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Abstract. We apply the Berggren basis in a No-Core Shell Model framework to calculate
ground state (g.s.) energies of 3 H, 4 He and 5 He. In our studies we use the Argonne υ18
and the chiral N3 LO potentials, both of which are renormalized via a Vlow−k process.

1 Introduction
One of the methods for calculating nuclear properties from first principles is the No-Core Shell Model
(NCSM) [1]. Even though this method was applied with much success in the description of wellbound states, some problems arose when it was used for calculating properties of nuclei with a large
radial extent ("halo" nuclei) or in the description of unbound states. The basic source of the problem
was that a very large number of HO states are required to capture the physics of weakly bound "halo"
nuclei, due to the Gaussian asymptotic behavior of the HO wavefunction. This does not mean that
using HO states is wrong, but that they do not provide the correct scheme to calculate weakly-bound
and unbound systems. This usually leads to non-converged results and the extrapolations to "infinite"
basis were not very successful, until recently [2, 3]. Additionally, it was soon realized that the coupling
to the continuum can also have an appreciable effect on the properties of states close to threshold.
This leads to a modification of many-body methods in order to include the continuum coupling in
their frameworks [4–8]. In this work, our method of choice is the No-Core Gamow Shell Model,
where the continuum is taken into account via the diagonalization of the many-body Hamiltonian in
the Berggren basis [9].

2 The No-Core Gamow Shell Model.
Inspired by the success of the Gamow Shell Model (GSM) [8], we will apply Berggren’s basis in a
No-Core framework. The Hamiltonian we are considering has the form:
H=
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where A is the number of nucleons and ViNN
j a realistic two-body interaction. The basis will consist
of resonant states (bound states and resonances) and also non-resonant continuum states, which are
distributed along a contour L below the resonant states. It was shown by Berggren [10] that this set is
complete via the completeness relation:
Z
X
|ures ihg
ures | +
|uk ihuek | dk = 1
(2)
L

res

where the tilde symbols mean that the complex conjugation has an impact only on the angular part
of the q
basis functions, and k is the linear momentum associated with the energy through the relation

2mE
k =
~ and E is, in general, complex. The basis states correspond to solutions of the single
particle (s.p.) Schrödinger equation with outgoing boundary conditions (resonant part) or scattering
boundary conditions (non-resonant part) and for a potential that has a finite depth and, thus, can
support such solutions (Woods-Saxon, Hartree-Fock, etc.). In numerical applications, the integral in
(2) is discretized and we obtain a discrete set of basis states:
X
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where ωi stands for the weight associated with the quadrature used (Gauss-Legendre in our case).
Additionally, we truncate the s.p. space up to a momentum kmax . Results, for a sufficient number of
basis states, are, in general, independent of the kmax value. After obtaining the s.p. basis, we construct many-body Slater determinant basis states, upon which the Hamiltonian (1) is diagonalized.
The Hamiltonian matrix in our scheme is, in general, complex symmetric with complex eigenvalues.
For the diagonalization of the non-Hermitian matrix we can use conventional Hermitian matrix diagonalization techniques, such as Lanczos or Davidson, but generalized to the non-Hermitian case [8].
Additionally, we also use the technique of the Density Matrix Renormalization Group (DMRG) for
the solution of the large eigenvalue problem [9, 11]. In this approach the system is growing iteratively
by adding non-resonant shells one-by-one, and the most important states are selected as the ones that
correspond to the maximum eigenvalues of the density matrix.

3 Results and Discussion
3.1

3

H and 4 He

We applied the NCGSM to the bound nuclei 3 H and 4 He. In spite of the fact that we would, in general,
use two-body matrix elements (TBMEs) of the interactions in the Berggren basis, in practice we use
TBMEs of interactions in a HO basis. We, hence, take advantage of the unique property of the HO
basis, which provides a transformation in a closed form, from the relative coordinates to the laboratory
coordinates, in which our wavefunctions are expressed. In particular, we approximate TBMEs in the
Berggren basis by (see [9] and references therein):
hab|VNN |cdi =

N
max
X

hab|αβihαβ|VNN |γδihγδ|cdi,

(4)

αβγδ

so that we end up calculating only overlaps between Berggren states (Latin letters) and HO states
(Greek letters). In all the current calculations we took nmax = 10 for the HO states (N = 2n +`) and the
HO length parameter was b = 1.5 fm. Only the interaction was treated in this approximation. For the
triton the basis was generated via a Gamow Hartree Fock (GHF) calculation [9, 12]. We employ the
Vlow−k [13] Argonne υ18 potential [14] 1 . Additionally, we include the real s1/2 , p3/2 and p1/2 continua
1 In

all the following when we mention Vlow−k we will mean a Λ = 1.9 fm−1 Vlow−k
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along the real k-axis, which extends up to a kmax = 4fm−1 . For each partial wave (both protons and
neutrons) we consider 18 scattering shells and the remaining basis sets, up to g-waves, are taken as
HO states with b=1.5 fm. It is apparent that we do not use complex states for the description of the
triton (and 4 He later on). The matrix is real and symmetric with real eigenvalues. The basis then for
the s-p states satisfies Newton’s completeness [15], which includes bound states and scattering states
on the real-axis. The purpose of this calculation is purely numerical, in order to test the convergence
of our basis against exact bound states methods. The test was successful and we report that we obtain
the value of -8.39 MeV [9], whereas the Faddeev calculation is -8.47 MeV [16].
For 4 He we are using the same space but with a Vlow−k N3 LO interaction [17]. In this system we
are performing a DMRG diagonalization. The states that we keep each time we add one scattering
shell (N step ), is controlled by the parameter , which is expressed as:
 N 
X 
1 − Re  ρi  < ,

(5)

i=1

where ρi stands for the eigenvalues of the density matrix. The smaller the , the more states of the
density matrix we keep. In this application we used a parameter  = 10−6 , which resulted in keeping
approximately N ∼ 180 states of the density matrix. The maximum dimension of the Hamiltonian
matrix to diagonalize was then about 6000. The converged result at the end of the DMRG iteration is
-27.48 MeV [9].
3.2

5

He

Next we apply the NCGSM to calculate the resonance parameters of the 5 He g.s., using the Vlow−k
N3 LO potential. In our formalism the resonance parameters will be identified as the eigenvalues of the
complex-symmetric Hamiltonian matrix. The position of the resonance will then be the real part of
the energy, while the imaginary part is related to the width by the formula: Γ = -2Im(E). An advantage
of using Berggren’s states is that the complex eigenvalues (E) are the ones, which correspond to states
with purely outgoing-wave solutions. This is the case for the particle unbound 5 He nucleus. For our
calculation we use a complex Berggren basis, which includes the complex 0p3/2 s.p. resonance and
the associated complex continua, which are distributed along the complex contour L. The complex
p3/2 contour is taken in such way, so as to include the s.p. resonance and it was discretized with
18 points. The remaining (s1/2 and p1/2 ) scattering states are taken along the real momentum axis,
whereas states with ` > 2 are taken as HO states. In this space the Hamiltonian matrix is complex
symmetric, and we will apply the DMRG method to obtain the eigensolutions. Our converged result
for a DMRG truncation parameter  = 10−6 gave Re(E5 He ) = -26.31 MeV and Γ = -2Im(E5 He ) = 400
keV. We obtain then the position of the resonance at an energy 1.17 MeV above the α + n threshold
with a width Γ = 400 keV [9]. We will compare this result with the value extracted from experiment.
Experimentally, resonance parameters can be extracted in two ways [18]. First, one could apply
the conventional R-matrix approach on the real axis and use the Lane and Thomas prescription for
the extraction of positions and widths of a state [19]. The second way is the "extended" R-matrix
approach [20, 21], which associates the resonance parameters with the complex poles of the S-matrix.
According to G.M. Hale [22], this is the recommended prescription, and it is also the most appropriate
for comparison to the NCGSM results, since our complex eigenvalues correspond, indeed, to the poles
of the S-matrix with
 the correct asymptotic behavior. The "extended" R-matrix approach gives the
3 −
position of the 2 state at an energy 798 keV above the α + n threshold and with a width Γ =
648 keV. The difference we observe between our results and the experimental results is attributed to
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the specific interaction that we employ and/or to missing many-body forces. We know already that
the position of such unbound states, which have a non Breit-Wigner character (broad states), heavily
depends on the specific characteristics of the NN (or NNN) interaction. This was shown in the manybody frameworks of the NCSM merged with the Resonating Group Method [4, 23, 24] and also in
the Green’s Function Monte Carlo approach [6]. It needs to be mentioned that, because of the broad
nature of the 5 He g.s., results would also depend on the method used to extract such a state from the
experimental data. We find that if one uses the conventional R-matrix approach on the real axis the
position of the g.s. is at 0.963 MeV above the α + n threshold with a width Γ = 985 MeV and both
values are different by about 200 keV as compared to the "extended" R-matrix estimations.
In conclusion, we applied the NCGSM to calculate g.s. energies of 3 H and 4 He to benchmark
our algorithms. We also applied our technique to calculate the resonance parameters of the 5 He
g.s. from first principles. The resonance characteristics are obtained naturally in the NCGSM, as
eigenvalues of the Hamiltonian matrix, and the correct outgoing behavior is also preserved. The result
is satisfactory, as compared with experiment and taking into consideration the difficulties involved
with the calculation of such broad states.
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