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Abstract. We discuss results of the first global 3D MHD simulations of warp and den-
sity waves in accretion disks excited by a rotating star with a misaligned dipole magnetic
field. A wide range of cases are considered. We find for example that if the star’s mag-
netosphere corotates approximately with the inner disk, then a strong one-arm bending
wave or warp forms. The warp corotates with the star and has a maximum amplitude
(|zw|/r ∼ 0.3) between the corotation radius and the radius of the vertical resonance. If
the magnetosphere rotates more slowly than the inner disk, then a bending wave is excited
at the disk-magnetosphere boundary, but it does not form a large-scale warp. In this case
the angular rotation of the disk [Ω(r)] has a maximum as a function of r so that there is an
inner region where dΩ/dr > 0. In this region we observe radially trapped density waves
in approximate agreement with the theoretical prediction of a Rossby wave instability in
this region.

1 Introduction

Different types of accreting stars have dynamically important magnetic fields, for example, young T
Tauri stars [1], accreting millisecond pulsars [2], and accreting white dwarfs [3]. Doppler tomography
of classical T Tauri stars (CTTSs) shows that in spite of the complexity of the magnetic field at the
surface of the star, the dipole component is likely the dominant component at the disk-magnetosphere
boundary [4].

A rotating star with a tilted dipole (or other non-axisymmetric) magnetic field exerts a periodic
force on the inner part of the accretion disk which acts to excite different types of waves that propagate
to larger distances. This force can excite density waves in the disk [5] and/or vertical bending waves
in the disk [6]. These waves can have important observational consequences such as periodically
obscuring the light from the star (e.g., [7]) and periodically modulating the radiation from the inner
disk and the star possibly giving rise to observed quasi-periodic oscillations (QPOs) in low-mass
X-ray binary systems [2]. Theoretical investigations of the small amplitude linearized waves in
disks has led to understanding that both types of waves may be strongly enhanced or damped at
radii corresponding to resonances (e.g., [8]). There are two types of resonances. One is a horizontal
resonance (Lindblad resonance) and the other is a vertical resonance. Another important resonance
is associated with corotation radius rcr where the angular velocity of the disk matches the angular
velocity of the external force. The linear theory is of course not applicable when the amplitude of the
waves is large. For this limit simulations are needed.

ae-mail: RVL1@cornell.edu

EPJ Web of Conferences  46, 03004 (2013) 
DOI: 10.1051/epjconf/20134603004  
© Owned by the authors, published by EDP Sciences, 2013

This is an Open Access article distributed under the terms of the Creative Commons Attribution License 2.0,  which 
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Article available at http://www.epj-conferences.org or http://dx.doi.org/10.1051/epjconf/20134603004

http://www.epj-conferences.org
http://dx.doi.org/10.1051/epjconf/20134603004


EPJ Web of Conferences

Figure 1. Panels a and b show the radial dependence of the radial wavenumber for the one-armed (m = 1) and
two-armed (m = 2) bending waves (n = 1). Here, rcr is the corotation radius, CR indicates the position of the
corotation resonance, OVR the outer vertical resonance, and IVR the inner vertical resonance. Panels c and d
show the radial wavenumber for the one-armed and two-armed in plane density waves (n = 0), where ILR and
OLR are the inner and outer Lindblad resonances. This figure assumes a thin Keplerian disk with Ω =

√
GM/r3

and disk half-thickness (h) has h/r = cs/(rΩ) = 0.05.

Here, we summarize results from the first global 3D magnetohydrodynamic simulations of the
waves excited in an accretion disk by a rotating star with a dipole magnetic field misaligned with the
star’s rotation axis (which is aligned with the disk’s rotation axis at large distances) [9]. In Sect. 2
we outline the theory. Sect. 3 gives sample results from our MHD simulations and Sect. 4 briefly
discusses the Rossby waves found in our simulations.

2 Linearized Modes of Thin Disks

The small amplitude waves in a hydrodynamic disk are characterized by the perturbations of the
different fluid variables, Q = p, ρ, vr, .., which can be expanded as (e.g., [10]):

Q(r, z, φ, t) =
∑

m,n,ω

Qm,n,ω(r)Hn

( z
h

)
exp(imφ − iωt) . (1)

Here, ω is the angular frequency of the wave, m = 0, 1, 2... is the number or arms in the azimuthal
direction, Hn, n ≥ 0 are Hermite polynomials (with n = 0, 1, 2, ..), and h(r) the half-thickness of the
disk at the radius r. We restrict our attention to the low order modes m = 1, 2 and n = 0, 2.
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Linearization of the equations of motion [8] leads to

d2ψ

dr2 +
(ω̃2 − κ2)(ω̃2 − nΩ2

⊥)
c2

sω̃
2 ψ = 0 , (2)

where ψ = δp/ρ0 is the perturbation of the enthalpy. For the bending modes ψ is the displacement
of the disk center of mass from the equatorial plane, zw. Also in this equation, ω̃ ≡ ω − mΩ is the
Doppler-shifted angular frequency of the wave seen by observer orbiting at the disk’s angular velocity
Ω(r), Ω⊥ is the frequency of oscillations perpendicular to the disk, κ2 = r−3d(r4Ω2)/dr is the square
of the radial epicyclic frequency, kr is the radial wavenumber, and cs is the sound speed in the disk.

Considering the local free wave solution in the form in the WKBJ approximation [8],

ψ ∝ k−1/2
r exp

[
i
∫ r

drkr(r)
]
, (3)

for (krr)2 � 1, (krh)2 � 1. Thus d2ψ/dr2 = −k2
rψ in equation (2) and one gets the dispersion relation

(ω̃2 − κ2)(ω̃2 − nΩ2
⊥)

ω̃2 = k2
r c2

s . (4)

Propagation of the perturbations is possible in regions where (ω̃2 − κ2)(ω̃2 − nΩ2
⊥) > 0. Part of the

range where ω̃2 < κ2 describes density waves (inertial-acoustic) waves and part of that with ω̃2 > nΩ2
⊥

describes bending waves. The WKBJ approximation breaks down in the vicinity of points where the
coefficient in front of ψ in equation (2) changes sign or has a singularity. At the points where ω̃ = ±κ
there is an outer (+sign) or an inner (-sign) Lindblad resonance. At points where ω̃ = ±nΩ⊥, there are
vertical resonances. For ω̃ = 0 there is a corotation resonance. The behavior of the different modes is
shown in Figure ??.

An important class of waves in the disk are the waves ‘driven’ by the distributed force from
the rotating tilted magnetosphere of the star. The interaction of the magnetosphere with the disk is
complex, non-linear and non-stationary process. This force can be written as

f = f (r, z, φ −Ω∗t) =
∑

m

fm(r, z) exp[im(φ −Ω∗t)] , (5)

where Ω∗ is the angular velocity of the star. In linear approximation, we suggest that the m−harmonic
of this force excites the m−arm wave in the disk. The frequency of this force is mΩ∗. Then, for a
Keplerian disk, the condition for the Lindblad resonances ω̃ = ±Ω is mΩ∗ − mΩ = ±Ω, or, rLR =

rcr(1 ± 1/m)2/3 , where rcr = (GM/Ω2
∗)

1/3 is the corotation radius. For bending waves, n = 1, the
condition for vertical resonances ω̃ = ±Ω is the same, and hence vertical resonances are located at the
same radii.

For a one-armed (m = 1) wave in a Keplerian disk, the outer Lindblad resonance is located at
the radius rOLR = (4GM/Ω2

∗)
1/3. The location of the outer vertical resonance rOVR for bending waves

(n = 1) is the same. For a two-armed spiral wave (m = 2), the outer Lindblad and vertical resonances
are located at the distance rOLR = rOVR = [9GM/(4Ω2

∗)]
1/3, while the inner Lindblad resonance is at

the distance rILR = rIVR = [GM/(4Ω2
∗)]

1/3. The corotation resonance for all waves is located at the
radius rCR = (GM/Ω2

∗)
1/3.

3 3D MHD Simulations

We have solved the 3D MHD equations with a Godunov-type code in a reference frame rotating with
the star using the “cubed sphere" grid. The model has been described earlier in a series of previous
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Figure 2. Views of the bending and density waves shown at time t = 80 measured in orbits at the inner disk radius.
The left two panels show 3D views of the isodensity surface of a warp from the side and face-on orientations.
The right two panels show the bending (where zw is the vertical displacement of the center of mass of the disk)
and the density wave (where σ is the disk’s surface mass density). Also shown are the locations of resonances:
rCR is the corotation resonance; rOVR is the outer vertical resonance; and rILR and rOLR are the inner and outer
Lindblad resonances.

papers ([11], [9]). Hence, we describe it only briefly here. For initial conditions we assume that the
rotating, perfectly conducting, magnetized star is surrounded by an accretion disk and a corona. The
disk is cold and dense, while the corona is hot and rarefied, and at the reference point (the inner edge
of the disk in the disk plane), Tc = 100Td, and ρc = 0.01ρd, where the subscripts ‘d’ and ‘c’ denote
the disk and the corona. The disk and corona are initially in rotational hydrodynamic equilibrium
[12]. The disk is relatively thin with the half-thickness to radius ratio h/r ≈ 0.1. The grid consists
of Nr concentric spheres, where each sphere represents an inflated cube. Each of the six sides of the
inflated cube has an N × N curvilinear Cartesian grid. The whole grid consists of 6 × Nr × N2 cells.
The typical grid used in simulations has N2 = 612 angular cells in each block. The typical number of
grid cells in the radial direction is Nr = 140.

Figure 2 shows sample results for the bending and density waves found in our 3D MHD simula-
tions [9].

Figure 3 shows the power spectral densities (PSD) for the m = 1 warp wave (zw) and the m = 2
density wave (σ). The left-hand panel shows that warp wave rotates at the angular frequency of the
star and that it extends radially outward and inward from the corotation radius. It is in approximate
agreement with the theory of [13]. The right-hand panel shows the PSD of the density waves. Note in
particular the prominent feature on the inner part of the rotation curve where dΩ/dr < 0. We identify
this feature as a Rossby wave as discussed below.

4 Radially Trapped Rossby Modes

A radially localized instability of thin disks know as the ‘Rossby wave instability’ (RWI) may occur
near regions where there is an extremum (as a function of r) of the potential vorticity ẑ·(∇×v)/Σ, where
v is the disk velocity and Σ is the disk’s surface mass density ([14], [15], [16]). Of particular interest
here is the RWI in the non-Keplerian region of a disk [17]. which occurs when a disk encounters the
magnetosphere of a slowly rotating star. An example of such a rotation curve derived from simulations
[17] is shown in Figure 4. For given profiles of vφ, ρ, etc. and a given m, the value of the growth
rate is found by solving for the ‘ground state’ solution of Schrödinger-like equation for the enthalpy
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Figure 3. Power spectral densities (PSD) for the m = 1 warp wave and the m = 2 in plane density wave (σ).
The thick red curves show the average angular velocity Ω of the disk matter. At small radii the angular velocity
decreases owing to the slow rotation rate of the star. This give dΩ/dr < 0 at small r.

Figure 4. The left-hand panel shows the midplane radial dependencies of the azimuthal disk velocity vφ, magnetic
field Bz, and density ρ, where vK is the Keplerian velocity. The vertical arrow indicating rR is the location of the
bottom of a potential well U(r) shown in the right-hand panel from [17]

perturbation ψ = δp/ρ,
d2ψ

dr2 = U(r|ω)ψ , (6)

where U(r|ω) is an effective potential shown for a sample case in Figure 4 from [17]. The ground
state is found by varying both the real and imaginary parts of the mode frequency ω so as to give
the ψ(r) most deeply trapped in the potential well. For typical profiles and m = 1, the growth rate is
ωi ∼ 0.1(vφ/r)R and the real part of the frequency is ωr ≈ (vφ/r)R, where the R−subscript indicates
evaluation at the resonant radius rR. The radial width of the mode is ∆r/rR ∼ 0.05.

The linear growth of the Rossby wave is predicted to saturate when the azimuthal frequency of
trapping of a fluid particle in the trough of the wave ωT grows to a value equal to the growth rate
ωi as discussed by [17]. Recently, the saturation of the RW growth has been studied in a large set
simulations and the saturation in most cases is found to correspond to ωT ≈ ωi [18].

03004-p.5



EPJ Web of Conferences

Acknowledgments

One of us (RL) thanks Dr. Pierre Barge for organizing a superb meeting on proto-planetary disks in
Marseille. Resources supporting this work were provided by the NASA High-End Computing (HEC)
Program through the NASA Advanced Supercomputing (NAS) Division at Ames Research Center and
the NASA Center for Computational Sciences (NCCS) at Goddard Space Flight Center. The research
was supported by NASA grants NNX10AF63G, NNX11AF33G and NSF grant AST-1008636.

References

[1] Bouvier, J., Alencar, S. H. P., Harries, T. J., Johns-Krull, C. M. & Romanova, M. M. 2007, in
Protostars and Planets V, B. Reipurth, D. Jewitt, and K. Keil (eds.), University of Arizona Press,
Tucson, 479

[2] van der Klis, M. 2006, in “Compact Stellar X-Ray Sources", Eds. W.H.G. Lewin & M. van der
Klis (Cambridge: Cambridge Univ. Press), p. 39

[3] Warner, B. 2004, PASP, Volume 116, Issue 816, pp.115, “Rapid Oscillations in Cataclysmic
Variables"

[4] Donati, J.-F., Skelly, M. B., Bouvier, J., Gregory, S. G., Grankin, K. N., Jardine, M. M., Hussain,
G. A. J., Ménard, F., Dougados, C., Unruh, Y., Mohanty, S., Aurièfre, M., Morin, J. & Farès, R.
2010, MNRAS, 409, 1347

[5] Goldreich, P., & Tremaine, S. 1978, ApJ, 222, 850
[6] Lubow, S.H. 1981, ApJ, 245, 274
[7] Bouvier, J., Alencar, S. H. P., Boutelier, T., Dougados, C., Balog, Z., Grankin, K., Hodgkin, S. T.,

Ibrahimov, M. A., Kun, M., Magakian, T. Yu., Pinte, C. 2003, A&A, 463, 1017
[8] Kato, S., Fukue, J., & Mineshige, S. 1998, “Black-Hole Accretion Disks” (Kyoto University

Press: Kyoto Japan)
[9] Romanova, M.M., Ustyugova, G.V., Koldoba, A.V., & Lovelace, R.V.E. 2012, MNRAS, in press
[10] Lai, D. & Zhang, H. 2008, ApJ, 683, 949
[11] Koldoba, A. V., Romanova, M. M., Ustyugova, G. V., Lovelace, R. V. E. 2002, ApJ, 576, L53
[12] Romanova, M.M., Ustyugova, G.V., Koldoba, A.V., & Lovelace, R.V.E. 2002, ApJ, 578, 420
[13] Terquem, C., & Papaloizou, J.C.B. 2000, A&A, 360, 1031
[14] Lovelace, R.V.E., Li, H., Colgate, S.A., & Nelson, A.F. 1999, ApJ, 513, 805
[15] Li, H., Finn, J.M., Lovelace, R.V.E., & Colgate, S.A. 2000, ApJ, 533, 1023
[16] Lovelace, R.V.E., & Hohlfeld, R.G. 1978, ApJ, 221, 51
[17] Lovelace, R. V. E., Turner, L. & Romanova, M. M. 2009, ApJ, 701, 225
[18] Meheut, H., Lovelace, R., & Lai, D. 2012, MNRAS, in press

03004-p.6




