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Abstract. We demonstrate that the sum rules of quantum chromodynamics provide a
consistent formalism for solving various problems of nuclear physics.

1 Introduction
It is well known that the standard approach to the description of nucleons in nuclear matter, based on
the concept of interactions between point-like nucleons, faces many problems connected with short
distances. On the other hand the strong interaction is known to become increasingly simple at short
distances, due to the asymptotic freedom of Quantum Chromodynamics (QCD). It is tempting to use
this feature of QCD in building nuclear forces. One should take into account, however, that due to
the spontaneous breakdown of the of the chiral symmetry of QCD, the expectation values of some
QCD operators (condensates) obtain nonzero values. Our approach is to extend the method of QCD
sum rules (SR) to systems with a finite density of the baryon quantum number. The SR approach was
suggested and was successfully applied to the calculation of the static characteristics of mesons and
nucleons in vacuum [1].

2 Milestones of the approach
The approach is based on the dispersion relations for the function Π0 (q2 ), describing the space-time
propagation of a system with four-momentum q and which carries the quantum numbers of the hadron.
At q2 → −∞ the function Π0 (q2 ) just describes a system of three free quarks (i.e. asymptotic freedom)
moving, however, in the QCD vacuum. At q2 > 0, Π0 (q2 ) obtains an imaginary part describing
the observable hadrons. The equations which follow from the dispersion relations require further
evaluation (via the Borel transform). The approach is focused on studies of the lowest state. Due
to the asymptotic freedom of QCD it was possible to connect the strong interactions at distances of
the order of the confinement radius with those at much smaller distances, where the interactions are
determined by QCD condensates. The left-hand side (LHS) of the SR was presented as a power
series in 1/q2 , with the QCD condensates as the coefficients of the expansion. The lowest order terms
thus contain condensates of the lowest dimension d. The most important condensates are the vacuum
expectation values of the quark operators q̄q (d = 3) and q̄qq̄q (d = 6) and of the gluon operators
GµνGµν (d = 4). On the right hand side (RHS) of the SR one writes down the contribution of the
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lowest pole explicitly, while the higher states are usually approximated by a continuum. All static
and some of dynamical characteristics of the hadrons were presented in terms of QCD condensates.
Thus we expect that the parameters of the nucleon in nuclear matter can be expressed in terms of the
in–medium values of the QCD condensates.
The generalization of the SR method to the case of a nucleon in nuclear matter, which was initiated
in [2], is not straightforward. Considering the nuclear matter as a system of A → ∞ nucleons with
P
momenta pi (i ≤ A) we introduce momentum P = i pi /A with P = (m, 0) in the rest frame of the
matter (where m ≈ mN , mN is the nucleon mass).The spectrum of the function Πm (q, P) is much more
complicated than that of the vacuum function Π0 (q2 ). One of the main problems was the choice of
variables to enable a separation of the singularities connected with the in–medium nucleon from those
connected with the medium itself. Excitations of the matter manifest themselves as singularities in the
variable s = (P + q)2 . Thus the separation can be done by considering Πm (q2 , s) at s = const(≈ 4m2N ).
The SR in matter are based on dispersion relations for the functions Πim (q2 , s) at fixed s. The three
functions (i = 1, 2, 3) correspond to the three structures of the function Πm which are proportional to
γµ qµ , γµ Pµ and to the unit matrix.
As in the vacuum case the LHS of the SR is a power series in 1/q2 , but the coefficients are now
the in–medium expectation values of QCD operators. Some of the operators are the same as in the
vacuum case, obtaining, however new expectation values since now they are averaged over the ground
state of the matter. These are, for example, the quark operators q̄q and the gluon operators GaµνGaµν .
There are also the operators which only obtain nonzero values in the nuclear medium. The most
important one is the vector operator q̄γ0 q.
First, we may try to calculate the density dependence of the nucleon vector self–energy ΣV and of
the Dirac effective mass m∗N (or the scalar self-energy ΣS = m∗N − m) in symmetric nuclear matter. The
lowest dimension (d = 3) condensates are the vector and scalar condensates
X
X
v(ρ) = hM|
q̄i γ0 qi |Mi; κ(ρ) = hM|
q̄i qi |Mi,
(1)
i

i

where |Mi is the ground state of the matter. Here ρ is the density of the matter, and i = 1, 2 correspond
to the u and d quark flavors. Due to the conservation of the vector current, the vector condensate is
exactly proportional to the density ρ via
X
v(ρ) = vN ρ; vN = hN|
q̄i γ0 qi |Ni.
(2)
i

Here |Ni is the free nucleon state, and vN = 3 is just the number of valence quarks in the nucleon. The
scalar condensate can be written as
κ(ρ) = κ(0) + κN ρ + S (ρ).

(3)

Here κ(0) is the vacuum value of the scalar condensate, which is the most important parameter in
P
the vacuum SR, and κN = hN| i q̄i qi |Ni, with |Ni describing the free nucleon. The term S (ρ) is due
to the interaction of the nucleons of the matter. It contains higher powers of the Fermi momentum
pF ∼ ρ1/3 .

3 QCD sum rules in gas approximation
Putting S = 0 we obtain κ(ρ) in the gas approximation. A separate analysis carried out by several
groups has demonstrated that S (ρ) is small for densities close to the saturation point. Thus it is

09005-p.2

INPC 2013

reasonable to start with the SR in the gas approximation. The expectation value κN can be expressed
in terms of the pion nucleon σ term
2σ
,
(4)
κN =
mu + md
(where mu,d are the quark current masses), while σ can be expressed in terms of the pion–nucleon
elastic scattering amplitude. Also, the gluon condensate (d = 4) g(ρ) = hM|α s /πGaµνGaµν |Mi in the
gas approximation can be written as g(ρ) = g(0) + gN ρ, where gN ≈ −8/9mN can be obtained by
averaging the trace of the QCD energy–momentum tensor over the nucleon state. Thus the LHS of
the SR can be either calculated in a model–independent way or related to observables.
The SR give ΣV = 240 MeV and m∗N − mN = −370 MeV for σ = 60 MeV. Due to the uncertainty
in the experimental value of σ, these values are not very accurate. Moreover, the nucleon in matter
moves in a superposition of high–energy (several hundreds of MeV) fields with vector and scalar
terms providing positive and negative contributions to the potential energy. This is consistent with
the relativistic models currently employed in nuclear physics. Turning to the meson–exchange picture
of the nucleon interaction we can say that in the SR approach the exchange by strongly correlated
quark systems (mesons) is expressed in terms of weakly correlated quark systems (including radiative
corrections) with the same quantum numbers.
The four-quark condensates (d = 6) are the most important among those of higher dimensions.
For several years a lack of information about their values has been an obstacle to the development
of this approach. The calculation required model assumptions about the quark structure of nucleon.
It was later demonstrated that inclusion of the four-quark condensates does not alter qualitatively the
results obtained by inclusion of terms of lowest dimension only.
This approach was used for a description of nucleons in asymmetric nuclear matter. It was successfully employed also for calculation of the nucleon axial coupling constant in nuclear matter. The
SR approach proved itself to be a reasonable tool for solving problems which, in the framework of
traditional nuclear physics, appeared to be complicated. For example, the problem of neutron–proton
mass splitting in isotope symmetric nuclear matter required the introduction of charge-symmetry violating nuclear forces. In the SR framework it requires inclusion of nonzero values of the current quark
masses mu,d and of the charge-symmetry breaking condensate hM|ūu − d̄d|Mi. The SR approach
provided at least a qualitative explanation of the Nolen–Schiffer anomaly.
The method enables an investigation of the internal structure of the nucleon. Such problems are
unaccessible in traditional nuclear physics. The SR approach was applied to the calculation of the
difference between the deep inelastic structure functions of the nucleon in nuclear matter and those of
the free one, providing a description of some features of the EMC effect.

4 Beyond the gas approximation
Going beyond the gas approximation we must include the nonlinear term S (ρ) in the expression for
the scalar condensate. It is produced by the meson cloud, created by the interacting nucleons of
the matter. Under certain reasonable assumptions the matrix element nq = hh|q̄q|hi counts the total
number of quarks and antiquarks in a hadron h. For the pion this matrix element can be expressed in
terms of the vacuum expectation value by means of the current algebra. It was found that nq ≈ 12 in
this case, while nq ≈ 2 due to other mesons. Thus we expect the pion cloud to provide the leading
contribution to S (ρ). A simplified calculation which does not include the pion renormalization in the
nuclear medium leads to the following expression for the binding energy per nucleon
ε(z) = 23z2/3 + (215 − 21κN )z + 54z4/3 [MeV].
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Here z = ρ/ρ0 with ρ0 = 0.16Fm−3 is the phenomenological value of the nuclear density. One
finds that ε0 (z) = 0 at z = 1 if σ = 64 MeV, which is consistent with experimental data. At this
point ΣV = 260MeV, ΣS = −310MeV, however one should not take this too seriously. In obtaining
the nucleon self–energies, the calculations of the potential energy require somewhat higher accuracy
since it is a result of the subtraction of two large values. Thus a reasonable value of the potential
energy is a surprise. Also, the result is very sensitive to the value of the σ term.
However, this result may be a sign of a possible mechanism of saturation, due to the nonlinear
behaviour of the scalar condensate. Thus it is due to many–body interactions. Also, it does not
require a relativistic treatment of the nucleons of the matter. In these ways the saturation mechanism
differs from that in the Walecka model.
Note also that the four quark condensates beyond the gas approximation include configurations
where the two q̄q operators act on two different nucleons. This corresponds to the three-body forces
in nuclear matter which are much discussed nowadays.

5 Self-consistent scenario
Thus SR enable a determination of the dependence of the effective mass m ∗ (κ(ρ)). The pion propagator, renormalized by interactions with the matter depends on the nucleon effective mass m∗ , and thus
the condensate κ depends on m∗ (ρ). It is reasonable to combine the SR with Finite Fermi System Theory at this point. Hence, a solution of the self–consistent equations provides the dependencies m∗ (ρ)
and κ(ρ). One should also include a calculation of the pion–nucleon coupling constant gπNN (κ(ρ)),
employing the SR. Note that the expectation value κ(ρ) is an important parameter of the matter itself
since it shows the degree of restoration of chiral symmetry. Inclusion of the hyperons will enable to
trace the phase transitions of the matter. Solution of this self-consistent set of equation is a subject of
future work.

6 Concluding remarks
Most of these results have been presented in the review [3]. Later [4] the approach was applied in
an investigation of hyperons in nuclear matter. Note that the nucleon self energies in nuclear matter
were also calculated in an alternative approach to the SR, based on the dispersion relations in the time
component q0 [5].
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