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Bond diluted Ising model in 2D
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Abstract. The bond diluted Ising model is studied by Monte Carlo method. The simulation is carried out on a two dimensional square lattice with missing bonds and free
boundary conditions. The aim of this work is to investigate the thermodynamical properties of this model for different disorder degree parameter σ. The critical temperature is
determined from the Binder cumulant and is shown to decreases as the disorder parameter
σ increases linearly.

1 Introduction
The 2D Ising model has been solved exactly by Onsager back on 1944 [1] and still holds nowadays
an important place in the physics of phase transition and beyond. This model, in the two dimensional
case, consists on a set of N spins located at fixed nodes. In its simplest form, each spin has two values
(+1 or -1) and interacts equally with its four nearest neighbours. With no external magnetic fields, the
Hamiltonian of the system H is:
X
H = −J
S iS j
(1)
<i j>

The exchange coupling constant (a unique interaction factor) between nearest neighbours <i j> is
represented by J while S i and S j are the respective nearest neighbour spins.
Disordered systems have been the subject of several studies due to important effect of disorder
on their thermodynamic behaviour in comparison to ordered ones [10]. Disorder can be manifested
in different manner: random field [5], random interaction factors [7], site diluted [4] [8] (some of the
sites are randomly occupied by either vacant lattice sites or by non magnetic atoms in the presence of
magnetic ones), bond diluted [6] [3] (bonds are randomly removed from the system), etc.
In this work, we use the Binder cumulant to determine the critical temperature in the case of
randomly bond diluted systems. This type of disorder was studied for the first time by D.Zobin [2]
only for periodic boundary conditions. In the same context, another author has shown that the critical
region becomes narrower as the concentration of bonds decreases [12].
The purpose of this paper is to report preliminary results of Monte Carlo simulations of the thermal
and magnetic properties of the 2D bond diluted Ising model as done by [2] using a different approach.
For now, the simulation was carried out with relatively small systems and already we have obtained
interesting results worth mentioning. The value of the critical temperature at the phase transition is
determined using the fourth-order cumulant Binder [9] (only free boundary conditions are considered).
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2 Model and simulation
The Hamiltonian of the model considered here reads[2]:
X
H =−
Ji, j S i S j

(2)

i, j

where the exchange coupling constant Ji, j is 0 for non-nearest-neighbours and 1 or 0 with probabilities
σ or √1 − σ respectively. Free boundary conditions are used, and the regular square lattice size is
L = N (where N is the total number of spins in the system). The value of the critical temperature T c
is determinated using the Binder cumulant U(T, L) defined as [9]
U(T, L) = 1 −

hM 4 i
3hM 2 i2

(3)

where hM 2 i and hM 4 i denote thermal averages of the second and fourth moments of the total
magnetization M. The U(T, L) versus T curves for various L converge toward a fixed point for large L
values. The reached fixed point is by definition the T c (Fig3).
We have performed the Monte Carlo simulation using the single spin flip algorithms [11] where
we divided the equilibration process into Timesteps, the Monte Carlo steps per spin. The measurement
of the thermodynamic quantities are carried out after many Timesteps, the Timeslice. To go beyond
the thermodynamic equilibration stage, measurements are taken after four Timeslices and averaged at
each Timeslice over a larger number of samples is done. When the average energy difference between
two successively Timeslices is lower than a certain fixed error value, the simulation is stopped. This
process is repeated for several temperatures T .
We have computed the magnetization M and the specific heat Cv in the standard manner:
M=

1 X
Si
N i

Cv = Nβ2 (hE 2 i − hEi2 )

(4)
(5)

where N is the total number of spins system, β = 1/kB T (T is the temperature and kB is the
Boltzmann constant taken to unity here).

3 Results and discussions
The calculations were carried out for σ = 1.0, 0.95, 0.90, 0.85 and 0.80 using lattice sizes L = 256,
1024 and 4096. 10000 samples were used for averaging.
The thermodynamic quantities are plotted in Fig1 and Fig2 for L = 4096 and for various disorder
degree σ (the concentration of bond).
From Figure 3, we can get the value of the critical temperature T c for different degree of disorder
σ from the intersection of the cumulant for different sizes.
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Fig. 1. The absolute magnetization |M| as a function of the temperature
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Fig. 2. The specific heat Cv as a function of the temperature

The critical temperature T c has shown decrease linearly with respect to σ (fig 4).
√ For σ = 1.0 (pure
system), T c = 2.2686±0.0028 which tends to the exact critical temperature (2/ ln( 2+1) = 2.26918...)
[1] for a larger lattice sizes and samples.
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Fig. 3. The Binder cumulant U(T, L) versus the temperature
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Fig. 4. The variation of the critical temperature relative to the disorder parameter σ

The slope of the T c (σ) line is found to be 3.112 ± 0.023 relative to that determinated by Harris
[13] which is 3.016 and for Jayaprakash [12] is 3.108. This value of the slope is calculated near the
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bond concentration σ = 1.0 . Domany [14] has determinated the exact value of the slope near σ = 0.5
(critical bond concentration) which is equal to 3.145.

4 Conclusion
We have performed the Monte Carlo study for the bond diluted Ising model on the square lattice.
The obtained results are in agreement with previous works [2], [3]. At this point, the effect of the
free boundary conditions does not seem to affect the value of the critical temperature T c . Further
investigations are being done with larger system sizes and larger samples to get more precision in
order to settle this issue.
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