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The Peano-series solution for modeling shear horizontal
waves in piezoelectric plates
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Abstract. The shear horizontal (SH) wave devices have been widely used in electro-
acoustic. To improve their performance, the phase velocity dispersion and the
electromechanical coupling coefficient of the Lamb wave should be calculated exactly
in the design. Therefore, this work is to analyze exactly the Lamb waves polarized in the
SH direction in homogeneous plate pie.zoelectric material (PZT-5H). An alternative
method is proposed to solve the wave equation in such a structure without using the
standard method based on the electromechanical partial waves. This method is based on
an analytical solution, the matricant explicitly expressed under the Peano series
expansion form. Two types of configuration have been addressed, namely the open
circuited and the short circuited. Results confirm that the SH wave provides a number of
attractive properties for use in sensing and signal processing applications. It has been
found that the phase velocity remains nearly constant for all values of h/A (h is the plate
thickness, A the acoustic wavelength). Secondly the SH, wave mode can provide very
high electromechanical coupling. Graphical representations of electrical and mechanical
amounts function of depth are made, they are in agreement with the continuity rules.
The developed Peano technique is in agreement with the classical approach, and can be
suitable with cylindrical geometry.

1 Introduction

As is well known for development of acousto-electronic devices the electro-mechanical coupling
coefficient (K?) of acoustic wave has a great importance. In this connection one of the modern lines
of investigation in acoustics is the search of such wave types for which the value of K? is maximal.
At present there exist the papers showing that fundamental shear-horizontal (SHy) acoustic waves in
thin (in comparison with wavelength) piezoelectric plates possess by significantly more
electromechanical coupling coefficient than surface acoustic waves (SAW) in the same material [1-
3]

This paper presents a detailed investigation of acoustic waves propagating in piezoelectric plates.
The material selected for our study was Zirconium Titanate de Plomb (PZT-5H). This material was
selected since it is a strong piezoelectric material that is widely used for surface acoustic wave
(SAW) devices [4]. In particular, the waves of interest here are the so-called SH (shear-horizontal)
acoustic waves. The SH wave has a single component of particle displacement that lies in the plane
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of the plate surface and is at right angles to the direction of wave propagation. One of the attractive
properties of such a wave is that the component of particle displacement normal to the free surface is
zero. The absence of a surface normal component allows the wave to propagate in contact with a
liquid without coupling and the energy leaking into the surrounding fluid can be ignored. SH wave
devices can therefore be used for measuring properties of liquids and in liquid-phase-based sensors
[5, 6]. In such a plate the fundamental wave mode, namely shear horizontal (SH;) mode can
propagate, while the higher order modes are cut off [7]. The data presented in this paper is essential
for the proper design of various devices based on acoustic waves propagating in PZT-5H plates.

The aim of this paper is to study the propagation behaviour of such SH wave in homogeneous
plate piezoelectric material for which the value of K* is maximal. The resolution of the problem
passes by the analytical formulation generally proceeding from the propagator matrix M,
representing the matricant solution of the governing ordinary differential system [8]. A conventional
way of the numerical treatment relies on the discretization (Thomson—Haskell) method, computing
M as the product of exponentials of the piecewise homogeneous system matrix Q. This method has
been further improved in [9—11]. Discussion of some other numerical methods may be found in [12].

2 Theoretical analysis

We consider the propagation of acoustic waves in a plate of arbitrary piezoelectric material. The
geometry of the problem under consideration is shown in Figure 1. Waves propagate along the x;
direction of a piezoelectric plate bounded by planes x; = 0 and x; = —h. The plate presents material
symmetries which allow to decouple the SH waves (Shear Horizontal) polarized along x,-axis. For
illustration a piezoelectric plate PZT-5H assumed hexagonal has been adopted. Table 1 show the
elastic and electric proprieties of the piezoelectric plate.

Wave propagation
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Fig. 1. The geometry of the problem and coordinate system used to analyze propagation of acoustic waves in a
piezoelectric plate.

Table 1. Elastic and electrical properties of piezoelectric plate (PZT-5H) [4]

Ci=Cy, (GPa) Cy; (GPa) C13=Cy; (GPa) Cs; (GPa) C4s=Css (GPa)

151 98 96 124 23
e3=e3(C/m?) e33(C/m?) e15=e4(C/m?) €1,(C/Vm) €33(C/Vm)
-5.1 27 17 15%10° 13.27x10°

The system of governing equations involves the equation of motion, the Maxwell equation in the
quasi-static approximation and the piezoelectric constitutive equations:
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pu;=T; ; T = CijySi +eiEx 0
D; ;=0 D; =e Sy —€yEy;

In these equations, p density and Cjj the tensors of elastic, ey is the piezoelectric constants and
€;x 1s the dielectric constants.

To describe the SH waves in homogeneous plate piezoelectric material, the following boundary
and continuous conditions should be satisfied. It should be pointed out that two kinds of electrical
boundary conditions, electrically open and shorted conditions, would be taken into account in this
study. It must be reminded that the generalized stress vector T includes mechanical stress vector t;;
(i=2) and the normal electrical displacement Dj, in the same way the generalized displacement
vector U includes the mechanical displacement u; (i=2) and the electrical potential ¢. Both surfaces
of the plate x3 =0 and x3 =-h

t23=0atx3=0 and X3:-h (2)
Electric short case: ¢ =0 3)
Electric open case: 6 =0 4

o refers to the charge density, it can be deduced from D; values in the neighborhood of the both
surfaces

0 =Dy(=h")=D5(-h") S

According writing of the constitutive equations and the motion equation (1), the wave equation
becomes a matrix system expressed using the Thomson-Haskell parameterization of the Stroh
formalism [13], with 1 (x3) = [U, T]" ; U = [iou, iwo]" and T = [t3, Ds]" :

d
—1(x3) =i @0Q(x3)7(x3), (6)
dx;

where the 4-component state vector 1 (x3) comprises the amplitudes of (6).
The general solution for the state vector can be written as:

17(xy,x3,0)=1(x3) expli (k) x; — w1)] @)

Where o is the angular frequency, k; is the projection on x; axis of the wave vector and ®=2nf is the
frequency.

The explicit solution reveals the Peano expansion of the matricant. The wave equation thus
formulated has an analytical solution expressed between a reference point (x;; 0; x’;) and some point
of the plate (x;; 0; x3) in the propagation plane. This solution is called the matricant and is explicitly
written under the form of the Peano series expansion [14 - 16]:

My, x) = 1 +G0)[ 0@ de + ()? [ 0@ ([}, 06 d)dé + ..., ®)

where [ is the identity matrix of dimension (4x4). If the matrix components Q(x3) are bounded in the
study interval, these series are always convergent [17]. The components of the matrix Q are
continuous in x; and the study interval is bounded (thickness of the waveguide), consequently the
hypothesis is always verified.

Boundary conditions: Using the propagator property of the matricant through the plate thickness,
the state-vector (defined in (6)) at the second interface 1 (-h) is evaluated from the state-vector at the
first interface M (0) as follows:

N(-h) =M (-h, 0) n(0) €))
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), )
= (10)
T), \My My )\T),

where 1 (0) is a vector of ‘initial’ conditions on U and T at x3 =0, and My, . . . , My, are the 2 X 2
blocks of M (-h,0).

The aim is to seek out the zeros of the determinant of M,; (2x2), that leads to find the couples of
values (kx, ®) which describe the dispersion curves. To calculate the dispersion curves, we evaluate
numerically the matricant M (-h, 0) from the expression (8). This step requires us to truncate the
Peano series and to numerically calculate the integrals. Thus, the error can be estimated and
controlled [17]. For the calculations in the plate we retained 9 terms in the series and evaluate the
integrals over 100 points using the Simpson’s rule.

These choices are not optimized but ensure the convergence of the solution and the accuracy of
the results in the range of values h/A considered for a reasonable computation time.

3 Results and discussions

In a plate of a particular thickness h, an infinite number of modes can propagate for each allowed
type of wave. The velocity of each mode can be calculated as a continuous function of either the
thickness-to wavelength ratio h/A for two cases of polarizations open and short circuited “OC” and
“SC”. It can be seen that the SH; mode has negligible velocity dispersion. The phase velocity nearly
constant for all values of h/A. Figure 2 shows that there is one all-pass mode, it can propagate at any
frequency, while all the other modes are high-pass modes. It can be seen from Figure 2 that the
lowest-order SH, wave is nearly dispersion less. The velocity of this mode lies within 2370 £ 3.5 m
s™! for all values of h/A. The fact that the velocity remains nearly constant is a great advantage in the
design of wide-bandwidth devices [18]. The electromechanical coupling coefficient of the SH mode
calculated from equation K*=2 (Voc — Vso) / Voc is shown in Figure 3. We note that K’ reaches a
value as high as 52.09% for h/A = 0.0253. This is nearly eight times the value of K* for SAWs in the
widely used strong piezoelectric material PZT-5H. Due to its large coupling coefficient, devices

based on this wave can operate efficiently over a wide bandwidth [18].
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Fig. 2. Plot of phase velocity V versus h/A for the six lowest plate wave modes. There is one all-pass mode that
propagate down to h/A = 0.
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Fig. 3. Electromechanical coupling coefficient K> as a percentage as a function of h/A for the SH, mode.

The stress and mechanical displacement distribution in PZT-5H plate will be taken into account
for fundamental mode SHy at a frequency of 0.06 MHz with h/A = 0.0253. The variation of the
mechanical displacement U, and the stress component T,3 with respect to x3/h, for SHy mode are
shown in Figure 4 for electrically open. As well, the variation of the electrical displacement D; and
electrical potential ¢ with depth are reported in Figure 5 for electrically open. The obtained plots are
in agreement with continuity rules and the free character of the lower and upper surfaces of the plate.

The representation of displacement component U,, concerning the SHy mode, shows that the
coupling is strong when the mechanical displacement parallel to the piezoelectric axis is of great
amplitude for all points of the same section of the plate (Figure 4-a).

The obtained numerical results are coherent with standard methods [9, 10, 17]. The advantage of
the Peano expansion method becomes essential for inhomogeneous materials and cylindrical
geometry.
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Fig. 4. Variation of normalized SH, mechanical component U, and Ty; for different values of xs/h for
both surfaces unmetallized (OC)
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Fig. 5. Variation of normalized SHj electrical component ¢ and Dj; for different values of x3/h for both
surfaces unmetallized (OC)

4 Conclusion

This paper has presented a detailed investigation of shear- horizontal acoustic waves in plates of
PZT-5H. The SH wave can provide very high electromechanical coupling. For example, value of K*
as high as 52.09% can be obtained for SH waves propagating along the x,-axis of PZT-5H plate. The
nearly nondispersive propagation and high value of K* make this wave attractive for use in a variety
of signal processing and sensing applications. The SH wave can also be advantageously employed in
liquid-phase-based chemical and biological sensors [19]. In order to operate at high efficiency, SH
wave devices need plates much thinner than the acoustic wavelength.
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