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Abstract. Within two mean-field plus correlation descriptions (Hartree-Fock plus BCS or
plus Highly Truncated Diagonalization Approaches) we study here some static properties
of two odd-neutron nuclei (235U, 239Pu) from the ground-state deformation to the fission
isomeric well, using three different Skyrme force parametrizations. A specific study of the
polarization effects due to the account of relevant time-odd density functions is performed.

1. Introduction

Microscopic calculations of stationary points (stable or unstable) along the average fission paths of
heavy nuclei have been calculated, over the years, through mean field approaches supplemented by
some more or less crude treatments of nuclear correlations (see e.g. [1]). The latter include pairing
correlations as well as those related to the restoration of some broken symmetries. Most of the efforts
have been concentrated so far on the description of even-even fission barriers.

In the case of odd-mass, not to mention odd-odd nuclei, a proper evaluation of these potential energy
curves is contingent upon a realistic description of polarisation effects brought in by the addition of
one, or two different, nucleons as compared to the even-even case. In such unpaired systems, most of
the exact time-even part of the one-body density could be treated appropriately by averaging over the
contributions of both partners of the Kramers pair associated with the extra nucleonic state (as obtained
in an even-even core description). This approximation is embodied within an Hartree-Fock-Bogoliubov
or (-BCS) approach as the so-called Equal Filling Approximation (EFA). Calculations of the fission
barriers of two odd-nuclei within this EFA framework have been already published in Refs. [2] and [3].
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A full microscopic treatment should a priori include the effects of the time reversal symmetry
breaking inherent to the description of a fermionic system involving an odd-number of identical
particles. Whereas specific polarization effects impacting the magnetic properties of nuclei are expected
and found in such approaches (see e.g. [4]), we are mostly concerned here about their consequence on the
total energy, in general, and as a function of the quantum numbers of the extra nucleon state, in particular.
As functions of these quantum numbers, we are interested in the variation of the so-called specialization
energies (introduced by Newton and Wheeler in 1955, to emphasize the variation of spontaneous fission
half-lives occurring between even and odd heavy nuclei, see e.g. [5]). As an example, we may quote the
search for the variation between the fission barrier heights and hence the fission half-lives of the ground
(7/2−) and isomeric (1/2+) states in the 235U nucleus.

Throughout this paper, we assume the validity of the axial symmetry, the intrinsic parity symmetry as
well as of the Bohr-Mottelson ansatz to generate out of our intrinsic solution a nuclear state by coupling
with an axial rotor further (not allowing for Coriolis coupling). This yields I = K (with usual notation)
in our configurations. The first assumption is clearly a crude approximation for most of the considered
isotopes in the vicinity of the first barrier, while the second would be totally inappropriate in the second
barrier region.

In odd-nuclei, one expects that pairing correlations are quenched with respect to what they would
be in neighbouring even isotopes due to the blocking of orbitals (close to the Fermi level for ground or
weakly excited nuclear states). This situation places the BCS approximation at the limit of its validity
when the single particle level density around the Fermi level is weak. This is why we performed beyond
the usual BCS blocking treatment, a more elaborate approach preserving the particle number named the
Highly Truncated Diagonalization Approach (HTDA) [6].

2. Theoretical considerations

The effective Hamiltonian in use here, includes a usual Skyrme-type interaction. The added Coulomb
interaction is treated exactly for what concerns its direct contribution and through the Slater
approximation for its exchange part. The center of mass correction has been approximated considering
only the one-body part of its kinetic energy by a renormalization of the total kinetic energy operator
through a factor (1 − 1

A
). The Skyrme Hamiltonian density which, as shown in e.g. Refs. [7] and [8],

is a function of time-even local density functions (density �, kinetic energy density �, spin current
tensor J) and time-odd density functions (spin density s, current density j, spin kinetic density T).

The Hartree-Fock equations are obtained by varying the total energy with respect to the single
particle states. The expression for the Hartree-Fock Hamiltonian can be found e.g. in [9] where the
fields entering the Hamiltonian are functions of the local densities defined e.g. in [8]. In selecting the
type of Skyrme parametrization, one can opt from either an interaction or functional point of view. From
interaction point of view, one should take into account all the terms appearing in Skyrme Hamiltonian
density. Otherwise, if one adopts the functional point of view one has the option of neglecting some
terms in the energy functional (yet preserving some conservation laws). The Skyrme parameters have
normally been fitted to even-even nuclei, such that the time-odd local densities vanishes in this case.
Then, when performing calculation for odd-mass nuclei (where time-odd densities are not vanishing)
one can choose between incorporating all the time-odd densities related terms or to maintain a minimal
time-odd densities terms (in combination with time-even densities) to respect some symmetries. In
the latter case, terms proportional to (s · �s) and possibly also the (J2 − s · T) terms (depending on
the conditions of the fit) are neglected. We shall refer to this as minimal time-odd densities while the
inclusion of all the terms will be referred to as full time-odd densities.

We have considered three types of Skyrme parametrizations for the current study. This includes the
SLyIII.xx forces [10] (xx being the value of the nuclear matter effective mass chosen to be 0.8 for the
one considered here) where the spin current (tensor) density was included in the fitting process. It is
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worth noting that this force does not lead to spin (ferromagnetic) instability in contrast with some other
newly fitted Skyrme forces such as TIJ [11] and SLy5 [12] parameter sets. The other two forces that
we used are the SkM∗ parametrization which yields good surface properties and has been fitted to the
liquid drop fission barrier of 240Pu [13] and the SIII parametrization [14] which provides reasonably
good spectroscopic properties (see [15] and [16]).

In order to account for the pairing correlations, we have used two different approaches: the usual
Bardeen-Cooper-Schrieffer (BCS) method with a seniority force and the HTDA method. In both cases,
we have restricted ourselves to the |Tz| = 1 (neutron-neutron and proton-proton) channels.

In the BCS case, the strength of the pairing interaction is given by the antisymmetrized matrix

element between pairs of time-reversed conjugate states written as 〈ii|v̂|˜jj〉(q) = − G0
11+Nq

with G0
(n) =

14.5 MeV and G0
(p) = 14.66 MeV while Nq is the nucleon number of the q-charge state. Single particle

states participating in the BCS approach were defined with a single particle energy cut-off of 6 MeV
above the Fermi level for both charge states (with a diffuse Fermi type boundary defined by a usual
diffusivity parameter equal to 0.2 MeV).

Main features of the HTDA method can be found e.g. in Section II of Ref. [17]. The strengths of the
zero range pairing interaction in the T = 1 channel only, V

(T =1)
0 , have been fitted with respect to the odd-

even binding energy differences of actinide nuclei. The retained values of V
(T =1)

0 for the calculations
with the SIII, SkM∗ and SLyIII.0.8 interactions are 440, 420 and 400 (MeVfm3) respectively. The many-
body basis is made of single-pair, double-pair and triple-pair excitations above the quasi-vacuum state
with unperturbed excitation energies, lower than or equal to three times the empirical inter-shell energy
h̄� = 41A−1/3 (MeV).

3. Results and discussions

Calculations have been made in two approaches with respect to the time-odd terms entering the
expression of the energy density: including first only minimal time-odd densities, and secondly,
incorporating the full time-odd terms. To respect the conditions of the fit, however, the results for the SIII
and SkM∗ parametrizations reported here, are obtained with a minimal inclusion of time-odd terms in
the energy density functional. The results for SLyIII.0.8 are obtained with full time-odd densities since
the spin current tensor was taken into account in fitting process. The effect of including all time-odd
terms for SIII is discussed in the last subsection.

The single particle eigenstates resulting from the solution of the Hartree-Fock equations have been
projected onto axially symmetrical harmonic oscillator basis states with a deformation-dependent cut-
off corresponding to 13 spherical major shells (see [18]).

3.1 Ground state spectra

Calculations of the energy spectra of the 239Pu and 235U nuclei with 3 different Skyrme forces has been
performed (spectra not shown here). In 239Pu, we reproduce the experimental ground state quantum
numbers 1

2
+

in all three calculations. The energy levels calculated with SLyIII.0.8 and SkM∗ appears to
be slightly compressed as compared to the experimental levels. On the other hand, the calculated energy
spectra in 235U appears to be spread over a too large energy range as compared to the experiment. There
are some reordering of the energy levels going from one force to another. The SkM∗ and SLyIII.0.8
interactions yield a 1/2+ ground state while the first excited state (7/2−) is found at 34 keV for the
former and 42 keV for the latter. This is at variance with the experimental situation where both states
are almost degenerate (the 1/2+ state having a 76.5 eV excitation energy). Yet, we remain clearly within
the expected range of accuracy of the whole approach.
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Table 1. Heights of the first fission barrier of the 235U and 239Pu nuclei (in MeV) corresponding to the ground state
quantum numbers calculated with three Skyrme forces.

Nucleus K� SIII SkM∗ SLyIII.0.8

235U 7/2− 8.15 9.03 9.07
239Pu 1/2+ 10.48 9.48 10.84

Table 2. Differences of specialization energies (in MeV) of the the first barrier height in 235U and 239Pu.

Nucleus K� SIII SkM∗ SLyIII.0.8

235U

1/2+ 0.56 −0.25 0.67

5/2+ −1.45 −0.61 −0.54
3/2+ −0.14 - 0.44
7/2+ −1.36 −2.07 −0.36

239Pu
7/2− −0.72 0.40 −0.37

5/2+ −0.92 0.06 −0.65
7/2+ −0.74 - −0.38

Table 3. Nuclear spectra in the isomeric well for the 235U and 239Pu nuclei. The Gogny D1S results are taken from
[2, 3] and experimental data from [21]. Energies are given in keV.

Nucleus K� SIII SkM∗ SLyIII.0.8 Gogny D1S Exp.

235U

3/2+ 0 - 0 - -

3/2− 102 0 404 - -
5/2+ 365 208 420 0 -
11/2+ 460 72 546 120 -

239Pu
5/2+ 0 0 0 0 0

9/2− −11 51 93 230 203
11/2+ 550 333 526 11 -

3.2 Fission barrier heights and specialization energies

For some relevant K� values, we have performed calculations in the ground state and near the top of the
first barrier. The obtained ground state fission barrier heights in 235U and 239Pu are shown in Table 1.
The differences of specialization energies defined with respect to the ground state values are listed in
Table 2. Clearly, as compared to experimental values, these barrier heights are much too high. Yet, they
are overestimated in that the deformation dependence of zero-point rotational energy corrections and
the effect of the triaxial instability have not been taken care of. To these sources of overestimation, one
should add another slight contribution due to the relatively small basis size in use for the description
of single particle states (see the discussion of [19]). On the other hand, our barrier heights are slightly
underestimated due to the use of the Slater approximation for Coulomb exchange terms [20].

3.3 Isomeric well

We present our calculated nuclear spectra in the isomeric well in Table 3, together with the results
of Ref. [2] and experimental data when available. The different Skyrme forces gives results which
are reasonably consistent within themselves and when compared with available energies from the
calculation of Ref. [2] and experimental data for 239Pu. Notably, all three forces reproduce the ordering
of the energy levels in 239Pu (the 5/2+ state being the lowest, followed by a 9/2− state). The
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Table 4. Isomeric energy EII calculated with three Skyrme forces for 235U and 239Pu. Energies are given in MeV.
The spin and parity of the calculated (lowest) fission isomeric state are given in parenthesis.

Exp SIII SkM∗ SLyIII.0.8

235U - 5.74 (3/2+) 3.52 (3/2−) 7.04 (3/2+)
239Pu 3.1 (5/2+) 5.03 (5/2+) 2.96 (5/2+) 6.51 (5/2+)

Table 5. Heights of the first fission barrier (in MeV) obtained from HF + BCS and HTDA calculations.

Nucleus K� SIII SkM∗ SLyIII.0.8

HFBCS HTDA HFBCS HTDA HFBCS HTDA

235U

7/2− 8.15 8.40 9.03 10.16 9.07 9.88

1/2+ 8.71 8.73 8.79 9.93 9.74 10.22
3/2+ 8.01 8.01 - - 9.51 10.08
5/2+ 6.70 6.86 8.42 9.63 8.53 9.76
7/2+ 6.79 6.98 6.96 8.36 8.72 9.94

239Pu

1/2+ 10.48 11.12 9.48 10.71 10.84 11.46

7/2− 9.76 9.93 9.88 11.26 10.47 11.06
7/2+ 9.74 9.74 - - 10.46 11.68
5/2+ 9.56 9.52 9.54 11.05 10.20 11.35

energy difference between these two levels varies slightly depending on the choice of the Skyrme
parametrization. The results obtained with SLyIII.0.8 seems to agree best with experimental data,
especially if one were to take into account the effect of Coriolis coupling which is about 100 keV, as
indicated in the earlier work of Ref. [16]. Our calculated 11/2+ state is much too high, at about 500 keV
above the 5/2+ state as compared to a 11 keV energy difference obtained in Ref. [2].

The consistency of the results obtained for 235U is less manifest. The SIII and SLyIII.0.8 interactions
predict 3/2+ as the lowest energy state, while a 3/2− ground state is obtained with SkM∗. Neither of
these agree with the results of Ref. [3] which predicts a 5/2+ state.

The lowest fission isomeric energies EII are reported in Table 4 for the two nuclei for all three
interactions and compared with experimental data [21] when available.

In both nuclei, the SkM∗ force produced a significantly lower isomeric energy compared to the
results obtained with the other two forces. It should be noted however that although the value obtained
for SkM∗ appears to be in good agreement with experimental data, corrections for other effects e.g. due
to the rotational motion should lower the isomeric energy to unrealistic values.

3.4 Effect of the pairing treatment with HTDA

In order to illustrate the effect of treating the pairing part using a particle number conserving approach,
we show the first barrier height obtained from HF + BCS and HTDA calculation in Table 5. In general,
with the parametrization of the residual interaction in use, the effect of proper treatment of pairing
results in an increase of the fission barrier height. The amount of correction depends on the choice of the
Skyrme force being considered. Calculations performed with SkM∗ shows a large difference between
the barrier heights calculated from the two pairing approaches. For example, the barrier height of 5/2+

in 239Pu with SkM∗ calculated with HF + BCS can be lowered as much as 1.5 MeV compared to the
HTDA solution. In fact, large differences between the barrier heights are reported for SkM∗ which
exceeds 1 MeV. On the other hand, the difference in the barrier height is small (less than 0.2 MeV) for
SIII calculations with three of the four states.
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Figure 1. Ground state spectra of 239Pu calculated with the SIII force with minimal and full time-odd terms as
compared to experimental data.

The same effect on the difference in barrier height between HF + BCS and HTDA solution is
also visible for 235U. Calculation with SkM∗ gives the largest difference of about 1.2 MeV, while the
difference for SIII is about 0.3 MeV. Calculations with SLyIII.0.8 in both nuclei gives a difference
between 0.6 to 1.2 MeV.

3.5 Effect of the neglected terms in the energy functional

We present in this section the effect of neglected time-odd terms in the energy density functional which
was not taken into account in the fitting process of the SIII and SkM∗ force. The results are presented for
the SIII force in 239Pu. As can be seen from the ground state spectra of 239Pu in Figure 1, the inclusion
of all the time-odd terms causes the compression of the energy spectra. We have checked that the term
corresponding to (s · �s) has a negligible effect on the energy spectra, whereas the terms involving the
spin-current tensor with the combination (J2 − s · T) have a dominant effect.

We have also calculated the first fission barrier height with and without the full time-odd terms
using the SIII force for 239Pu. In going from a minimal to a full time-odd scheme, we found a systematic
lowering of the first fission barrier height of 0.95, 0.72, 0.54 and 1.04 MeV for 1/2+, 7/2−, 7/2+

and 5/2+ respectively. At the same time, we found a lowering of EA by 1.0 MeV upon using the full
functional for a 240Pu core, which is consistent with the above. This study shows that the absence of spin
current tensor density in the original fit of the Skyrme force can be quite significant as the effect of this
term on some observables–such as relative energies–cannot be absorbed in the fitted parameters.

4. Conclusion

We have presented here some static nuclear properties along the fission path of the 235U and 239Pu nuclei
with three different Skyrme forces. The first fission barrier heights are overestimated in the present work.
Relevant corrections will be taken into account in future work.

We have in particular shown the energy spectra at the ground state and isomeric wells. The SIII
force appears to give a better agreement with the experimental data in terms of energy level spacing in
the ground state. Nevertheless, the results obtained with the SkM∗ and SLyIII.0.8 interactions are quite
reasonable.

In order to study the effect of pairing correlation from a particle number conserving approach, we
have compared the fission barrier heights obtained from HF + BCS and HTDA calculations with the SIII
and SkM∗ interactions. Finally, we have discussed the effect of including a spin current tensor density
in the energy density functional in 239Pu with the SIII force. At ground state deformation, the addition
of this density caused a strong compression of the energy spectra. The first fission barrier heights were
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lowered when the full time-odd densities were considered. This discussion emphasizes the importance
of using effective interactions in what they have been fitted for.
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