–13]. Nowadays such L2 methods become very
actual because most of them allow to formulate the scattering problems in terms of matrix equations and make the
solution of few-body scattering to be quite similar to the
treatment of bound state problems. So the development of
L2 -type techniques is a very perspective way on which the
few-body scattering problems could be treated most effectively and with the usage of even modern PC instead of
powerful supercomputers. However the main part of existing L2 methods could not be treated as universal L2 formalism for the quantum few-body scattering theory and most
of them are used in particular cases only.
Few years ago the present authors have developed a
new approach to solving few-body scattering problems
based on the complete discretization of few-body continuous spectrum [14–17]. We constructed universal formalism
for such a discretization, which uses the stationary wave
packets, i.e. L2 functions, instead of the exact scattering
wave functions. This leads to formulation of the scattering theory on the lattice in the momentum space. In such
an approach, finite-dimensional (f.-d.) approximations for
basic scattering-theory operators have been obtained and
matrix analogs for the scattering equations have been constructed. The approach have recently been tested for the
elastic scattering and breakup of a composite projectiles
scattered off heavy targets (with neglecting the stripping
processes), where a perfect agreement with the conventional Continuum Discretized Coupled Channel method
(CDCC) method have been found [14]. Further, the method
has been successfully applied to the solution of the Fada
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deev equations for n − d scattering above the three-nucleon
breakup threshold [16]. Very recently some new method —
the Discrete Spectral Shift (DSS) formalism has been developed on the base of the lattice approach. This approach
allows to find observables for the multi-channel scattering
problems from the one-fold diagonalization of the Hamiltonian matrix without solution of any scattering equations
[18].
Here we briefly outline main features and results of the
wave-packet approach. The present paper is organized as
follows. In the section II we introduce the generalized stationary wave-packet basis and describe different ways how
to extract scattering information from the total Hamiltonian matrix in such a basis. We define the DSS formalism and construct the total resolvent f.-d. representation.
In the section III, we generalize the above technique to
the solution of multi-channel scattering problem. Threeand few-body lattice bases are defined in the Section IV,
where wave-packet scheme for solving general three- and
few-body problems is derived. Brief conclusion is given in
Section V.

2 Two-body scattering problem
2.1 Introduction of the lattice basis

Let’s define the lattice wave-packet basis corresponding to
the discretization of the continuous spectrum of the free
Hamiltonian h0 . By the discretization procedure, the continuum of h0 is confined within the maximal value Emax
and the interval [0, Emax ] is divided into a finite number of
N
non-overlapping energy bins [ǫi−1 , ǫi ]i=1
(with E0 = 0 and
1
E N = Emax ) with widths Di ≡ ǫi − ǫi−1 . Each such energy bin corresponds to the momentum (or wave number)
interval [qi−1 , qi ] with thepwidth di = qi − qi−1 on momentum axis q, where q = 2µǫ and µ is the reduced mass.
1
Here we assume that the value Emax is sufficiently large to
provide a proper solution of the discussed problem.
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where f (q) is some weight function and Bi are normalization factors, directly interrelated to each other
Z qi
Bi =
dq| f (q)|2.
(2)
qi−1

The main advantage of the integration in eq. (1) is that
wave-packet functions belong to L2 -space, i.e. they are
normalizable in a usual sense (similarly to bound state
functions) and vanishing at infinity in contrast to the initial plane waves. Thus, wave-packet functions belong to a
Hilbert space. Different choices of weight function lead to
different sets of WPs. In our previous calculations [14–17],
we used two types of these states:
q
(i) energy wave-packets with weight functions f (q) = µq ,
(ii) momentum wave-packets with constant weight function f (q) = 1.
It should be mentioned that nevertheless different weight
functions, both type of WP states are orthogonal to each
other for different bins while the overlap of energy and
momentum WP functions on the same bin is very close
to unity (the difference from unity goes to zero when the
bin width decreases). So, two type of basis functions are
very close one to another. It is rather convenient to use energy WPs for spectral expansions of the operators, while
the momentum ones have analytical expressions and are
very useful in calculation of interaction potential matrix
elements [14–17].
In the Fig.1 coordinate behaviors of the free momentum packets (for angular momentum L = 0)
xi (r) =

r

2 sin(qr) sin(di r/2)
π r
di r/2

(3)

for cases of broad, intermediate and narrow bins are given.
Here q is the bin midpoint and di is the bin width. It is
evident that these L2 -type functions are not vanishing at
very far asymptotic region up to qr ∼ 200. Thus, the wavepacket basis is very suitable for the expansion of continuous spectrum wave functions. This long-range behavior
of the basis functions plays a crucial role in the three-body
scattering, especially above the breakup threshold, because
it provides a proper overlapping between basis functions in
different Jacobi-coordinate sets.
General properties of WPs have been considered in details previously [14–17]. They form an orthonormal set.
Approximations for operators in the Wave-Packet Subspace
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Consider further a complete set of the h0 continuum states
|ψ0q i (plane waves), which are normalized according to the
Dirac δ-function on the momentum value q. The set of free
stationary wave packets (WPs) is defined as integrals of
the plane waves (corresponding to the free motion) over
the above momentum bins:
Z qi
1
|xi i = √
(1)
dq f (q)|ψ0q i, i = 1, . . . , N,
Bi qi−1

(b)

(c)
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Fig. 1. The coordinate behavior of the dimensionless s-wave WP
function rxi (r) for different values of the bin width di (in ratio
to the momentum value q): di /q = 0.25 (a), di /q = 0.1 (b) and
di /q = 0.05 (c).

(WPS) are defined by the applying the following projection
operator
N
X
p=
|xi ihxi |.
(4)
i=1

We will denote finite-dimensional (f.-d.) representations
for the basic scattering operators in WPS by gothic letters.
Direct interrelation between WP’s and plane wave functions allows to find explicit analytical expressions for a
projection of any operator which has an explicit functional
dependence of h0 . For this purpose, a spectral expansion of
the operator should be used.
The most useful property of the WP basis for solution of scattering problems is the finite-dimensional representation for the resolvent of free Hamiltonian g0 (E) =
[E + i0 − h0 ]−1 :
g0 (E) ≡ pg0 (E)p =

N
X
i=1

|xi igi (E)hxi |.

(5)

Here the corresponding complex-valued eigenvalues gi (E)
have the following form:
gi (E) =

1
Bi

Z

qi

qi−1

dq

| f (q)|2

E + i0 −

q2
2µ

.

(6)

and can be evaluated analytically for the momentum and
energy WP states [15,17]. It is clear that the imaginary
part of the eigenvalues doesn’t vanish only in a single interval with i = k to which the respective on-shell momentum
value q belongs, i.e. q ∈ [qk−1 , qk ]. Although the eigenvalue (6) has logarithmic singularities if q is equal to one
of the singular bin endpoints, the finite-dimensional (f.d.) representation (5) for the free resolvent with eigenvalues (6) can be used directly to obtain scattering observables (we assume that energy E does not coincide with any
energy-bin endpoint [17] in that case). But usually the additional averaging-on-energy procedure is applied to the
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2.2 Discrete spectral shift formalism: scattering
observables from the simple diagonalization .

Using the finite-dimensional WP analog (5) for the free
resolvent one can derive easily a matrix scheme for WP
solution of the Lippmann–Schwinger equation for the total
Hamiltonian
h = h0 + v,
(7)
where v is the short-range interaction potential from [15,
17]. But for the simple one-channel interaction there is
another possibility of extracting scattering information directly from the diagonalization procedure for the Hamiltonian matrix in the lattice basis via the novel Discrete Spectral Shift formalism (DSS) [18].
After the diagonalization procedure for the the total
Hamiltonian matrix on the free WP basis, one gets the set
N
and corresponding eigenfunctions
of eigenenergies {Ei }i=1
N
{|zi ii=1 } ∈ L2 . Some part of the eigenfunctions with i ≤ Nb
approximates the bound states of the system (if they exist) while the rest (N − Nb ) of the eigenfunctions can be
considered as discretized (normalized) analogs of the scattering wave functions of the Hamiltonian — the so-called
pseudostates.
It has been shown in our recent paper [18], that local
differences of the total discretize spectrum of h0 caused by
the switching on the perturbation v, i.e. h0 → h = h0 + v,
are related to the spectral shift function ξ(E). This function
has been introduced in the rigorous mathematical quantum
scattering theory [21–23] and is directly related to the scattering operator S
det S (E) = exp(−2πiξ(E)).

(9)

It has been shown [18,20] that the discrete analog of the
SSF, defined for the discretized spectrum of the free Hamiltonian h0 , can be found from the simpliest formula:
ξi =

Ei − Ei0
,
Di

i = Nb + 1, . . . , N.

δ(Ei0 ) = −π

Ei − Ei0
+ o(1/N),
Di

i = Nb + 1, . . . , N. (11)

Because the whole discretized spectrum of h in a broad
energy range, i.e. {Ei }, can be found from a single diagonalization of the Hamiltonian matrix, so that the eq.(11)
allows to find, besides of eigenenergies and eigenfunctions
of bound states, also partial phase shifts in a very broad energy range. When the basis dimension N increases and the
respective discretized spectrum becomes more dense we
should observe convergence of the discretized phase shifts
(11) to the exact ones.
So, for finding the accurate S -matrix in a single- and
also multi-channel scattering (see below) in a broad energy range, it is not necessary at all to solve the respective
single- or multi-channel scattering equations.
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Fig. 2. Real parts of S -wave phase shifts δ (a) and inelasticity
parameters η (b) for neutron-nucleus scattering obtained via DSS
formalism in a lattice basis with dimension N = 100 (dashed
line) and N = 200 (full line). Black circles denote the accurate
phase shifts found with local phase-shift equivalent potentials at
neutron energies En = 7 and 26 MeV.

(8)

In a single-channel case, eq.(8) implies that the SSF, within
a factor (−π), is equal to a partial phase shift:
δ(E) = −πξ(E).

and phase shifts one gets discrete approximation for phase
shift as a function of energy:

(deg)

eq.(6) leading to the free resolvent representation which
has no singularities at all on the real energy axis [17].
In the few-body case, few-body wave-packet bases are
constructed as direct productions of two-body ones. Simultaneously few-body momentum space become a discretized one. Thus, implementation of the WP basis is similar to the formulation of the few-body scattering problem
in the multi-dimensional momentum lattice. That is why
we call our wave-packet basis as the lattice one.

(10)

Such dimensionless discrete shifts have been demonstrated
in Ref.[18] to relate to exact continuous SSF ξ(E) accurate
with inverse basis dimension N: ξi = ξ(Ei0 ) +o(1/N). Thus,
by making use the explicit interrelation (9) between SSF

It is important to emphasize here that the DSS method
is fully applicable to a broad class of interactions. We found
that it is valid even for complex-valued interaction potentials. In this case one can choose as previously, a real wavepacket basis, however the total non-Hermitian Hamiltonian
eigenvalues will be complex-valued. So, the phase shifts
derived from these complex eigenvalues will be also complex. As a good illustration of the applicability of the above
new technique we find the complex phase shifts for the
neutron scattering off a nuclear target when the n − A interaction has the form of a complex non-local potential of the
Perey and Buck type [19].
The complex S -wave phase shift δ0 (E) calculated from
the complex-valued eigenenergies {Ei } as a function of energy together with those found from the direct numerical
integration of the Schrödinger equation at two energies (for
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the local phase-equivalent potentials) are displayed at Fig.
2. The potential parameters are taken the same as in the
Ref. [17]. The respective angular distributions of the differential cross sections at various energies, all being found
from discretized partial phase shifts for all required partial waves, are shown at Fig.3 at incident neutron energies
En = 2, 7, 26, 50 MeV. Simultaneously, we have obtained
also the differential cross sections for other energies in the
region 0 < E ≤ 200 MeV using just a single diagonalization of the total Hamiltonian matrix at each partial wave.
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Fig. 3. Differential cross sections for neutron-nucleus scattering by a non-local complex optical potential at different energies obtained via DSS formalism in lattice bases of dimension
N = 100 (dashed line) and N = 200 (full line). Dashed-dotted
curve reflects the results for local phase-shift equivalent potential
at En = 7 MeV.

2.3 Scattering wave packets and a f.-d.
representation for the resolvent of the total
Hamiltonian.

It is also possible to construct f.-d. representation for the
scattering operators using pseudostate WP formalism.
Indeed, let’s define complete set of eigenfunctions of
the total Hamiltonian h: bound states {|znb i}nNbb=1 and continuous set of scattering wave functions |ψq i normalized
on δ-function on q. Simultaneously we define some partition of the h continuum (similarly to free Hamiltonian
N
case) [q̄i−1 , q̄i ]i=N
. The scattering wave-packets can be
b +1
constructed from the exact scattering wave-functions similarly as in (1):
Z q̄i
1
dqw(q)|ψqi, i = N −Nb +1, . . . , N, (12)
|zi i = √
Ai q̄i−1
where w(q) and Ai are weight function and normalization
factors. To distinguish these scattering wave packets from
the free ones, we denote them by another letter.
The properties of the scattering WPs are absolutely the
same as those of the free WPs. The full set of bound states
N
of h and scattering WPs states {|zi i}i=1
form a basis in a
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Hilbert space. Similarly to the free lattice basis, any operator commuting with Hamiltonian h has a diagonal f.-d.
representation in such a basis [17]. So, one has the analytical representation for the total resolvent in the scattering
WP basis:
g(E) =

Nb
N
X
X
|znb ihznb |
+
|zi igi (E)hzi |,
E − Enb i=N +1
n
b

(13)

b

where complex eigenvalues gi (E) can be evaluated by the
similar formula to free WPs (6)
Z q̄i
1
| f (q)|2
gi (E) =
.
(14)
dq
Ai q̄i−1 E + i0 − q2
2µ
Further, the constructed resolvent operator can be used to
find observables (t-matrix) or to construct three-body channel resolvents.
The main problem in this scheme is how to construct
scattering WPs |zi i without solution of the scattering problem for the Hamiltonian h. The answer is that pseudostates
of h constructed in the previous subsection can be considered as approximations for the scattering WPs without any
additional normalization factors. We found the direct correspondence between these two type of states if psedostate
energy Ei and the total Hamiltonian wave-packet eigenenergy hzi |h|zi i are equal one to another [15]. It is also possible to construct the partition bound-points q̄i from the set
of pseudo energies Ei [15].
In practice, we use exact scattering WPs to find explicit
analytical formula for the total resolvent while in numerical calculations we construct these scattering WPs by simple diagonalization procedure in the free lattice basis.
It should be stressed that correspondence between pseudostes and scattering WPs assists also in a case of the longrange Coulomb interaction. In the Fig.4, we compare Coulomb scattering wave packets, corresponding to the pp interaction, constructed by the diagonalization of Coulomb
Hamiltonian on the free WP basis with those obtained from
exact Coulomb regular scattering wave functions by the
formula (12). It is clear from the Figure that pseudostates
are indistinguishable from the exact Coulomb WPs. This
result reflects the interesting fact, that nevertheless exact
regular Coulomb wave functions could not be expanded
over plane waves, Coulomb WPs can be expanded over
finite-dimen-sional set of the free WPs.

3 Multi-channel scattering problem.
It is more convenient to use in this section the energy wavepacket states. These states are constructed
q from the scat-

tering (or free) wave functions |ψE i =
with the δ-function on energy.

µ
q |ψq i

normalized

3.1 Multi-channel DSS formalism.

Usually, realistic two-body interactions are taken in multichannel form (e.g.including tensor force). Consider now
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The eigenchannel representation (ER) corresponds to the
diagonal form of the multi-channel S -matrix [24]. The ER
states differs from the ordinary channel states by the rotation and the rotation matrix U(E) depends on the energy
E:
k
X
|ψ(ν)
i
=
Uνκ (E)|ψ̃(κ)
(16)
E
E i.
κ=1

Fig. 4. Comparison of exact Coulomb wave-packets (solid
curves) and Coulomb pseudostates obtained in the lattice basis
(dashed curves) at two different energies E = 0.07 MeV (a) and
E = 11.3 MeV (b) of the Coulomb pp Hamiltonian.

Matrix U(E) is unitary:
k
X

†
Uνκ (E)Uκν
′ (E) = δν,ν′ .

(17)

κ=1

the multi-channel scattering case with K channels. The total Hamiltonian of the system can be written in a matrix
form (on the channel indices)
hνν′ = h0ν δνν′ + vνν′ ,

ν, ν′ = 1, . . . , K,

(15)

where h0ν — free channel Hamiltonians having a simple
continuous spectrum in the interval [Eν , ∞) with Eν being the threshold of ν-th channel, and vνν′ are the coupling potentials. The continuous spectrum of the multichannel free Hamiltonian h0 is degenerate, in contrast to
a single-channel case, and the degree of degeneracy k is
equal to the number of open channels and depends upon
energy. The continuous spectrum of the total Hamiltonian
h in the multi-channel case coincides with those of the free
Hamiltonian, so that at each energy there should exist k
independent solutions corresponding to different boundary
conditions for the initial scattering problem. Thus, the discretization procedure becomes unclear here, because when
the total Hamiltonian is represented by a respective matrix
in some arbitrary finite L2 basis the required degeneration
disappears, in general, and one has only one pseudostate
solution at each discrete eigenenergy which can hardly be
treated.
To avoid this problem in our approach, we have to arrange the partitions of spectra of the channel free Hamiltonians h0ν using the special condition: the discretized multichannel free Hamiltonian matrix should have degenerate
eigenvalues and the corresponding degrees of degeneracy
should be the same as those of the continuous spectrum of
the free Hamiltonian h0 [18].
To construct such a type discretization, let’s divide the
total continuum to K regions between thresholds Ωk =
[Ek , Ek+1 ] with EK+1 ≡ ∞. Each part Ωk of the spectrum
has constant degeneracy value k (we assume here that all
the thresholds are different and the channels are arranged
in order of increasing of the threshold energy values). Because the number of open channels in each region is preserved, we can define at each energy E ∈ Ωk two sets of
eigenfunctions of h2 :
2
Here the denote each state by its total energy E which is sum
of the kinetic energy and the threshold energy value.

and its dimension is equal to the number of open channels
k.
Now one can construct the partition of the total continuum as unification of partitions of regions between thresholds. In particular, each region Ωk is divided into finite
Nk
with widths
number of energy bins [ǫi−1,k , ǫi,k ]i=1
Di,k ≡ ǫi,k − ǫi−1,k , where Nk is local region partition dimensions, ǫ0,k ≡ Ek and ǫNk ,k ≡ Ek+1 (for the last region we
confined the continuum with some sufficiently large value
Emax and assign EK+1 = Emax ) .
To define energy wave-packet bases in each initial channel ν, one should use the following partitions of the kinetic
K
[
Nk
energy operators:
. Using such
[ǫi−1,k − Eν , ǫi,k − Eν ]i=1
k=ν

partitions, the corresponding set of free WPs:
(ν)
|xi,k
i= p

1
Di,k

Z

ǫi,k −Eν

ǫi−1,k −Eν

dǫ|ψ(ν)
0ǫ i, i = 1, . . . , Nk , k = ν, . . . , K

(18)
can be constructed from the plane waves |ψ0ǫ i, where ǫ is
kinetic energy value.
It is evident, that the obtained by the above procedure
discretized spectrum of the total free Hamiltonian is ktimes degenerate in each region Ωk similarly to the exact
continuous spectrum of h0 . The dimension of thePWP baK
sis in each channel is defined by the sum Nν = k=ν
Nk .
The total WP dimension is the following:
N=

K
X
ν=1

Nν =

K
X
k=1

k · Nk .

(19)

It can be proven [18,20], that, for the constructed spectrum, the switching on the perturbation removes the de0
generacy: each k-fold degenerated level Ei,k
of the free
Hamiltonian matrix produces a set of (non-degenerate) k(κ) k
sublevels in the perturbed spectrum {Ei,k
}κ=1 , arranged in
(κ) Nk
an increasing order. Then, each such κ-th branch {Ei,k
}i=1
of the discretized spectrum can be confronted with the respective branch in the continuous spectrum of the total
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(κ)
ξi,k
=

(κ)
Ei,k

−

0
Ei,k

Di,k

κ = 1, . . . , k.

δ(κ) (E) = −πξ(κ) (E),

50
3
40
30
20

2

10
0

κ = 1, . . . , k,

(κ)
0
Ei,k
− Ei,k

Di,k

, κ = 1, . . . , k.

0,1

1

(20)

(21)

where the δ(κ) (E) are the so-called eigenphases, or the phase
shifts in the (ER) and the energy E belongs to the region
where the continuous spectrum is k-fold degenerate [18].
As a result, one gets a simple formula for the phase shifts
of the multi-channel S -matrix in ER :
(22)

It is important to stress here that the main interrelation (21)
between multi-channel SSFs ξ(κ) (E) and eigenphases does
not follow from the original Birman–Krein formula (8) but
should be considered just as its generalization. The crucial
point here is that we introduce different “channel” SSFs
ξ(κ) (E) for each κ-th branch of the multi-channel spectra
in contrast with a conventional definition of single SSF
ξ(E). The present authors are unaware about any previous
works devoted to such generalization of SSF formalism to
the multi-channel case but we made sure in validity of the
relation (22) for the phase shifts by numerous examples.
Thus, the knowledge of phase shifts in ER is quite sufficient for finding total scattering cross section because the
S -matrix in its own ER is diagonal with the following eigenvalues:
S κ = exp(2iδ(κ) ).
(23)
However for many applications one needs just S -matrix
elements in the representation of the initial channels S νν′ .
At every energy, these matrix elements are related to the
diagonal matrix elements S κ in ER by the same rotation
matrix U(E) as in (16):
X
∗
S νν′ (E) =
S κ (E)Uκν (E)Uκν
(24)
′ (E).
κ

In our discretization scheme, we have discretized on energy analogs for the rotation matrix, i.e. set of matrices
Ui,k . To determine elements of these matrices one needs
to use the expansion coefficients for the discrete pseudostates (at given energy, i.e. having sub-index i, k) over the
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Further, the basic interrelation (9) between SSF and phase
shift can be generalized here as
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) ≈ −π
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Hamiltonian in ER. So, we have a one-to-one correspondence between the discretized (quasi-continuous) spectrum
of the multi-channel Hamiltonian matrix and the continuous spectrum of the initial total Hamiltonian. Due to such
a classification of branches in the discretized spectrum,
one can determine the parameters of the multi-channel S matrix using differences between perturbed and unperturbed
eigenenergies.
In this way, one can generalize the relation (10) for the
case of a degenerate multi-channel spectrum and define a
set of discretized spectral shift functions ξ(κ) (E) for each
spectral branch

10

E

Fig. 5. Eigen phase shifts for the 1st (1) and 2nd (2) channels
and the mixing angle (3) for the potential (27) obtained in the
lattice basis of dimensions (N1 + N2 ): (100+50) – dashed curve
and (200+100) – full curve.

channel basis functions (18)
|z(κ)
i,k i =

Nk ′
K X
K X
X

k′ =1 ν=k′ j=1

(κ,ν) (ν)
Cik,
jk′ |x j,k′ i.

(25)

By making use of straightforward matrix algebra one can
show that the rotation matrix elements can be found from
the formula
i,k ∗i,k
Uκν
Uκν′ =

Nk ′
K X
X

k′ =κ j=1

′

∗(κ,ν )
C (κ,ν)
jk′ ,ik C jk′ ,ik .

(26)

So that, by using the presented formalism for the discrete
phase shifts in the lattice basis one can derive all the elements of the complete multi-channel S -matrix in a wide
energy range using just a single diagonalization of the total
Hamiltonian matrix.
To illustrate the workability and efficiency of the above
DSS method we use the Burke potential which is model
for the two-channel electron-hydrogen scattering (see for
example [25]):
V11 = V22 = −1.5

e−r
,
r

V12 = −0.25e−r .

(27)

The second channel threshold is shifted to the value ∆2 =
0.75 (∆1 = 0). At energy E > ∆2 the continuum is two
times degenerated. In the Fig.5 the eigenphases and the
mixing parameter for the potential (27) obtained by formulas (22) and (26) are given [18].
Also we found the S -matrix element and corresponding elastic and reaction cross sections for 1 → 1 transitions. They are displayed in the Fig.6. For the comparison
we add to this figure the results of the Ref. [25] (black
circles) obtained by the reduction of initial two-channel
problem to the one-channel one with complex non-local
potential.
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Fig. 7. 3 S 1 phase shifts δ0 (a), 3 D1 phase shifts δ2 (b) and mixing
angle ǫ (c) for the coupled-channel NN potential [26] calculated
via multi-channel pseudostate formalism in WP bases of dimension N = 50 (dashed line) and N = 100 (full line) in each channel.
Black circles represent results of direct numerical integration of
the Lippmann–Schwinger equation at each required energy.
lab

Fig. 6. Elastic cross section σel (1) and the reaction cross section
σr (2) for the potential (27)obtaiden by the DSS formalism with
bases of dimension: (50+25) – dotted curve, (100+50) – dashed
curve, (200+100) – full curve. Black circles (•) reflects the results
of the Ref. [25].

As is evident from Fig.6, our fully discretized approach
based on the SSF gives quite accurate results for realistic
two-channel S -matrix.

valid:

k
X
ν=1

3.2 Representation for the multi-channel resolvent.

It is also possible to derive the analytical f.-d. representation for the total multi-channel resolvent (similar to onechannel case) using just the new treatment of the multichannel pseudostates in the lattice basis.
Indeed, similarly to the one-channel case we can relate pseudostates in the ER with the multi-channel scattering wave packets. For this purpose, we define now multichannel scattering wave-packets as integrals of the scattering wave-functions in ER similarly to the one channel
case:
Z E j,k
1
|z(κ)
i
=
dE|ψ̃(κ)
(28)
p
E i.
j,k
A j,k E j−1,k
Now we should derive the spectral expansion of the total multi-channel resolvent using ER scattering states. The
spectral expansion of the resolvent over the ’ordinary’ set
of the initial channel eigen functions of h can be written as sum of bound-state and continuum parts g(E) =
gb (E) + gc (E), where

(ν)
Nb
K Z ∞
X
X
|ψ(ν)
|ψnb ihψnb |
q′ ihψq′ |
, gc (E) =
dq′
.
E − Enb
E + i0 − E ′
ν=1 ∆ν
nb =1
(29)
Further, the gc (E) part can be written in the form of a sum
of integrals over the regions Ωk :

gb (E) =

gc (E) =

K X
k Z
X
k=1 ν=1

Ek+1
Ek

dE ′

(ν)
|ψ(ν)
E′ ihψE′ |
,
E + i0 − E ′

(30)

where E ′ denotes total energy of the state. It is easy to
show, using the property (17), that the following relation is

(ν)
|ψ(ν)
E′ ihψE′ | =

k
X
κ=1

(κ)
|ψ̃(κ)
E′ ihψ̃E′ |.

(31)

Thus, we come to the spectral expansion of the continuum
part of the total resolvent over Hamiltonian eigen functions
in ER:
K X
k Z Ek+1
X
|ψ̃(κ)′ ihψ̃(κ)
E′ |
dE ′ E
gc (E) =
.
(32)
E + i0 − E ′
k=1 κ=1 Ek
Applying the discretization procedure one gets the following f.-d. representation for the total multi-channel resolvent over multi-channel WPs
 k

Nk
K X

X


X (κ) (κ) 

gc (E) =
g j,k (E) 
|z j,k ihz j,k |
,
(33)




k=1 j=1

κ=1

where complex eigenvalues are defined as integrals
Z ǫ j,k
1
1
dE ′
g j,k (E) =
.
D j,k ǫ j−1,k
E + i0 − E ′

(34)

It looks like the multi-channel pseudostates, which we obtained in the previous subsection can be considered as approximations to the multi-channel WPs. This fact allows
to simplify drastically the evaluation of the channel threebody resolvents in the case of multi-channel two-body subsystems.
As illustration we calculate the coupled-channel 3 S 1 3
D1 partial phase shifts and the mixing angle ǫ for a realistic NN potential [26] with tensor force in the triplet
channel: S = 1, I = 0. The two-channel T matrix has been
obtained from the formula t(E) = v + vg(E)v, where f.d. representation for the resolvent (33) in the two-channel
pseudostate basis has been used. In the Fig. 7 the phase
shifts δ0 (E), δ2 (E), and mixing parameter ǫ1 (E) (i.e. those
which enter the NN differential scattering cross sections –
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in the Stapp parametrization) are shown in very wide energy range 0 < Elab < 900 MeV. They are found from
just a single diagonalization of the respective two-channel
Hamiltonian of the NN interaction. We compare them to
values obtained from direct numerical solutions of the twochannel Lippmann–Schwinger equation at many energies
in the above energy range.

4 Solution of the general three-body
scattering problem
Here we will briefly describe how the wave-packet technique can be applied to the general three- (or few-) body
scattering problem with any type of interaction potentials
including local, non-local etc. ones by the introduction of
the two-dimensional momentum lattice.
4.1 Lattice representation for the channel resolvent

Let’s consider the general three-body scattering problem
for particles 1,2 and 3, interacting via pair short-range potentials vi (i = 1, 2, 3). It is convenient to use three Jacobi
coordinate sets corresponding to three channel Hamiltonians Hi (i = 1, 2, 3) which define asymptotic motions in
the system. In the general case the respective wave-packet
basis should be constructed independently for each Jacobi
set [17].
The channel Hamiltonian H1 has the form of the direct
sum of the two-body subHamiltonians
H1 ≡ h1 ⊕ h10 ,

(35)

where subHamiltonian h1 defines the interaction in the {23}subsystem (i.e. including the potential v1 ) and the subHamiltonian h10 corresponds to the free relative motion of this
subsystem (its center of mass) and the spectator particle 1.
The eigenfunction of the three-body Hamiltonian H1 corresponding to the given value of the total angular momentum Λ and its projection M can be written in the following
form:

the set of the scattering wave packets (12) from the respective exact scattering wave functions |ψlp i. The full lattice
Kl
basis {|zli i}i=1
for the h1 subHamiltonian includes the bound
state functions and the scattering wave packets. Free wave
packets (1) corresponding to the h10 subHamiltonian are
L
constructed with the usage of the partition [qLj−1 , qLj ]Nj=1
in
1
the continuous spectrum of the h0 .
Now one can build the three-body wave-packets (3WP)
just as products of two type wave-packet states (for the
above two subHamiltonians) whose angular parts are combined to the total angular momentum value Λ similarly to
eq.(36):
|ZSΛM i ≡ |zli , xLj , ΛMi,

j = 1, . . . , NL ,
(37)
where S = i, l, j, L is the multi-index. Further, we will omit
the index M. The properties of the 3WP constructed in
this way are the same as properties of the two-body wave
packets, viz. they form an orthonormal set and any operator functionally dependent of the channel Hamiltonian H1
has the diagonal projection onto the subspace spanned on
this basis. It allows us to construct an analytical f.-d. approximation for the three-body channel resolvent G1 (E) ≡
[E + i0 − H1 ]−1 .
Indeed, the exact three-body channel resolvent is the
convolution of the two-body subresolvents g1 (E) and g0 (E):

′

where p and q are the relative and c.m. Jacobi momenta;
L
ψlp (p′ ) and ψ0q
(q′ ) are the radial wave functions corresponding to the subHamiltonians h1 and h10 with angular moΛM ′ ′
menta l and L respectively. The YlL
(p̂ , q̂ ) are six-dimensional spherical harmonics given by the convolution of the
spherical functions Ylµ1 (p̂′ ) and YLµ2 (q̂′ ).
Now we introduce the WP bases for two-body subHamiltonians h1 and h10 . Assume further there are Kbl bound
states (for a fixed partial wave l) in the {23} subsystem
Kl

b
with corresponding bound-state wave functions {|zln i}n=1

Kbl
{ǫnl∗ }n=1
.

and eigen energies
Let’s define the partition
l
l Kl
[ǫi−1 , ǫi ]i=K l +1 of the continuous spectrum of h1 (with corb

Kl
responding momentum bins [pli−1 , pli ]i=K
) and construct
l
+1
b
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∞

Z

1
G1 (E) =
2πi

dǫg1 (ǫ)g0 (E − ǫ).

−∞

(38)

Using spectral expansions for the two-body resolvents and
performing the integration, one gets an explicit expression
for the exact channel resolvent G1 as a sum of two terms
CC
G1 (E) = GBC
1 (E) + G 1 , where the bound-continuum part
takes the form:
l

GBC
1 (E)

Kb Z
XX

=

l,L n=1

∞

dq

L
L
|zln , ψ0q
, Λihzln , ψ0q
, Λ|

0

E + i0 − ǫnl∗ −

q2
2M

,

(39)

where M is the reduced mass in the {23} + 1 channel. The
continuum-continuum part of G1 takes the form:

L
L
ΛM ′ ′
hp′ , q′ |ψlp , ψ0q
, ΛMi ≡ ψlp (p′ )ψ0q
(q′ )YlL
(p̂ , q̂ ), (36)
′

i = 1, . . . , Kl ,

GCC
1 (E) =

XZ
l,L

∞

dp

0

Z

∞

0

dq

L
L
|ψlp , ψ0q
, Λihψlp , ψ0q
, Λ|

E + i0 −

p2
2µ

−

q2
2M

,

(40)
where µ is the reduced mass in the {23} subsystem.
Projecting further the exact channel resolvent onto 3WP
basis defined in eq. (37), one can find the following analytical formulas for the diagonal f.-d. approximation of the
G1 operator:
l

GBC
1

=

Kb N L
XX
X
l,L n=1 j=1

GCC
1 =

BC l
L
l
L
Gnl
jL |zn , x j , Λihzn , x j , Λ|,

Kl X
NL
X

i=Kbl +1

j=1

l L
l L
GCC
il jL |zi , x j , Λihzi , x j , Λ|,

(41)
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CC
where the matrix elements GBC
nl jL and G il jL are defined as
integrals over the respective momentum bins:

BC
Gnl
jL

GCC
il jL =

1
= L
Bj

Z

qLj

pli

Z

qLj

1
Ali BLj

Z

pli−1

| f (q)|2 dq

E + i0 − ǫnl∗ −

qLj−1

2

q2
2M

b,a

2

|w(p)| | f (q)| dpdq

qLj−1

E + i0 −

(41a)

,

p2
2µ

−

q2
2M

.

(41b)

These matrix elements depend, in general, on the spectrum
partition parameters (i.e. pli and qLj values) and the total
energy only and do not depend explicitly on the interaction potential v1 . When the wave-packet expansions of the
three-body amplitude is convergent, the final result turns
out to be independent upon the particular spectral partition parameters. The integrals in eqs.(41a) and (41b) can
be taken in a closed form which gives a convenient analytical f.-d. representation for the three-body channel resolvent G1 . We have calculated these matrix elements for the
case of energy packets [17].
The representation (41) for the channel resolvent is the
basic feature for the wave-packet approach since it allows
to simplify solution of the general three-body scattering
problem drastically. In particular, this representation has
been used to solve the f.-d. analog for the Faddeev equations for the Faddeev components of the total scattering
wave function [16]. Alternatively this representation has
been used also to solve some particular three-body scattering problems with employment of the three- (or few-)
body Lippmann-Schwinger equations [14], e.g. for composite projectile scattering off nuclear target (see below) or
for electron–atom and electron–molecule scattering above
the first ionization threshold etc.

4.2 Application to the general Faddeev equations.

In case when rearrangement channels cannot be neglected
the general Faddeev formalism should be used to solve the
full three-body scattering problem of 2 → 2 or 2 → 3
type. So, in the Faddeev approach we introduce three sets
of 3WPs {ZS(a) }, a = 1, 2, 3 related to three channel Hamiltonians Ha 3 . Further, we apply the complete discretization
procedure directly to the system of three Faddeev equations (e.g. for the wavefunction with the initial state |Φ01 i
defined by the channel Hamiltonian H1 ):
X
|ψ(a) i = |Φ01 iδa1 + Ga va
|ψ(b) i, a = 1, 2, 3. (42)
b,a

Now, in the wave-packet approach we replace each Faddeev component |ψ(a) i with its projection onto 3WP basis
in the channel (a):
X
|ψ̂(a) i =
OaS |ZS(a) i, a = 1, 2, 3,
(43)
S

3

and then one replaces exact channel resolvents Ga = (E −
Ha )−1 with their f.-d. 3WP analogues given in eq. (41). Finally, one gets the following f.-d. equations for the Faddeev
components of the “packetized” wavefunction:
X
|ψ̂(a) i = |ZS(1)0 iδa1 + Ga va
|ψ̂(b) i, a = 1, 2, 3, (44)

We omit in this subsection partial wave indices

where |ZS(1)0 i is the 3WP state corresponding to the initial
state |Φ01 i. One of the main advantages of the momentum-

lattice scheme here is that the transformation between components in the different Jacobi sets can be expressed by a
f.-d. matrix of the “permutation operator”, i.e.
X
(a) (b)
b ab
Pab
hψ̂(b) |ψ̂(a) i =
Oa∗
S ,S ′ ≡ hZS |ZS ′ i, (45)
S OS ′ PS ,S ′ ,
S ,S ′

in contrast to the direct solving the Faddeev equations in
the momentum space, where time-consuming multi-dimensional interpolations for scattering solution should be taken
in different Jacobi coordinates are required in each step of
the iteration. Using the expansion of the scattering packets |ZS(a) i on the wave-packet basis, one can express the
above permutation matrix Pab in terms of the overlap matrix for free three-body packets in different Jacobi coordi′
′
nates P0ab
k j,k′ j′ ≡ hxk , x j , (a)|xk , x j , (b)i which do not depend
on the interaction and can be calculated easily (each matrix
element can be found through a one-dimensional numerical integration [16]).
Thus, the wave-packet approach can provide direct solutions for the general Faddeev equations for any two-body
interactions at the real energy and without any deformation
of integration path. So, the WP technique with momentum
lattice representation looks quite universal and convenient
for practical applications to general three-body scattering
problems.
4.3 Solution of the n − d scattering problem

As illustration of the effectiveness for the above lattice
technique, we calculated the real phase shifts and inelasticity parameters for the three-body elastic n − d scattering in the quartet and doublet S -wave channels with model
Malfliet-Tjon NN potential [16]. The results of these calculations are shown in Figs. 8 and 9 for the spin-quartet
channel.
To check the accuracy of the method we have compared our results with the the previous benchmark calculation results from ref. [27] (below the deuteron breakup
threshold) and ref. [28] (above the deuteron breakup threshold) The parameters of the NN potential are taken from
ref. [28].
As it is seen from the Figs. 8-9 the wave-packet discretization technique for the three-body continuum works
successfully for the general three-body scattering problem
both below and above breakup threshold. Thus, at the first
time we have solved the three-body scattering problem above
the break-up threshold using f.-d. approximation of the L2 type for the Faddeev kernel. Just the use of the momentumlattice basis allowed us to achieve a good convergence and
accuracy on this way.
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on the lattice. As a result, the WP formalism do not depend
on the lattice geometry and mesh-point distributions. Recently developed Discrete Spectral Shift formalism in the
lattice basis allows to find phase shifts from the differences
of perturbed and unperturbed eigen energies of the lattice
states, which looks very similar to Lüscher finite-volume
formula [30] for phase shifts in the lattice EFT. But the
DSS scheme seems to be more general, because it follows
from the spectral shift formalism and remains the same for
different lattice geometry. Moreover, it fully applicable for
the multi-channel scattering.
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Fig. 8. The energy dependence of the real phase shift for S -wave
quartet nd scattering calculated by means of momentum-packet
discretized Faddeev equation at different dimensions M×N of the
lattice basis: 100 × 100 (dashed curve), 200 × 200 (solid curve).
Results of the direct Faddeev equation solution from ref.[27,28]
are marked as N.
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5 Conclusion
We have demonstrated here that the formulation of the quantum scattering problems in terms of a wave-packet lattice
basis is a very convenient language of discretization and an
effective tool for practical solutions. Along with the main
results explained in this paper, the wave-packet approach
has a wide field of application: very economical solving
coupled-channel problems for atomic, molecular and nuclear physics cases [14], construction of effective optical
potentials of composite particle interaction [29] etc.
It should be mentioned, that although the above lattice
wave-packet technique seems to be close to well known
lattice approach in the effective field theory [30] it is essentially different. The main difference relates to the implementation of the special wave-packet basis to make the
discretization of the momentum space in our approach. So
all the operators are represented by matrices, we do not
need in a formulation of asymptotic boundary conditions
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