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Abstract. In this paper, we present a bi-axial characterization of in vitro human
arteries. From the full-field experimental data obtained in inflation/extension
tests, an inverse approach, called the virtual fields method (VFM), is used for
deriving the material parameters of the tested arterial segment. The obtained
results are promising and the approach can effectively provide relevant values
for the anisotropic hyperelastic properties of the tested sample.

1 Introduction
The combination of 3-D deformation measurements [1–7] and inverse approaches [8] is now
very common in solid mechanics but it is still under-employed for identifying the anisotropic
hyperelastic properties of the arterial tissues [9,10]. Moreover, the Virtual Fields Method [11],
which is an inverse method specifically dedicated to full-field data, has never been used for the
mechanical identification of arterial tissues although it has very relevant assets: insensitivity
to the uncertainty of boundary conditions [11], robustness [12], fast convergence [13].
This paper attempts to give a new contribution for addressing the mechanical identification of arterial tissues by presenting an implementation of the Virtual Fields Method to
full-field experimental data measured on the whole surface of an arterial segment during inflation/extension tests. The objective of the paper is to present the principle of the approach
and to prove its feasibility on an example.

2 Materials and Methods
2.1 Materials
Results reported in this paper are obtained on a fairly straight segment of a human ascending
aorta (initial length: L0 ≃ 35 mm, initial average radius: R0 ≃ 10 mm, initial average thickness:
e0 ≃ 1.3 mm). This vascular segment has been obtained from a cadaveric 65 years old female
donor. All procedures were carried out in accordance with the guidelines of the Institutional
Review Board of the University Hospital Centre of Saint-Etienne, France. After gently cleaning
the artery with physiological solution, two side branches were clamped with surgical suture
threads (Fig. 1).
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Fig. 1. Picture of the arterial segment used in the tests.

2.2 Experiments
The entire experimental setup used in this study was presented in [6]. The sample was mounted
on the in vitro rig and preconditioned via 8 pressurization cycles from p = 0 to p = 80 mmHg
(10.5 kPa) and then 8 cycles of axial stretching from L/L0 = 1 to L/L0 = 1.4. Then, different
sets of inflation/extension tests were performed.
Let Ψ t denote the geometrical deformation of the artery induced by the loading at time t,
such as x(t) = Ψ t (x0 ), where x(t) is the position vector of a material point at t and x0 is the
initial position vector of the same material point.
The vascular segment is covered with N (N ≃ 300) black spherical markers (Fig. 1). The
optical measurement method was presented in [6]. It provides a point-wise evaluation of Ψ t
at all the points where a marker has been bonded. Accuracy of the measurement in terms of
displacement magnitude is estimated to 0.17 mm [6].
Then the surface of the artery is meshed for interpolating Ψ t across the whole artery
from the data measured at the marker position. Triangular elements with linear interpolation
functions are used. The mesh is defined using a Delaunay triangularization algorithm applied
onto the marker initial positions (actually the marker position means the contact position of
the marker onto the surface of the artery). Each triangular element is labeled by an index
denoted q. Let xq (t) denote the position vector of the center of gravity of each element at
time t
Eventually, Ψ t is known everywhere across the meshed area of the artery. Let Ω be this
domain across which the deformation is measured. Ω is defined in the initial configuration
because the deformation is Lagrangian. Let ω(t) be the counterpart of Ω in the deformed
configuration at time t.
2.3 Derivation of the field of Green-Lagrange strain tensors
All the derivations presented in this paper are based on the theory of finite deformations [14].
Let F(x0 , t) denote the deformation gradient:
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F(x0 , t) ≡ ∇Ψ t (x0 )
where ∇ is the gradient operator.
Then we define the right Cauchy-Green tensor:
C(x0 , t) ≡ FT F
where FT is the transpose of F.
Eventually, we define the Green-Lagrange strain tensor:
E(x0 , t) ≡ [C − I]/2
where I is the identity tensor.
2.4 Constitutive equations
Arteries in vitro are usually considered as anisotropic visco-hyperelastic materials. Here,
the viscoelastic properties are not considered and only the instantaneous and monotonic response is modeled, after preconditioning. Pseudo-elasticity can therefore be applied [15]. An
anisotropic hyperelastic model is considered.
In this model, the Cauchy stress tensor, denoted S, is deduced from the Green-Lagrange
strain tensor such as:
S = F : dΦ/dE : FT + λI

(1)

where Φ is the strain energy function depending only on E and on material parameters.
The term λI comes from the incompressibility and λ is assessed by writing the plane stress
condition (S33 = 0).
Different strain energy functions for the anisotropic hyperelastic behavior of arteries may
be found in the literature. Some of them are phenomenological [15, 16] and others are based
on the microstructure [17]. Ignoring the microstructure, we chose the 2-D Fung model [15],
which may be written as:

 1
1 
β exp α11 (E11 )2 + α22 (E22 )2 + α12 E11 E22 − 1 = [βexp(Q) − 1]
(2)
2
2
where β, α11 , α22 and α12 are material parameters and Eij are the components of the E
matrix in the material coordinate system (indice 1 refers to the circumferential direction and
indice 2 refers to the axial direction).
Φ=

2.5 Inverse approach
The Virtual Fields Method (VFM) is an approach dedicated to the identification of material
parameters from full-field measurements [11–13,18]. The principle may be summarized in two
steps:
1. computing stress fields from Eq. 2 with the measured values of Eij and a guess for the
material parameters,
2. finding the guess of material parameters that yields statically admissible stress fields.
Assuming quasi-static conditions and no body forces, step 2 may be written globally (weak
form) such as:
Z
Z
∗
−
S : E dv +
t.u∗ ds = 0
(3)
ω(t)

∂ω(t)

where ∂ω(t) is the boundary of the volume in the deformed configuration, vector t denotes
the tractions applied onto this boundary (pressure forces and axial load), u∗ is a displacement
virtual field (i.e. a fake displacement field which acts as a test function in Eq. 3). E∗ is the
strain virtual field deduced from the gradient of u∗ :
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1
∇u∗ + ∇T u∗
(4)
2
The choice of virtual fields was largely discussed in the literature [11–13,18], but only when
the VFM is applied in infinitesimal deformation conditions. No rule has been established for
finite deformations. Empiric rules will be used here, yielding virtual fields u∗1 and u∗2 . A
constraint is that the virtual fields zero the action of unknown reaction forces or involve their
resultant if the resultant is measured [11].
At position x where a marker is located, u∗1 and u∗2 take the following values:



x3 − xb3

∗1

u
=
sin
π
i′



xt3 − xb3
(5)

t

x
−
x

3
′
3

k
 u∗2 = b
x3 − xt3
E∗ =

where vectors i′ and k′ are respectively the radial and longitudinal axes in the cylindrical
coordinate system and xi (i = 1, 2, 3) are the components of x; xb3 stands for the value of x3
at the bottom and xt3 stands for the value of coordinate x3 at the top; xb3 and xt3 are chosen
such as all the positions satisfying xb3 ≤ x3 ≤ xt3 lie in the ω(t) domain.
Eq. 5 only gives the values of the virtual displacement at marker positions. Between the
marker positions, the values of u∗1 and u∗2 are interpolated using the linear interpolation
scheme defined in section 2.2.
Moreover, regarding the external virtual work, it can be written:
Z
Z

∗1

t.u
ds
=
kt .u∗1 p(t)ds


 ∂ω(t)
∂ω(t)
(6)
Z
Z



∗2
∗2

t.u ds =
kt .u p(t)ds + F (t)

∂ω(t)

∂ω(t)

where kt is the outer normal vector at t, F (t) is the axial resultant load measured by a
load cell. The contribution of this axial resultant load is not considered for u∗1 because:
u∗1 (xb3 ) = u∗1 (xt3 ) = 0.

As S is deduced from experimental data, Eq. 3 cannot be satisfied exactly and the principle
of the inverse method is to minimize the the squares of residuals, as defined in the following
cost function:

ζ(β, α11 , α22 , α12 ) =

XX
k

m

" Z
−

∗k

S : E dv + p(tm )

ω(tm )

Z

∗k

ktm .u
∂ω(tm )

#2

ds + δk2 F (t)

(7)

where m labels the time when a measurement is achieved and k labels the virtual field (k =
1, 2); δk2 =0 if k = 1 and δk2 =1 if k = 2.
Considering the interpolation of all quantities with the triangular mesh, the previous integrals in the principle of virtual work may be changed into discrete sums.
ζ(β, α11 , α22 , α12 ) =
"
#2
XX
X
X
∗k
q,m
q,m
q,m
q,m
q,m
∗k
q,m
q,m
−
S(x ) : E (x )A(x )e(x ) + p(tm )
kt (x ).u (x )A(x ) + δk2 F (t)
k

m

q

q

(8)
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where A(xq,m ) denotes the area of triangular element q at time tm and e(xq,m ) denotes the
thickness of the artery1 at xq at time tm .
Cost function ζ figures the quadratic gap between the internal virtual work (IVW) and
the external virtual work (EVW) where:
X
IVWk,m = e0
S(xq,m ) : E∗k (xq,m )A(xq,0 )
q

(9)

EVWk,m = p(tm )

X

kt (xq,m ).u∗k (xq,m )A(xq,m ) + δk2 F (t)

q

Cost function ζ and IVW are driven by the choice of the unknown material parameters.
Eventually, the cost function can be minimized through an iterative scheme using the NelderMead algorithm. This yields the unknown parameters β, α11 , α22 and α12 .

Fig. 2. Reconstruction and meshing of the initial geometry: (a) positions of the markers, (b) smooth
surface fitting the positions of the markers and (c) mesh constructed on the smooth surface.

3 Results
A sample was tested for proving the feasibility of the approach (Fig. 1 and Fig. 2). We report
data corresponding to pressure levels between 0 and 130 mmHg at L/L0 = 1.1 (Fig. 3).
The results obtained with the VFM are reported in Tab. 1. Convergence of the Nelder
Mead optimization routine was reached in nearly 10 minutes. Actually, only three of the four
parameters were identified by the VFM. Parameter α12 was set to 0.1 (value taken from [15])
because the optimization routine did not converge when α12 was among the unknowns.
1

Due to the incompressibility assumption, A(xq,m )e(xq,m ) = A(xq,0 )e0 , with xq,m = xq (tm ).
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Fig. 3. Plot of the circumferential components of the Green-Lagrange strain tensor for different values
of p.
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Fig. 4. Comparison of the internal and external virtual work for virtual field 1 (a) and virtual field
2 (b) when an anisotropic model is identitied

It can be observed in Fig. 4 that the gap between the external virtual work and the internal
virtual work is very low for the obtained material parameters.

4 Discussion
The identified values for the material parameters of the artery are consistent with the range
orders reported in the literature [15,17]. Parameter β is usually around 10 kPa. It is interesting
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parameter
identified value

β
5 kPa

α11
14.5

α22
7

α12
0.1

Table 1. Results obtained with experimental data.

to notice the large difference between the value of α11 and α22 . It means that there is a large
anisotropy in this specimen, which has already been reported in the literature [17].
In [16], the implementation of the hyperelastic model of Eq. 2 in a FE code was discussed.
In order to check the feasibility of utilizing this model with the parameters that we identified
here, computations were achieved on the geometry of the artery with the Abaqus R software.
A comparison of the deformed geometry computed by Abaqus R to the measured deformed
geometry is showed a very good agreement.

5 Conclusions
In conclusion, results presented in this work are promising regarding the application of the
virtual fields method (VFM) for identifying the anisotropic hyperelastic properties of arteries.
An innovative experimental device has been set up, calibrated and validated for characterizing
arterial mechanical properties. It is now important to carry out a large number of experiments
for validating the approach with different sets of data and different tests.
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