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Abstract. We have studied the structures of He isotopes, 8 B, and 9 C by using an extended framework of
antisymmetrized molecular dynamics, which is designed to describe the halo structure and the core excitation
simultaneously. The effectiveness of the present framework in describing the halo structure is demonstrated in
the calculated results of He isotopes. The structures of 8 B and 9 C are discussed focusing on the halo structure
and the core excitation in these nuclei. We have found the cluster structures in the cores of these nuclei, which
plays an important role in explaining the observed physical quantities.

1 Introduction
Halo structures have been extensively studied as an interesting subject among exotic structures with unstable nuclei [1,2]. In many cases, a halo nucleus is treated as a
two- or three-body system consisting of an inert core and
one or two loosely bound nucleons. However, in general,
unstable nuclei around the neutron drip-line have many valence neutrons, and therefore, the core in the halo nuclei is
also an unstable nucleus in many cases. The assumption
of a rigid inert core may not be valid in such nuclei. Actually, there have been experimental indications that portray the importance of core excitation. For example, in 19 C,
Glauber model analysis of the interaction cross section and
the momentum distribution suggests core excitation of this
nucleus [3]. It is difficult to treat such nuclei with few-body
models with an assumption of inert core.
Therefore, a theoretical model to investigate the halo
structure involving core excitation is necessary. For this
purpose, we have developed an extended framework based
on antisymmetrized molecular dynamics (AMD) [4,5], the
multiple-width Gaussian basis AMD (MAMD). The main
improvement in MAMD over the other AMD models is
that Gaussian wave packets describing nucleons have different width parameters. The same type of nucleon wave
function has also been used in fermionic molecular dynamics (FMD) [6]. However, the present theoretical model has
several differences that describe the core excitation more
effectively.
To demonstrate the efficiency of the present model in
describing the halo structure, we first apply it to He isotopes, where the two-neutron halo structure of 6 He is well
known. Next, we investigate the structures of 8 B and 9 C
focusing on their halo structure and core excitation. In 8 B,
which is well known to have one proton halo structure
[7,8], a sizable component of the core-excited 7 Be∗ (J π =
1/2− )+p configuration has been found by the measure-

ment of γ rays in coincidence with fragments from the
one-proton removal reaction [9]. 8 B is considered to be
the lightest nucleus where the halo structure and the core
excitation have been known, and therefore, a good starting point to investigate the halo structure involving core
excitation. 9 C is a candidate for the two-proton halo nucleus. This nucleus has a small two-proton separation energy (1.43 MeV) and a large two-proton removal cross section [10]. It is also interesting to investigate how the halo
and core structures of 8 B are changed by adding one more
proton.
In the next section, we explain the formulation of
MAMD, and Section 3 shows the calculated results for
He isotopes, 8 B, and 9 C. The final section summarizes this
work.

2 Theoretical model
To investigate the halo structure involving core excitation,
we have constructed MAMD based on AMD [4,5]. In
MAMD, the nucleon wave function ϕi (r) is described by
the superposition of Gaussian wave packets that have different width parameters:

ϕi (r) =

Ni
X

Ciα φαi (r)χαi τi ,

(1)

α

φαi (r)

"

q 2 #
α
α
.
= exp −νi r − Zi / ναi

(2)

Here, χαi is the spin part parameterized by complex number
parameter ξiα ,
χαi = (1/2 + ξiα )χ↑ + (1/2 − ξiα )χ↓ ,

(3)
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Since the extended nucleon wave function prevents the exact separation of the center-of-mass wave function in MAMD,
we also constrain hr̂g i and hp̂g i to the coordinate origin to
fix the center of mass at the origin by adding the constraint
potential, as performed by Doté and Horiuchi [13].
After the variation, the optimized wave functions
Φ± (r p , rn ) having various rms radii are projected to an
p n
eigenstate of the total angular momentum J, Φ J±
MK (r , r ) =
P̂ JMK Φ± (r p , rn ). Finally, we superpose all the obtained
p n
wave functions Φ J±
MK (r , r ) by diagonalizing the Hamiltonian. The wave function that describes a certain state is
given as
ΨnJ± =

X

p n
cni Φ J±
MKi (ri , ri ),

(5)

i

where ci is determined by the Hill-Wheeler equation [14].
J±
We use Φint , Φ J±
MK , and Ψn in the calculation of the
physical quantities and analysis. We refer to them as the
intrinsic wave function, the angular momentum projected
wave function, and GCM wave function, respectively.

3 Results
3.1 He isotopes

First we apply MAMD to He isotopes, and discuss the effectiveness of the present framework in describing the halo
structure.
The binding energies and rms radii of He isotopes are
shown in Fig. 1. As clearly seen, binding energies are drastically improved by MAMD, and show a reasonable agreement with the experiments except for 10 He. The energy
difference between MAMD and AMD is largest in 8 He,
where 2.7 MeV is improved by MAMD. In the calculation
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and τi is the isospin component fixed to a proton or a neutron. Zαi is a complex three-dimensional vector, and bαi =
p
1/ 2ναi is the width parameter with a real value. The nucleons in the core nucleus with Z = N are expressed by a
Gaussian wave packet, whereas the excess |N − Z| nucleons are written by the superposition of two Gaussian wave
packets.
We use the effective nuclear force that has central and
spin-orbit part. For the central part, Volkov No. 2 force
[11] (m=0.6 and b=h=0) is used, and the spin-orbit term of
G3RS force [12] with the strength parameter VLS = 2000
MeV is adopted for the spin-orbit part.
We perform the energy variation using the parity projected wave function Φ± = P̂± Φint , and optimize Zαi , ξiα ,
Ciα and ναi . In this study, the energy variation is performed
under the constraint of the proton and neutron root-meansquare (rms) radii r p,n for 8 B and 9 C, and matter radius rm
for He isotopes. The rm,p,n are defined as
s
hΦ± |r̂2m,p,n |Φ± i
rm,p,n =
.
(4)
hΦ± |Φ± i

2.6
2.4
2.2
2
1.8
1.6
1.4

4

6
8
Mass number

10

Fig. 1. Energies and radii of He isotopes. The experimental proton radii are taken from Refs. [15–17], and the empirical values
of the matter radii are taken from Refs. [18] and [19].

of rms radii, the MAMD results show the neutron radii to
be much larger and the proton radii to be smaller compared
with the AMD results. The smaller proton radius of 1.91
fm in 6 He completely agrees with the experimental value
[15], and that of 1.78 fm in 8 He is also closer to the experimental value of 1.81 fm [16].
To discuss how these drastic improvements are
achieved in MAMD, we analyze the obtained wave functions of 6 He and 8 He in detail. First we discuss the results
of 6 He. We analyze the states that have minimum energy
among GCM bases, and label those of 6 He calculated by
MAMD and AMD as state (a) and (b), respectively. Fig. 2
shows the density distributions and the centers of the Gaussian wave packets of state (a) and (b).
The improvement over the AMD result is caused by
the simultaneous description of the halo-like spatial extension of the neutron and the shell-like structure. Aspseen in
Fig. 2(a), the centers of the wave packets (Re[Zαi / ναi ]) in
state (a) are approximately localized in two points, which
we denote Rc and Rv . The halo-like spatial extension of
the neutron density distribution in 6 He is described by two
neutron wave packets at Rv , which have considerably
p large
width parameter. The width parameter bαi = 1/ 2ναi of
these wave packets is 2.13 fm, which is much larger than
common width parameter of 1.54 fm in AMD. As clearly
seen in Fig. 2(a), the density distribution shows a large spatial extension around Rv . Two neutron wave functions at
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Rv approximately couple to the intrinsic spin S = 0, and
describe the di-neutron-like correlation in the outer region
of 6 He. Though state (b) also has two neutron wave packets that are considerably separated from α core, this state
fails to describe the spatial extension of the density distribution. Thus, we conclude that the large width parameter
is important for describing the spatial extension of the density distribution. At Rc , four wave packets forms α particle,
and additional two wave packets which are absent in AMD
describe the shell-like aspect of 6 He. If there is only α particle at Rv , the spin-orbit force does not work in state (a),
because the α and di-neutron are spin-zero systems. However, expectation value of the spin-orbit force of state (a) is
-2.5 MeV, whereas that of state (b) is approximately zero.
In state (a), a p3/2 configuration component described by
two neutron wave functions at Rv brings about a considerable expectation value of the spin-orbit force that is important for the binding of 6 He.

in describing the spatial extension of the density distribution. Four neutron wave packets at Rc , where other four
wave packets form α particle, describe the shell-like aspect of 8 He. Although two neutron wave functions at Rv1
and Rv2 roughly couple to intrinsic spin S = 0, the expectation value of the spin-orbit force of state (c) is -9.7 MeV,
and largely contribute to the total binding energy of 8 He,
whereas that of state (d) is -2.9 MeV. The shell-like component with a p3/2 configuration described by four neutron
wave packets at Rc brings about this result.
Consequently, the simultaneous description of the halolike spatial extension of the neutron and the shell-like structure brings about the large difference between the descriptions in MAMD and AMD, which results in the reasonable
agreement with the experimental results of the binding energy and radii in 6 He and 8 He.
3.2 8 B and 9 C
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Fig. 2. Density distributions of 6 He and 8 He calculated with
the intrinsic wave functions. Units on both axes are fm. Contour lines are plotted in logarithmic scale. Centers of Gaussian
wave packets are plotted by symbols. Crosses represent the proton wave packets, whereas triangles and squares represent the
neutron wave packets that are narrow and wide, respectively. Rc
and Rv in (a) and (c) denote the positions of localized wave packets.

Next, we discuss the results of 8 He. As in the case
of He, we analyze the states that have minimum energy
among the GCM bases. We label the states calculated by
MAMD and AMD as states (c) and (d), respectively. Figure 2 shows the density distributions and the centers of
Gaussian wave packets of states (c) and (d).
We found similar improvements with the case of 6 He
8
in He. In state (c), the centers of the wave packets are
localized at three points, which we denote Rv1 , Rv2 , and
Rc . Two neutron wave packets at Rv1 and Rv2 , which have
large width parameter, describe the spatial extension of the
neutrons. Width parameter of these wave packets is 2.50
fm, which is considerably larger than common width parameter 1.54 fm of state (d). The density distribution of
state (c) clearly shows a spatial extension around Rv1 and
Rv2 . As in the case of 6 He, wide wave packets are essential
6

We applied MAMD to 8 B and 9 C to investigate the halo
structure and the core excitation of these nuclei. Twodimensional GCM calculations were performed using the
constraints on neutron and proton radii (rn , r p ). rn is chosen in the range from 1.9 to 2.7 fm with an interval of 0.2
fm, and r p is chosen from rn + 0.1 fm rn + 1.0 fm with an
interval of 0.1 fm. Consequently, 50 bases are incorporated
into the GCM calculation of 8 B and 9 C.
Table 1 shows the binding energies, radii, electric
quadrupole moment, and magnetic dipole moment of 8 B
and 9 C. The binding energies and radii of 8 B and 9 C show
a reasonable agreement with the experimental values, although the binding energy of 8 B is slightly underestimated.
As clearly seen, almost all of the physical quantities are
improved by MAMD, especially the improvement in the
binding energy of 9 C is significant. Although the electric
quadrupole moment of 8 B and magnetic dipole moment of
9
C show slight disagreement with the experimental values,
MAMD describes the core excitation that is essential to
reproduce these quantities, as will be discussed below.
MAMD result shows that 8 B has the weakly bound
3
α+ He+p three-body system. Figure 3 shows the twodimensional energy surface of 8 B. The energy surface
shows a noticeable flatness over a wide area. We discuss
the structure of 8 B by analyzing the structure change on
the energy surface. For this purpose, we invoke three states
from the energy surface. One is the energy minimum state
that we label state (a), and others are state (b) and (c) that
have a larger proton and a neutron radii, respectively. In
Fig. 3, positions on the energy surface and the density distributions of these states are shown. The density distribution and the localization of the wave packets in states (a),
(b), and (c) indicate the development of the α+3 He cluster
structure in the 7 Be core. The distance between the core
and one proton develops as r p increases, as represented
by state (b), where the development of one proton halo
is clearly seen. On the other hand, the relative distance
between the α and 3 He clusters increases as rn increases,
as represented by state (c). By considering these structure
change on the energy surface and the noticeable flatness of
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Table 1. Energy, radii, magnetic dipole and electric quadrupole moments of 8 B and 9 C. The empirical values of the radii are taken from
Ref. [20] for 8 B, and Ref. [21] for 9 C. The Schmidt value of the magnetic dipole moment of 9 C is shown in parentheses.
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Fig. 3. Energy surface and the density distribution of B and C. Energy surface is calculated with the angular momentum projected
wave functions (2+ for 8 B and 3/2− for 9 C), and contour lines are plotted with intervals of 1 MeV. Centers of Gaussian wave packets are
plotted by symbols in the density distribution. Triangles represent the neutron wave packets, whereas crosses and squares represent the
proton wave packets that are narrow and wide, respectively.
8

9

the energy surface, we conclude that 8 B is a weakly bound
α+3 He+p system.
Description of the weakly bound three-body system of
8
B is important for understanding the properties of 8 B. The
GCM uses r p and rn as generator coordinates, which improves the description of the one-proton halo and the cluster structure in the core, increase the binding energy by
3.6 MeV above that of state (a). The proton and neutron
radii are also considerably changed from those of state (a)
by GCM. The development of the cluster structure in the
core is important for describing the large neutron radius,
whereas the development of the one-proton halo is important for describing the large proton radius.
It has been proposed that the observed large
quadrupole moment (6.45 e fm2 [22]) is an indication of
the development of the proton halo structure [23]. However, by analyzing the states on the energy surface, we
found that the development of the proton halo structure
does not contribute to the increase of the quadrupole mo-
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ment. Instead, the quadrupole moment is sensitive to the
relative distance between the α and 3 He clusters. In fact,
the calculated quadrupole moment increases by GCM as a
result of the mixing of the state with the developed cluster structure in the core. Therefore, the observed large
quadrupole moment is considered to be an indication of the
development of the cluster structure. Although the quantitative reproduction is not sufficient in this calculation, it is
important that the cluster structure in the core that is essential for the reproduction of the quadrupole moment is
described in MAMD together with the halo structure.
In 9 C, both the cluster structure and the shell-like structure in the core are important. Figure 3 shows the twodimensional energy surface of 9 C. Energy surface shows
a valley around the r p = rn +0.5 fm line, which means the
development of the large neutron skin thickness in this system. We have found three characteristic structures in 9 C.
One structure is represented by the energy minimum state
which we label state (d), and other structures are found
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in state (e) and (f) that have smaller neutron and proton
radii, respectively. The density distribution and the localization of the wave packets of state (d) indicate the development of the α+3 He cluster structure in the core. This
structure appears in a wide region of the energy surface.
The relative distance between the α and 3 He clusters in the
core increases as a function of rn , whereas the relative distance between the core and the two protons increases as
a function of r p . On the other hand, state (e) has a structure that is clearly different from state (d). In this state, the
core has a shell-like one-center structure. This structure appears where the rn decreases from state (d). In state (f), the
core nucleons form a two-center core, as do those of state
(d). However, unlike state (d), state (f) shows that two protons are not separated from the core. This structure appears
where r p decreases from state (d).
Both states that have a cluster structure and a shell-like
structure in the core contribute greatly to the properties of
9
C. For the total binding of 9 C, the energy minimum state
(d), which has a moderately developed cluster structure in
the core, is insufficient, but the superposition of the states
that have a shell-like structure and a pronounced cluster
structure in the core is necessary. The binding energy calculated with the GCM wave function is larger than that of
state (d) by 3.6 MeV.
The cluster structure in the core is important in understanding the observed magnetic moment, which shows a
large deviation from the Schmidt value. If the core has a
shell-like structure, the magnetic moment is close to the
Schmidt value, as represented by state (e) that has the magnetic moment of -1.94 [µN ]. However, if the core has a
cluster structure, the absolute value of the magnetic moment decreases because of the increase of the orbital magnetic quantum number of protons. Actually, the magnetic
moment of state (d) that has the cluster structure in the core
is -1.43 [µN ], which is largely deviated from the Schmidt
value. In the magnetic moment calculated with the GCM
wave function, deviation from the Schmidt value originate
from the superposition of the states which have the cluster
structure in the core.

4 Summary
We have applied MAMD to He isotopes, 8 B and 9 C.
MAMD is an extended framework of AMD to describe the
halo structure and the core excitation simultaneously. Effectiveness of MAMD in describing the halo structure was
discussed thorough the application to He isotopes, and the
structures of 8 B and 9 C were investigated focusing on the
halo structure and the core excitation in these nuclei.
In He isotopes, We have shown that the calculated binding energies and radii are drastically improved over the results of AMD, and reasonably agree with the experimental
values. The improvement was a result of the simultaneous
description of the halo-like spatial extension of the neutron
density distribution and the shell-like structure.
In 8 B and 9 C, we found the cluster structure in the core
of these nuclei with the halo-like spatial extension of the
proton density distribution. We have found that 8 B is a

weakly bound α+3 He+p system, and the development of
the cluster structure in the core is essential to explain the
observed large electric quadrupole moment. In 9 C, both the
cluster structure and the shell-like structure in the core are
important. To explain the observed magnetic dipole moment, increase of the orbital magnetic quantum number of
protons that originate from the development of the cluster structure in the core is important. Adding to that, for
the binding energy of this nucleus, the superposition of
the states that have the shell-like structure and the cluster
structure in the core is important.
The effectiveness of MAMD in describing the halo
structure was confirmed in the result of He isotopes, and
we found the core excitation with the halo-like spatial extension of the proton density distribution in 8 B and 9 C by
applying MAMD. We intend to apply this framework to
the investigation of the heavier halo nuclei that is expected
to have core excitation.
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