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Abstract: Percolation and non-equilibrium front propagation in a two-dimensional network modeling wildfire spread is 
studied. The model includes two long-range interactions; a deterministic and a probabilistic one induced by firebrand emis-
sion. It includes also a time weighting process. Three weight-dependent regimes were found previously; dynamical, static, 
and non-propagative regime [12]. In the absence of probabilistic interaction, the percolation threshold dependence on the 
weight does not depend on the deterministic interaction. The dynamical regime is found to belong to the dynamical perco-
lation universality class and the static regime to the random deposition class. In the presence of probabilistic interactions, a 
minimum percolation threshold is found due to the scaling effects. The dynamical exponents belong to a new universality 
class.  

 

1. Introduction 
       Phase transition, for equilibrium and non-equilibrium 
states (during growing processes or chemical reactions) 
[1, 2], ranks among the most fascinating phenomena in 
nature. Although it has been extensively studied for sev-
eral decades, some problems regarding the universality 
and the dynamics of spreading at the phase transition 
remain open [6-8]. 
       Percolation theory [3] is one of the models common-
ly used to describe phase transitions and has been applied 
to a wide range of phenomena, such as the displacement 
of oil in porous media, the propagation of forest fires, and 
epidemics [3-5].  
        Watts and Strogatz proposed in 1998 a random 
graph model: Small World Network (SWN) modeling the 
spread in social networks [5, 9-11]. It includes both ran-
domly generated long-range connections (shortcuts) and a 
high connectivity [11]. 
      Recently, the SWN model was adapted to forest fire 
spread [11-13]. In this model, in addition to the probabil-
istic long-range interactions representing the firebrands 
emission, deterministic long-range connections due to the 
ignition by flame radiations are introduced [12,13]. A 
weighting process appears due to the ignition energy of 
the combustible cell and the combustion time of the flame 
[12].  

The effect of the long-range connections and the 
weighting process on both percolation transition and front 
dynamics is interesting to investigate.  This is the aim of 
this work were the influence of flame radiation and fire-
brands on the percolation and front dynamics are ex-
amined. 

2. Model description 

          The present model is a variant of the Watts–
Strogatz small-world network model built from a two-
dimensional L sized lattice of square cells of size a occu-
pied with a probability p and empty with a probability (1-
p). 

The probabilistic long-range connection corres-
ponds to the spotting process caused by firebrand’s emis-
sion far from the cell. The spotting process [14] occurs 
under the action of wind and / or slope and when the 
brush and trees burn rapidly have a high plume of flame 
(≈ 3m) [15]. These incandescent particles or burning (for 
example: pieces of bark, pine needles, twigs, leaves and 
fragments of cork ...[15])  may give rise to some second-
ary fires “fire palace” from 100 m to 1Km away from the 
main fire front [15]. 

The average emission probability per cell P0 is 
here fixed to unity, and the emission angle fixed as α=π/3 
within the wind direction. The probability distribution of 
emission was found to be exponentially decreasing with 
distance D [15,17]: 

࣪ ൌ ଴ܲ݌ݔܧ ቀെ
஽

஽బ
ቁ                                                                ሺ1) 

 ଴ is the characteristic emission distance. The number ofܦ
effective firebrands depends on the size of the network 
where [14, 18]:  
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With ௕ܰ௦ is the number of burning cells.  
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The deterministic long-range connection is charac-
terized by two lengths nxa and nya defining an influence 
zone of the flame radiation. The influence zone is circular 
(nx=ny) in the isotropic case (i.e. no wind and flat terrain). 
It becomes elliptical and induces anisotropy in the pres-
ence of a terrain slope and/or wind speed [14].  The mod-
el network is shown in Fig.1. 

Each combustible cell j, in the influence zone of a 
burning cell i, receives a radiation flux power-law de-
creasing with the distance ु௜௝  [10, 19-20]. The power 
exponent was found to depend on the distance from the 
flame. Actually if the flame is point-like this exponent is 
2 and becomes 1 close to a radiant panel. This exponent 
becomes 3 for asymptotically large distances for a cylin-
drical flame. Therefore, in the present model a power-law 
decreasing radiation flux with the distance is used   
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Here ∆݊௫೔ೕ
 and ∆݊௬೔ೕ

 are the jumps in directions x and y 

respectively, and the power-law exponent ߚ  takes arbi-
trary values.  
 

 

 

          

       The burning cell has a combustion time tc, and the 
combustible cell is ignited when its energy reaches an 
ignition energy Eign. The propagation exhibits thus a 
weighting process corresponding to the ratio of the igni-
tion energy to the energy produced by the burning cell 
during its residence time ܧ௜௚௡ / ௜ܲ௝ݐ௖ [12]. As this proce-
dure depends on the distance to the burning cell ु௜௝, the 
weighting parameter R is defined as this ratio for cells 
located at the border of the influence zone  

ܴ ൌ
௜௚௡ܧ

଴ܲݐ௖
                                                                               ሺ4ሻ 

For =2, three propagation regimes were found depend-
ing on the values of R; a dynamical regime for ܴ ൏ ܴ௖, a 
static regime for ܴ ൌ ܴ௖ and no propagation for ܴ ൐ ܴ௖ . 
ܴ௖  is a critical weight where a burning cell can ignite 
only its nearest neighbors. It is thus defined as  

ܴ௖ ן ݊௬
ఉ                                                                                  ሺ5ሻ 

3. Results 
A square network of 300x300 cells is used. The cells are 
randomly occupied by combustible elements with a prob-
ability p. The percolation threshold pc corresponds statis-
tically to the appearance of a cluster of burned cells con-
necting the opposite sides of the heterogeneous system. It 
is determined from the maximum burned mass fluctua-
tions (as the disorder is larger at the phase transition). The 
results are averaged over 100 realizations which were 
found to be sufficient to avoid finite size effects [21] (The 
systems size used here ensures that |pc (L) − pc(∞)| is 
smaller than the error bar (0.005) of pc(L)). In order to 
improve the statistics, the first horizontal line is initially 
ignited. 

3.1. Deterministic long-range effects 

The weight and deterministic long-range connections 
effects on the percolation threshold are now examined. 
For weights R ≤ 1 (saturation regime), the percolation 
threshold saturates at a minimum value independently of 
the exponent β (Fig.2) [12]. 
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In this regime, the burning cell can ignite all cells located 
in its influence zone, and the number of burned cells will 
be independent of the weighting procedure. In the re-
maining dynamical regime (1<R<Rc), pc is independent 
of the interaction () within the statistical errors. This 
confirms the universality of this phase transition. There is 
however a saturation effect close to Rc at pc=1, for ߚ ൌ
3.  As the system considered here is anisotropic, the limit 
R=Rc makes the propagation nearly 1D and then pc 
reaches 1. When increases this anisotropy is streng-
thened (see Eq.5), and starting from =3 the 1D behavior 
is reached below Rc. For isotropic systems (nx=ny), the 
percolation threshold reaches the limit pc=0.59 (that of 
the square network [3]).  

Fig.  2. The percolation threshold pc versus ܴ for ly=6a, 
lx=2a and β=0.5, 1, 2 et 3  

Fi .  1. The small world network model  
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3.2. Probabilistic long-range effect: 

Let us now consider the spotting process. A secondary 
fire starts only in case of a connection between occupied 
cells. In this case the connection is effective. The percola-
tion threshold is shown in fig.3. The percolation threshold 
exhibits a minimum at a given characteristic distance 
(here the minimum is observed for D0=30m). This mini-
mum is size dependent. It disappears for an infinite sys-
tem. The behavior of pc is in quite agreement with the 
empirical Sander’s formula for small world networks [16] 

߶ܥ4 ൌ
൫ ௖ܲ

௥௥ െ ௖ܲ
௣௠൯

ఊ
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௣௠                                                       ሺ6ሻ 

Where C is a constant, and ߛ is a critical expo-
nent determined from the universal scale of the 
correlation length: ۄ݉ۃ ൌ ܲ|ܥ െ ௖ܲ|ିఊ   
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The scaling behavior of the propagation time and burned 
mass fluctuations at pc show different power-law beha-
viors see fig.4. 
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 The propagation time fluctuations increase linearly  

ݐߜ ൌ ܮ௣೎ݒ ൅ ܾ                                                                        ሺ7ሻ 

Where v୮ౙis the rate of spread at pc.   
The burned mass fluctuations increase as power law  

δm ൌ k כ L஢  with σ ൌ 1.73                                              ሺ8ሻ 

This behavior indicates a power-law dependence of corre-
lation length on that of time. This dynamical behavior 
will be investigated in the next section. 

3.3.  Front dynamics  

The front dynamics is characterized by a set of non-
equilibrium exponents. The aim here is to look for the 
universality class this model belongs on. We assume that 
the width of the fire interface is defined as [6, 8]:  
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቏

ଵ/ଶ
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Where y୧ሺtሻ, is the maximum fire position in the wind (y) 
direction, Lx the lateral system size and ۃ…  denotes the ۄ
average over realizations. Below the correlation time τ, 
the interface width is expected to behave as  ן  tβ , where 
β is the growth exponent. For t>τ, the interface width 
saturates and scales as Wሺt ൐  ߬ , ሻݔܮ ן  L୶

α  , where α is 
the roughness exponent (also called Hurst exponent) [8].  
The correlation time also scales as τ ן  L୶

୸   (z is the so-
called dynamic exponent). These exponents are not inde-
pendent (β = α/z). This scaling picture is known as Fami-
ly–Vicsek scaling ansatz [22].  
For finite systems and point ignition, the mean square of 
spreading distance (y୧ሺtሻ) from the origin scales as [6]:  

Ըଶ ൌ
1

Nሺtሻ
෍ۃ y୧

ଶሺtሻ
୧

ۄ ן   t୸                                             ሺ10ሻ 

Where z=2/Z is the dynamic exponent. 
From a previous paper-burning experiment of Zhang et 
al. [23] the roughness exponent is 0.71. Later on, Prova-
tas et al. used a phase-field model to describe flame prop-
agation in random continuous media [24]. They obtained 
α = 1/2 and β = 1/3. Discrepancies between model and 
experiments were explained by the correlated distribution 
of fibers within paper.  
Roughening exponents were determined and found con-
sistent with the Kardar–Parisi–Zhang (KPZ) universality 
class [7]. However, the propagation in continuous media 
does not take into account neither long-range interactions 
nor the weighting process. 
From the present work and deterministic long-range inte-
raction, we find β = 0.218 ± 0.02, α = 0.3 ± 0.03 and z = 
0.976 ± 0.08 in the dynamic region (R = 1), not far from 
the dynamic exponent characterizing the dynamical per-
colation class, with z = 1.13 [6]. In the static region (R = 
Rc) the percolation of the fire seems to be one-
dimensional and the disorder is responsible of stopping 
the fire so that the system belongs to the random deposi-
tion universality class.  
Let us now examine the front dynamical exponents in the 
case of the spotting process. In the static regime the dy-
namics of propagation belongs to random deposition 
universality class (the spotting process seems to have no 
influence on the front dynamics in this case). 
For R=1, the exponents change, with z=0.75+-0.04 indi-
cating a super-diffusive behavior. This is mainly caused 
by the contribution of the secondary fire fronts. This 
behavior belongs to a new universality class “Directed 
Percolation Depinning class” [8]. 
   

Exponent Deterministic interaction Probabilistic interaction 

The weigh R=1 R=Rc R=1 R=Rc 

Fig. 3 : (a) ݌௖ ଴ܦ௖ሺ݌ ൌ 0ሻ⁄  versus D0 for ny = 6, nx = 2 and R=1.5, 
6 et 25. (b) Comparison with Sander results.   

Fig. 4. Types of percolation: directed percolation t=f(L), 

normal m=f(L). 
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 0.30±0.03 ∞ 0.59±0.03* 0.58±0.04* 

 0.218±0.02 0.627±0.03 0.79±0.04 0.49±0.03 

Z 0.976±0.08 1.092±0.04 0.75±0.04 1.2±0.04 

* obtained using ܼ ൌ ߙ ⁄ߚ [8].  

 

 

Conclusion 

We have used a variant of the Watts and Strogatz small 
world network model to study the effect of weight and 
long range connections on the percolation and front dy-
namic of forest fire spread. The main results are summa-
rized below:    
 The weight dependence of percolation threshold is 

not affected by the interaction. 
 A minimum percolation threshold is observed in 

the presence of the firebrands. This is due to size 
effect. And is in quite agreement with the empiri-
cal formula of sanders.  

 In the static regime, the model belongs to the ran-
dom deposition universality class. 

 In the dynamic regime, the system belongs to the 
dynamical percolation universality class in the ab-
sence of probabilistic long-range interactions. In 
the presence of these interactions, a new set of ex-
ponents appears leading to DPD universality class.  
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