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Abstract. Real-space distribution of the Hall current densities and their spin polarization in non-magnetic
zinc-blende semiconductors is analysed. It is shown that the applied current gives rise to a local spin polariza-
tion accompanied by spin-polarized Hall-current densities. Especially for hole carriers they are responsible for
transferring spins of different orientation in opposite directions, spin Hall current, while the total Hall current
vanishes.

1 Introduction

The description of the carrier properties in zinc-blende se-
miconductors is usually based on the Kane or Luttinger
models [1] which capture most of the semiconductor prop-
erties. A key ingredient of these models is the spin-orbit
interaction which couples the momentum with the orbital
and spin degrees of freedom giving rise to a spin splitting
in the k-space. Energy spectrum and spin orientation of
carriers are established by the use of the effective medium
Hamiltonian [2] which depends on the wave vector k. In
the case of the equilibrium occupation of states the to-
tal spin vanishes at any point in real space, which is the
consequence of the Kramer’s theorem. However, the non-
equilibriumoccupation induced by the applied current leads
to the spin polarization of the system [3–5]. As predicted
by the spin-Hall-effect theory, [6–9] it should be accom-
panied by the spin-Hall current. The spin current operator
is usually defined as a symmetrized product of the spin
density and velocity. Unfortunately, this definition has no
obvious physical meaning [10,11].

In this paper the real-space spin distribution in non-
magnetic zinc-blende semiconductors will be analysed to
establish the spatial distribution of the Hall current densi-
ties and their spin polarization. It will be shown that par-
ticularly for p-band states they are able to transfer spins of
different orientation in opposite directions while the total
Hall current vanishes.

Real space analysis requires the knowledge of Bloch
eigenfunctionswhich excludes the use of the effectivemedi-
um approach.We have used empirical pseudopotential me-
thod with parameters representing GaAs crystals for their
evaluation [12,13]. Obtained energy dispersions as well
spin polarization of Bloch states show the same features
as those given by the effective medium approach.

We limit our attention to a two-dimensional carrier gas
confined along the [0,0,1] crystallographic direction. Its
width standardly exceeds ten lattice constants. It suggests
that in this case the carrier properties could be approx-
imated as properties of carriers in the bulk crystal with
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vanishing k-vector component perpendicular to the carrier
layer, kz = 0. This approximation ignoring real conditions
at the potential well boundaries can thus be applicable to a
two-dimensional system realized in wide enough wells.

It can be expected that the current-induced real-space
distribution of the Hall current densities and their spin po-
larization depends on the orbital momentum of carriers.
For this reason the numerical results will be presented for
s-band electrons having nearly zero orbital momentum and
light holes as an example of carriers having the p-type
character with non-zero momentum.

2 Model Hamiltonian

Standard single-electron Hamiltonian including spin-orbit
coupling is of the following form

H =
[

p2

2m0
+ V(r)

]

σ0 + γ σ ·
[

∇V(r) × p
]

, (1)

where γ denotes spin-orbit coupling constant γ = λ2c/4!
with Compton length λc = !/(m0c) = 2.43 · 10−12m. Com-
ponents of the spin operator σ are Pauli matrices

σx ≡
(

0 1
1 0

)

, σy ≡
(

0 −i
i 0

)

, σz ≡
(

1 0
0 −1

)

, (2)

and σ0 stands for a unit matrix. Translation symmetry of
the crystalline potential V(r) implies that eigenfunctions
are of the Bloch form

〈r|n, s, k〉 = Ψn,s,k(r) =
1
√
8π3

eikrun,s(k, r) , (3)

un,s(k, r + Ri) = un,s(k, r) , (4)

where Ri is the position vector of the i-th Wigner-Seitz
cell and (n, s) denote energy bands. Periodic parts of Bloch
functions un,s(k, r) are spinors which can be expressed as a
Fourier series

un,s,k(r) =
∑

G
eiGr












C(1)n,s,k(G)
C(2)n,s,k(G)













, (5)

where G are reciprocal lattice vectors.
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Fig. 1. Energy dispersion laws of GaAs s- and p-bands in the
vicinity of the Γ-point along the [100] and [110] directions for
kz = 0. The energy difference of spin-split dispersion laws,
∆En(k) = En,s(k) − En,−s(k), for s-band and heavy hole p-band
are shown by dashed lines.

Band numbers n and s together with the wave vector
k define the energy dispersion law En,s(k) and because of
the translation symmetry the velocity expectation values
are given as

vn,s(k) =
1
!
∇kEn,s(k) . (6)

Since the spin operator does not commute with the Hamil-
tonian, expectation values of the spin-vector length |σn,s(k)|
can generally attain any value between 0 and 1.

Crystalline potential can be generally expressed in the
form of the Fourier series. Assuming that the local atomic
potentials have the spherical symmetry, we get

V(r) = 1
Ωc

∑

G

∑

α

ΩαVα(G)eiG(Rα−r) , (7)

whereG = |G|, index α denotes the type of atom as well as
its position Rα within the unit cell of the volume Ωc, and
Ωα is the atomic volume. Instead of the real crystalline po-
tential we consider the empirical pseudopotentialV(r) rep-
resenting zinc-blende structure. Fourier coefficients Vα(G)
representing GaAs crystals can be found in a number of
publications [12,13]. Note that empirical pseudopotentials
do not include the contribution of low lying core states
to the spin-orbit coupling term defined in Eq.(1). To get
a quantitative agreement with experimentally established
energy dispersions, it is necessary to add relevant correc-
tion terms [13,14].

The eigenvalue problem for the above model gives en-
ergy bands showing general features corresponding to the
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Fig. 2. Equienergy contours in the plane (0,0,1) of the spin-split
s-band states with kz = 0. Spin orientation is shown by arrows.

zinc-blende crystal symmetry in agreement with the Dres-
selhaus group analysis [2]. No spin-splitting of energy bands
is found along the high symmetry directions Λ and ∆ de-
fined by L and X points on the Brillouin zone boundary.
Along other directions spin-splitting becomes non-zero, but
it is rather weak as can be seen in Fig.1, where dispersions
of s- and p-band states along [1,1,0] axis and ∆ direction
represented by [1,0,0] axis are shown.

3 Spin polarization of Bloch states
Spin orientation of Bloch states strongly depends on the
wave vector direction. Along the directions for which spin-
splitting takes place a very rich spin structure has been
found. We limit our presentation of the numerical results
to states at equienergy contours in the (0,0,1) plane nor-
mal to the [0,0,1] direction having kz = 0. In this case ex-
pectation values of σx vanishes. Since the [0,0,1] axis is a
standard growth direction, these states can be considered
as states representing two-dimensional systems realized in
semiconductor heterostructures. For an easier presentation
the equienergy contours of rather large k-radius are used
since the tiny spin splitting increases approximately as k3.
Nevertheless, the presented properties have the same qual-
itative features as those obtained for smaller radii of the
equienergy contours.

Equienergy contours of spin-split s-band states normal
to [0,0,1] crystallographic direction, 4-fold rotation axis,
are shown in Fig.2 for kz = 0 together with arrows repre-
senting spin orientation of Bloch states. No spin-splitting
is observed at high symmetry axes in agreement with Dres-
selhaus group analysis [2]. Spin is perpendicular to the ve-
locity direction and its length |σ(k)| approaches unity.

Equienergy contours for spin-split light-hole states nor-
mal to [001] crystallographic direction are shown in Fig.3
for kz = 0. Spin is nearly perpendicular to the velocity di-
rection but its length is much less than 1, |σ(k)| ≈ 0.55.

Spin orientation of Bloch states of heavy-holes is rather
rich as shown in Fig. 4. Spin is not perpendicular to the ve-
locity and its length varies between 0 and 1 approaching
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Fig. 3. Equienergy contours of the spin-split light-hole states in
the plane perpendicular to the [001] direction for kz = 0. Spin
orientation is shown by arrows.
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Fig. 4. Equienergy contours in the plane (0,0,1) of the spin-split
heavy-hole states with kz = 0. Spin orientation is shown by ar-
rows.

zero along ∆ direction, i.e., for [±1,0,0] and [0,±1,0] crys-
tallographic directions.

4 Spin polarization of the Hall current
densities

Spatial distribution of the current density is defined by the
spatial density of the velocity expectation values

jn,s(k, r) = −eΨ+n,s,k(r) vΨn,s,k(r) , (8)

where Ψn,s,k(r) are Bloch eigenfunctions and v denotes ve-
locity operator

v = p
m0
σ0 + γσ × ∇V(r) . (9)
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Fig. 5. Hall current density jy(z) (full line) and spin densities
(σx(z) - dotted line ; σy(z) - dashed line) for s-band electrons
as functions of the z-coordinate representing [0,0,1] crystallo-
graphic direction. The mass-density distribution of electrons at
the equienergy contour is shown at the bottom of the figure.

The electric field applied, say, along the x-direction which
is in our notation equivalent to the [1,0,0] direction, in-
duces a non-equilibrium occupation of states represented
by a shift ∆kx of the occupied states. In the limiting case
of the zero temperature the linear response with respect to
the shift ∆kx gives the current density

j(µ, r)
∆kx

= −
∑

n,s

∫

δ
(

En,s(k) − µ
) ∂En,s(k)
∂kx

jn,s(k, r)dk,

(10)
where µ denotes the chemical potential. While the total
current along the direction perpendicular to the applied
electric field has to vanish, the corresponding local cur-
rent densities are expected to oscillate through the crystal
cross-section.

The contribution of a Bloch state to the local spin den-
sity reads

σn,s(k, r) = Ψ+n,s,k(r)σΨn,s,k(r) . (11)

As a consequence of the Kramer’s theorem, the sum of
contributions of states at equienergy contours vanishes.
Non-equilibrium ocuppation of states induced by the ap-
plied electric field gives rise to a non-zero local spin den-
sity. In analogy with the procedure presented above for the
current density, local spin polarizations can be established.

As an example let us consider a two-dimensional gas
of carriers represented by bulk states with kz = 0. For
this case the Hall current density averaged over x- and y-
coordinates will be established giving its distribution along
the ẑ direction

jy(z) =
∫

j(µ, r) dx dy . (12)

Spin polarization of the Hall current density jy(z) is thus
defined by the corresponding spin polarization averaged
over x- and y- coordinates, σx(z) and σy(z). Note that for
kz = 0 the only spin components normal to ẑ direction can
be induced.

Typical results for s-band electrons are presented in
Fig. 5, where the z-dependence of the Hall current den-
sity jy(z) normalised to the averaged applied current den-
sity 〈 jx〉 together with spin densities σx(z) and σy(z) nor-
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Fig. 6. Hall current density jy(z) (full line) and spin densi-
ties (σx(z) - dotted line ; σy(z) - dashed line) for light holes
as functions of the z-coordinate representing [0,0,1] crystallo-
graphic direction. The mass-density distribution of electrons at
the equienergy contour is shown at the bottom of the figure.

malised to the product of the equienergy density of states
and kx shift, g∆kx, are shown.

We used the same data as that giving for the energy µ
the equienergy contours shown in Fig. 2. Oscillations of
the Hall current density are caused by the non-zero orbital
momentum of Bloch states having different mass-centre
positions for opposite wave vectors k. As expected, the
total Hall current as well as the total σy spin-component
vanish. On the other hand, the non-vanishing totalσx spin-
component indicates the already described spin polariza-
tion of the system induced by the applied current [3–5].
No total spin transfer perpendicular to the applied current,
spin Hall current, has been observed.

A stronger spin polarization of the Hall current densi-
ties could be expected for p-band states having larger or-
bital moments than s-band states. Especially for light holes
showing substantially larger spin splitting, the pronounced
effect is expected despite the fact that the length of the spin
vector is smaller, |σ(k)| ≈ 0.55. The results obtained by us-
ing the same data as that giving the equienergy contours
shown in Fig. 3 are presented in Fig. 6. As in the pre-
ceding case, the total Hall current as well as the total σy
spin-component vanish. On the other hand, the tendency
to transfer spins with different sign of their y-component
in opposite directions, spin Hall current, is clearly seen.

Note that for both presented examples the contribution
of the spin-orbit coupling term entering velocity operator,
Eq.(9), gives only small corrections.

We have presented examples for chemical potentials
that give equipotential contours with quite large average
radii 〈kc〉, 〈kc〉a ∼ 1, which corresponds to unrealistic car-
rier concentrations. With decreasing values of the 〈kc〉, the
ratio of the Hall current density and the applied current de-
creases similarly as spin splitting, i.e., as 〈kc〉3. Similarly,
the corresponding spin polarization is suppressed. Never-
theless, up to values 〈kc〉a ∼ 0.3 the qualitative features re-
main unchanged. For smaller radii the accuracy of our nu-
merical procedures especially for the s-band electrons and
heavy holes becomes unsatisfactory because of the very
weak spin splitting of equienergy lines.

Non-zero spin Hall current has also been indicated for
heavy holes. The oscillation amplitudes of the Hall current
density and the spin density along ẑ direction are less but

of the same order as that for light holes. However, opposite
to the s-state electrons and light holes the observed proper-
ties are not so universal. The reason is that their spin struc-
ture as well as the shape of equienergy lines depend on
the heavy hole concentration. Note that there even appears
crossing of the energy dispersions as indicated in Fig. 1 by
the arrow.

Let us note that in the three-dimensional case the spin
polarization becomes more complex because of the non-
zero contribution of the spin z-component and non-zero
Hall current densities along z-direction.

5 Concluding remarks
We have studied the spin polarization of Bloch states in
semiconductors with zinc-blende structure using the em-
pirical pseudopotentialmethod.Knowledge of Bloch eigen-
functions allowed us to analyse real-space spin and current
distributions. In the current carrying regime it results in
the local spin polarization accompanied by spin-polarized
Hall-current densities. We have shown that at least in the
case of light holes they are responsible for transferring
spins of different orientation in opposite directions. It re-
sults in the spin Hall current expressed by quantities mea-
surable at least in principle.

Nevertheless, for full understanding of spin currents
the presented analysis needs a modification allowing to
take into account the effect of the sample edges together
with realistic conditions for potential well boundaries. Par-
ticularly it is important in the case of the spin accumulation
at the sample edges [15], which is up to now the only ob-
servable manifestation of the spin Hall effect.
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