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Abstract. The spontaneous fission lifetimes have been studied microscopically by
minimizing the collective action integral in a two-dimensional collective space of
quadrupole moments (Q20 , Q22 ) representing elongation and triaxiality. The microscopic
collective potential and inertia tensor are obtained by solving the self-consistent HartreeFock-Bogoliubov (HFB) equations with the Skyrme energy density functional and mixed
pairing interaction. The mass tensor is computed within the perturbative Adiabatic TimeDependent HFB (ATDHFB) approach in the cranking approximation. The dynamic fission
trajectories have been obtained by minimizing the collective action using two different
numerical techniques. The values of spontaneous fission lifetimes obtained in this way are
compared with the static results.

1. Introduction
The spontaneous fission of a nucleus is a many-body quantum tunneling in a multi-dimensional
space of nuclear collective coordinates. To explore this large-amplitude collective motion (LACM)
microscopically, we employ the ATDHFB theory that provides a consistent theoretical framework to
study LACM [1]. In this approach, the collective nuclear dynamics is considered to be much slower
than the single particle motion of individual nucleons. This approximation is fulfilled for spontaneous
fission where excitation energy of the system is small compared to the fission barrier height [1, 2].
The main ingredients for a theoretical calculation of fission lifetime are the collective potential and
collective inertia tensor. For heavy nuclei, the microscopic calculation of these two input quantities
can be done suitably by using the self-consistent density functional theory (DFT) [3]. Within this
approach, based on a suitable energy density functional, constrained HFB equations are solved to obtain
the potential energy surface. In the ATDHFB approach, the collective inertia tensor is then obtained
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Figure 1. Etot and ZPE in MeV for 264 Fm calculated in this work in the collective space of (Q20 , Q22 ).

consistently from the self-consistent densities [3]. These quantities are used in the present paper to
study the spontaneous fission half-life by minimizing the collective action integral in a two-dimensional
collective space of quadrupole moments Q20 (elongation) and Q22 (triaxiality). In the present study,
we have considered 264 Fm as the fissioning system and, therefore, we have not considered Q30 (massasymmetry) since symmetric fission is the major fission-decay mode for Fm isotopes.
The theoretical model is outlined in Section 2. Section 3 explains the numerical technique to obtain
the minimum action path. The results are presented in Section 4. Finally, the results of this study are
summarized in Section 5.

2. Calculation of energy surface and mass parameters
The symmetry-unrestricted DFT solver HFODD [4] is used to calculate the collective potential. The
Skyrme energy density functional with SkM∗ parameterization [5], which is optimized for fission barrier
height of 240 Pu, is employed in the particle-hole channel. In the particle-particle channel, the densitydependent mixed pairing interaction is considered. A detailed description of the input used is given in
Ref. [6]. The potential energy surface is obtained in the collective space of (Q20 , Q22 ) by subtracting the
zero-point energy (ZPE) from the total HFB energy Etot . For the present purpose, ZPE is obtained by
using the Gaussian overlap approximation [7]. The behavior of Etot and ZPE for 264 Fm is illustrated in
Figure 1.
The components of collective inertia tensor in two-dimension are calculated within the perturbative
cranking approximation of ATDHFB formula. The expression for the mass tensor reads [3, 7]
M pC = [M (1) ]−1 M (3) [M (1) ]−1 ,
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Figure 2. Similar as in Figure 1 but for the perturbative cranking inertia M pC .

where the energy-weighted moment tensor
Mij(k) =

 0| Q̂i | | Q̂+
j |0
(E + E )k



(2)

is written in the quasiparticle basis of HFB. In Eq. (2), | is a two-quasiparticle wave function and
the sum is taken over whole quasiparticle basis for neutrons and protons. Q̂i is the quadupole moment
pC
operator, which is either Q̂20 or Q̂22 , and E denotes the quasiparticle energy. The contours of Mij in
264
two-dimension are plotted in Figure 2 for Fm.
The effective mass Meff (s) along a particular path s in the collective space is given by [8, 9]:
Meff (s) =


ij

pC

Mij

dQi dQj
·
ds ds

(3)

We have tested the numerical accuracy of the quadrupole inertia by utilizing the above expression.
First, Meff (s) is calculated along the negative Q20 axis, which coincides with the oblate deformation
axis. Then, the nuclear densities obtained along the negative Q20 axis, are rotated by the Euler angles
so that the symmetry axis lies along  = 60◦ . Since  = 60◦ corresponds to oblate shapes in the twodimensional quadrupole deformation plane, the effective mass Meff (s) along this axis should match the
values obtained at Q20 < 0. This is demonstrated in Figure 3 where the values of Meff (s) along the two
pathways ( = 180◦ and  = 60◦ ) are shown.
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Figure 3. Effective mass Meff (s) as a function of path length s along  = 180◦ and  = 60◦ .

3. Action minimization techniques and spontaneous fission half-life
Here, we describe the numerical techniques to calculate the minimum action path on the twodimensional collective surface. The spontaneous fission half-life T1/2 associated with the minimum
action path is given by [8, 9]
ln 2
,
(4)
nP
where n is the number of assaults of the nucleus on the fission barrier per unit time and it is often
considered to be equal to 1020.38 s−1 [9]. The penetration probability P can be estimated from the semiclassical WKB approximation [8, 9]:
T1/2 =

P = (1 + exp 2S(L))−1 ,

(5)

where S(L) is the action-integral calculated along the fission path L(s) in the multi-dimensional
deformation space

 s2 
2
Meff (s)(V (s) − E0 ) ds.
(6)
S(L) =
h̄
s1
In the above equation, V (s) and Meff (s) are the potential energy and effective mass along the fission
path L(s), respectively. The limits s1 and s2 are classical turning points on L(s), and ds is the element
of length, and E0 is the ZPE calculated at the ground state configuration. The effective mass Meff (s)
was obtained from the quadrupole mass tensor of Figure 2.
We have calculated the minimum action path by following the dynamic-programming method
described in Ref. [8]. Alternatively, the minimum action path can be obtained using the Ritz method [9].
In the latter method, trial paths are expressed as Fourier series of collective coordinates, and the
coefficients of different Fourier components are extracted by minimizing the action integral given by
Eq. (6). As discussed in Ref. [9], the Ritz method takes much longer computational time than the
dynamic-programming method and it is more sensitive to the starting parameter set.

4. Results
The minimum action paths obtained with the dynamic programming method and Ritz method are shown
in Figure 4 by dashed and dotted lines, respectively. The value of E0 is taken to be 1.0 MeV for the sake
of a qualitative comparison of different approaches. As seen in Figure 4, the dynamical paths are almost
04003-p.4
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Figure 4. Different spontaneous fission pathways in the collective space (Q20 , Q22 ).

Figure 5. Effective values of potential V (s) (top) and mass parameter Meff (s) (bottom) along different fission paths
in 264 Fm.

indistinguishable from each other, and this constitutes a stringent test of the method. The static path
corresponding to the minimum-energy valley is shown in Figure 4 by a solid line. Clearly, the static path
passes goes through strongly triaxial shapes whereas the dynamical paths remain close to the prolate
(Q22 = 0) axis. Therefore, a strong dynamical effect–due to variations of the collective inertia with
Q22 – prevents the corresponding fission pathways from reaching strongly non-axial shapes. This
observation is in accordance with the previously published results in Ref. [10].
To understand better the dynamical effect, in Figure 5 we plot the collective potential V (s) and
mass parameter Meff (s) along different fission pathways. Evidently, the static path traverses a longer
distance in the collective space. The dynamical paths are shorter but they go through regions of large
04003-p.5
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Table 1. Action integral and spontaneous fission half-life of 264 Fm calculated in different methods.
Method

Action integral

log(T1/2 ) (yrs)

16.81
16.80
20.78
16.83

−13.44
−13.45
−9.99
−13.42

Dynamic programming method
Ritz method
Static path
One-dimension (Q22 = 0)

potential energy to avoid areas of large collective mass. This result emphasizes the role of collective
mass parameters in determining fission pathways in a multi-dimensional collective space. The values of
the action integral and fission half-lives corresponding to different fission pathways are summarized in
Table 1 together with the axial (one-dimensional; Q22 = 0) result. One can see that the dynamical results
are close to the axial approximation. Also, the outer turning points for the dynamical paths, as shown in
Figure 4, remain very close to Q22 = 0. This suggests that – in the case considered – triaxiality does not
contribute significantly to the spontaneous fission lifetime within the perturbative cranking ATDHFB
approach.

5. Summary
In summary, spontaneous fission lifetimes have been studied within a dynamic approach based on the
minimization of the collective action in a two-dimensional collective space of elongation and triaxiality.
A strong dynamical effect has been predicted; it offsets the static reduction of the inner barrier by
triaxiality. This dynamical effect obviously depends on the nucleus under consideration. In the discussed
case of 264 Fm, the inner barrier is not sufficiently high to counteract the increase of the collective inertia.
This observation is consistent with the results of macroscopic-microscopic work [11], which pointed
out that the effects of non-axial shapes on the fission process are weakened by the mass tensor. A more
detailed study of dynamical effects due to triaxial and reflection asymmetric degrees of freedom is in
progress.
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