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Abstract. In this paper we deal with numerical simulation of the compressible viscous flow. The mathematical

model of flow is represented by the system of non-stationary compressible Navier-Stokes equations. This sys-

tem of equations is discretized by the discontinuous Galerkin finite element method in space and in time using

piecewise polynomial discontinuous approximations. We present some numerical experiments to demonstrate

the applicability of the method using own-developed code.

1 Introduction

During the last decade the discontinuous Galerkin finite el-
ement method (DGM), which is based on piecewise poly-
nomial discontinuous approximations of the sought solu-
tion, became very popular in the field of numerical simula-
tion of the fluid flow. In this paper we present the DGM for
numerical simulation of compressible viscous flow around
a moving airfoil. A solid airfoil with two degrees of free-
dom performs rotation around an elastic axis and oscilla-
tions in the vertical direction. Compressible viscous flow
is described by the system of the Navier-Stokes equations.
Due to the time dependent domain the Navier-Stokes equa-
tions are transformed in the ALE (Arbitrary Lagrangian-
Eulerian) formulation. We consider two approaches to the
discretization using the DGM, which differ in the time dis-
cretization. First we apply the backward difference formula
(BDF) to aproximate the ALE derivative. Second, the full
space-time discontinuous Galerkin method (ST-DG) is em-
ployed. The discrete flow problem is coupled with the sys-
tem of ordinary differential equations describing airfoil vi-
brations. Results of numerical simulation are presented.

2 ALE formulation of the Navier-Stokes
equations

We consider compressible viscous flow in a bounded do-
main Ω(t) ⊂ IRd, d = 2, 3 , depending on time t ∈ [0,T ].
We assume that the boundaryΩ(t) consists of three disjoint
parts ∂Ω(t) = ΓI ∪ ΓO ∪ ΓW (t), where ΓI is the inlet, ΓO is
the outlet and ΓW (t) is impermeable wall, whose parts may
move.

The time dependence of the domain is taken into ac-
count with the aid of a regular one−to−one ALE mapping

At : Ω(0) → Ω(t).

We define the ALE velocity z by the relations

z̃(X, t) =
∂

∂t
At(X), t ∈ [0,T ], X ∈ Ω(0),

z(x, t) = z̃(A−1
t (x), t), t ∈ [0, T ], x ∈ Ω(t)
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and the ALE derivative of a vector function w = w(x, t)
defined for x ∈ Ω(t) and t ∈ [0,T ]:

DA

Dt
w(x, t) =

∂w̃
∂t

(X, t),

where

w̃(X, t) = w(At(X), t), X ∈ Ω(0), x = At(X).

Then the system of the Navier-Stokes equations describing
the compressible viscous flow can be written in the ALE
form

DAw
Dt
+

2∑
s=1

∂gs(w)

∂xs
+ wdiv z =

2∑
s=1

∂Rs(w,∇w)

∂xs
, (1)

where for i, j = 1, ..., d we have

w = (w1, ..., wd+2)T = (ρ, ρv1, ..., ρvd, E)T ∈ IRd+2,

fi(w) = ( fi,1, ..., fi,d+2)T

= (ρvi, ρv1vi + δ1i p, ..., ρvdvi + δdi p, (E + p)vi)
T ,

gi(w) = fi(w) − ziw,
Ri(w,∇w) = (Ri,1, ...,Ri,d+2)T

= (0, τV
i1, ..., τ

V
id,

d∑
s=1

τV
isvs + k

∂θ

∂xi
)T ,

τV
i j = λ divu δi j + 2μdi j(u), di j(u) =

1

2

(
∂vi

∂x j
+
∂v j

∂xi

)
.

We use the following notation: u = (v1, ..., vd) - velocity,
ρ - density, p - pressure, θ - absolute temperature, E - to-
tal energy, γ - Poisson adiabatic constant, cv - specific heat
at constant volume, μ > 0, λ = −2μ/3 - viscosity coeffi-
cients, k - heat conduction coefficient. The above system is
completed by the thermodynamical relations

p = (γ − 1)(E −
ρ |u|2

2
), θ =

1

cv

(
E
ρ
−

1

2
|u|2

)

and is equipped with the initial condition

w(x, 0) = w0(x), x ∈ Ω(0),
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and the following boundary conditions

a) ρ|ΓI
= ρD,

b) u|ΓI
= uD = (vD1, ..., vDd)T ,

c)

d∑
i, j=1

τV
i jniv j + k

∂θ

∂n
= 0 on ΓI ,

d) u|ΓW (t) = zD = velocity of a moving wall,

e)
∂θ

∂n

∣∣∣∣∣
ΓW (t)
= 0,

f)

d∑
i=1

τV
i jni = 0, j = 1, .., d, on ΓO,

g)
∂θ

∂n

∣∣∣∣∣
ΓO

= 0,

with given data w0, ρD, uD, zD. It is possible to show that
fs(αw) = α fs(w) for α > 0. This property implies that

fs(w) = As(w)w, s = 1, .., d, (2)

where

As(w) =
Dfs(w)

Dw
, s = 1, .., d,

are the Jacobi matrices of the mapping fs. Expression of
the matrices As can be found in [4]. The viscous terms
Rs(w,∇w) can be expressed in the form

Rs(w,∇w) =

d∑
k=1

Ks,k(w)
∂w
∂xk

, s = 1, .., d, (3)

where Ks,k(w) ∈ IR(d+2)×(d+2) are matrices depending on w.
Expression of the matricies Ks,k(w) can be found in [3].

3 Discretization

3.1 Space discretization of the flow problem

By Ωh(t) we denote polygonal (d=2) or polyhedral (d=3)
approximation of the domain Ω(t). Let Th(t) be a parti-
tion of the domain Ωh(t) into finite number of closed el-

ements with mutually disjoint interiors such that Ωh(t) =⋃
K∈Th(t) K. In 2D problems, we usually choose K ∈ Th(t)

as triangles or quadrilaterals. In 3D, K ∈ Th(t) can be,
e.g., tetrahedrons, prisms or hexahedrons. By Fh(t) we de-
note the system of all faces of all elements K ∈ Th(t).
Further, we introduce the set of boundary faces F B

h (t) =
{Γ ∈ Fh(t) ;Γ ⊂ ∂Ωh(t)} and the set of inner faces

F I
h (t) =Fh(t)\F B

h (t). Each Γ ∈ Fh(t) is associated with

a unit normal vector nΓ. For Γ ∈ F B
h (t) the normal nΓ

has the same orientation as the outer normal to ∂Ωh(t).
For each Γ ∈ F I

h (t) there exist two neighbouring elements

KL
Γ,K

R
Γ ∈ Th(t) such that Γ ⊂ ∂KL

Γ ∩ ∂KR
Γ . We use the con-

vention that KR
Γ lies in the direction of nΓ and KL

Γ lies in

the opposite direction to nΓ. If Γ ∈ F B
h (t), then the element

adjacent to Γ will be denoted by KL
Γ .

We shall look for an approximate solution of the prob-
lem in the space of piecewise polynomial functions

Sp
h (t) = (S p

h (t))d+2, S p
h (t) = {v; v|K ∈ Pp(K),∀K ∈ Th(t)},

where p > 0 is an integer and Pp(K) denotes the space of
all polynomials on K of degree ≤ p. A function Φ ∈ Sp

h (t)
is, in general, discontinuous on interfaces Γ ∈ F I

h (t). By

ΦL
Γ and ΦR

Γ we denote the values of Φ on Γ considered

from the interior and the exterior of KL
Γ , respectively, and

set

〈Φ 〉Γ =
1

2

(
ΦL
Γ + ΦR

Γ

)
,

[Φ ]Γ = Φ
L
Γ − ΦR

Γ,

which denotes average and jump of Φ on Γ.
The discrete problem is derived in the following way:

For arbitrary t ∈ [0,T ] we can multiply the system by a
test function Sp

h (t), integrate over K ∈ Th(t), apply Green’s
theorem, sum over all elements K ∈ Th(t), use the concept
of the numerical flux and introduce suitable terms mutually
vanishing for a regular exact solution. Moreover, we carry
out a suitable partial linearization of nonlinear terms.

In order to evaluate the integrals over Γ ∈ Fh(t) in in-
viscid term we use the approximation

∫
Γ

H(wL
Γ,w

R
Γ, nΓ) dS ≈

∫
Γ

d∑
s=1

fs(w)(nΓ)s dS ,

where H is a numerical flux. For the construction of the
numerical flux we use the properties (2) of fs. Let us define
the matrix

P(w, n) :=

d∑
s=1

(As(w) − zsI)ns,

where n = (n1, ..., nd), n2
1
+ ... + n2

d = 1. Then we have

P(w, n)w :=

d∑
s=1

gs(w)ns.

It is possible to show that the matrix P is diagonalizable. It
means that there exists a nonsingular matrix T = T(w, n)
and a diagonal matrix Λ = Λ(w, n) such that

P = TΛT−1, Λ = diag(λ1, ..., λd+2),

where λi = λi(w, n) are eigenvalues of the matrix P. Then
we can define the ”positive” and ”negative” parts of the
matrix P by

P± = TΛ±T−1, Λ± = diag(λ±1 , ..., λ
±
d+2),

where λ+ = max(λ, 0), λ− = min(λ, 0). Using this concept,
we introduce the so-called Vijayasundaram numerical flux

H(wL,wR, n) = P+
(

wL + wR

2
, n

)
wL + P−

(
wL + wR

2
, n

)
wR.

This numerical flux has suitable form for a linearization.
Now we can define inviscid form in the following way:

bh(w̄h,wh, Φh, t) :=

−
∑

K∈Th(t)

∫
K

d∑
s=1

(As(w̄h) − zs(t)I) wh ·
∂Φh

∂xs
dx
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+
∑

Γ∈F I
h (t)

∫
Γ

(
P+ (〈w̄h 〉 , nΓ) wL

h + P− (〈w̄h 〉 , nΓ) wR
h

)
· [Φh] dS

+
∑

Γ∈F B
h (t)

∫
Γ

(
P+ (〈w̄h 〉 , nΓ) wL

h + P− (〈w̄h 〉 , nΓ) w̄R
h

)
·Φh dS

The boundary state w̄R
h is evaluated with the aid of the local

linearized Riemann problem described in [4].
For the discretization of the viscous terms we use the

property (3) and get the viscous form

ah(w̄h,wh, Φh, t) :=

+
∑

K∈Th(t)

∫
K

d∑
s=1

d∑
k=1

Ks,k(w̄h)
∂wh

∂xk
·
∂Φh

∂xs
dx

−
∑

Γ∈F I
h (t)

∫
Γ

d∑
s=1

〈 d∑
k=1

Ks,k(w̄h)
∂wh

∂xk

〉
(nΓ)s · [Φh] dS

−
∑

Γ∈F B
h (t)

∫
Γ

d∑
s=1

d∑
k=1

Ks,k(w̄h)
∂wh

∂xk
(nΓ)s ·Φh dS

− Θ
∑

Γ∈F I
h (t)

∫
Γ

d∑
s=1

〈 d∑
k=1

KT
k,s(w̄h)

∂Φh

∂xk

〉
(nΓ)s · [wh] dS

− Θ
∑

Γ∈F B
h (t)

∫
Γ

d∑
s=1

d∑
k=1

KT
k,s(w̄h)

∂Φh

∂xk
(nΓ)s · wh dS

We set Θ = 1 or Θ = 0 or Θ = −1 and get the so-called
symmetric version (SIPG) or incomplete version (IIPG)
or nonsymetric version (NIPG), respectively, of the dis-
cretization of viscous terms.

Further, we define the interior and boundary penalty
form Jσh and the right-hand side form lh in the following
way:

Jσh (wh, Φh, t) :=
∑

Γ∈F I
h (t)

∫
Γ

σ[wh] · [Φh] dS

+
∑

Γ∈F B
h (t)

∫
Γ

σwh ·Φh dS ,

lh(w̄h, Φh, t) :=
∑

Γ∈F B
h (t)

∫
Γ

σwB ·Φh dS

− Θ
∑

Γ∈F B
h (t)

∫
Γ

d∑
s=1

d∑
k=1

KT
k,s(w̄h)

∂Φh

∂xk
(nΓ)s · wB dS .

where σ|Γ =
μ CW
d(Γ)

, where d(Γ) is the diameter of Γ ∈ Fh(t)
and CW > 0 is a suitable sufficiently large constant. The
boundary state wB is defined on the basis of the Dirichlet
boundary conditions and extrapolation:

wB = (ρD, ρDvD1, ..., ρDvDd, cvρDθ
L
Γ +

1

2
ρD |uD|2) on ΓI ,

wB = wL
Γ on ΓO,

wB = (ρL
Γ, ρ

L
ΓzD1, ..., ρ

L
ΓzDd, cvρL

Γθ
L
Γ +

1

2
ρL
Γ |zD|2) on ΓW (t).

In the vicinity of discontinuities or steep gradients non-
physical oscillations can appear in the approximate solu-

tion. In order to overcome this difficulty we employ artifi-
cial viscosity forms, see [4]. They are based on the discon-
tinuity indicator

g(t)(K) :=
1

d(K) |K|3/4

∫
∂K

[ρ̄h]2dS , K ∈ Th(t),

where [ρ̄h] is the jump of the function ρ̄h (= the first com-
ponent of the vector function w̄h) on the boundary ∂K,
d(K) denotes the diameter of K and |K| denotes the area
of the element K. Then we define the discrete discontinu-
ity indicator

G(t)(K) := 0 if g(t)(K) < 1,

G(t)(K) := 1 if g(t)(K) ≥ 1, K ∈ Th(t),

and the artificial viscosity forms

β̃h(w̄h,wh, Φh, t) :=

ν1

∑
K∈Th(t)

d(K)G(t)(K)

∫
K
∇wh · ∇Φh dx,

J̃h(w̄h,wh, Φh, t) :=

ν2

∑
Γ∈F I

h (t)

1

2

(
G(t)(KL

Γ) +G(t)(KR
Γ )

) ∫
Γ

[wh] · [Φh] dS ,

with constants ν1 and ν2.
All these forms are linear with respect to wh and non-

linear with respect to w̄h.

3.2 Time discretization by the BDF method of the
flow problem

Let 0 = t0 < t1 < ... < tM = T be a partition of the interval
[0,T ], and define the time step τm = tm−tm−1, m = 1, ..., M.
For a time instant tm we use the approximation w(tm) ≈ wm

h ,

defined in Ωh(tm). Moreover we set ŵl
h = wl

h(Atl (A−1
tm (x))),

x ∈ Ωh(tm), l < m. Then we approximate the ALE deriva-
tive at time tm by the backward finite difference formula
(BDF) of order q

DAwh

Dt
(tm) ≈ α0wm

h +

q∑
l=1

αlŵm−l
h ,

where the coefficients αl, l = 0, .., q, depend on τm−l, l =
0, .., q − 1. In the case m < q we set q := m. For the nonli-
near parts of the forms we employ the extrapolation w̄m

h

w̄m
h =

q∑
l=1

βlŵm−l
h ,

where coefficients βl, l = 1, .., q, depend on τm−l, l = 0, .., q−
1. In the case m < q we set q := m. Expression of the co-
efficients αl, βl of order q ≤ 3 can be found in [1] or [2].
Finally, we set

(ϕ, ψ)t =

∫
Ωh(t)

ϕψ dx.

We say that the function wm
h ∈ Sp

h (tm) is the approxima-
te solution of the problem (1) obtained by the BDF method,
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if it satisfies the conditions⎛⎜⎜⎜⎜⎜⎝α0wm
h +

q∑
l=1

αlŵm−l
h , Φh

⎞⎟⎟⎟⎟⎟⎠
tm

+
(
(z(tm) · ∇)wm

h , Φh

)
tm

+ah(w̄m
h ,w

m
h , Φh, tm) + bh(w̄m

h ,w
m
h , Φh, tm)

+β̃h(w̄m
h ,w

m
h , Φh, tm) + J̃h(w̄m

h ,w
m
h , Φh, tm)

+Jσh (wm
h , Φh, tm)

= lh(w̄m
h , Φh, tm) ∀Φh ∈ Sp

h (tm),

where w0
h is Sp

h (t0)-approximation of w0.

3.3 Full space-time DGM discretization

Another way how to construct a method of high-order ac-
curacy both in space and time is the full space-time dis-
continuous Galerkin (ST-DG) method. We again consider
a partition 0 = t0 < t1 < ... < tM = T of the interval [0,T ]
and denote Im = (tm−1, tm), τm = tm − tm−1 for m = 1, ..., M.
We define the space Sp,q

h,τ = (S p,q
h,τ )d+2, where

S p,q
h,τ :=

⎧⎪⎪⎨⎪⎪⎩φ ; φ|Im
=

q∑
i=0

ζiφi, where φi ∈ S p
h (t), ζi ∈ Pq(Im)

⎫⎪⎪⎬⎪⎪⎭ .
with integers p, q ≥ 1. Pq(Im) denotes the space of all poly-
nomials in t on Im of degree ≤ q. Moreover for Φ ∈ Sp,q

h,τ
we introduce the following notation:

Φ±
m = Φ(t±m) = lim

t→tm±
Φ(t),

{Φ}m = Φ+m − Φ−
m .

Approximate solution whτ of the problem will be sought
in the space Sp,q

h,τ . Since the functions of this space are in

general discontinuous in time, we ensure the connection
between Im−1 and Im by the penalty term in time

(
{whτ}m−1 , Φhτ(t+m−1)

)
tm−1

.

The initial state whτ is included by the L2(Ωh(t0))-projection
of w0 on Sp

h (t0):

(
whτ(t+0 ), Φhτ(t+0 )

)
t0
=

(
w0, Φhτ(t+0 )

)
t0

∀Φhτ ∈ Sp,q
h,τ .

Similary as in Section 3.2 we introduce a suitable lineariza-
tion. We can use two possibilities.

1) We put w̄hτ(t) := wh(t−m−1) for t ∈ Im.
2) We prolong the solution from the time interval Im−1

to the time interval Im.
We say that a function whτ ∈ Sp,q

h,τ is the approximate

solution of the problem (1) obtained by the ST-DG method,
if it satisfies the following conditions

M∑
m=1

∫
Im

((
DAwhτ

Dt
, Φhτ

)
t
+ ((z(t) · ∇)whτ, Φhτ)t

)
dt

+

M∑
m=1

∫
Im

(ah(w̄hτ,whτ, Φhτ, t) + bh(w̄hτ,whτ, Φhτ, t)) dt

+

M∑
m=1

∫
Im

(
β̃h(w̄hτ,whτ, Φhτ, t) + J̃h(w̄hτ,whτ, Φhτ, t)

)
dt

T

EA

k
HH

�

H

k
��L t( )

M t( )

U
�

�

Fig. 1. The scheme of the vibrating airfoil.

+

M∑
m=1

∫
Im

Jσh (whτ, Φhτ, t) dt

+

M∑
m=2

(
{whτ}m−1, Φhτ(t+m−1)

)
tm−1

+
(
whτ(t+0 ), Φhτ(t+0 )

)
t0

=

M∑
m=1

∫
Im

lh(w̄hτ, Φhτ, t) dt +
(
w0, Φhτ(t+0 )

)
t0

∀Φhτ ∈ Sp,q
h,τ .

3.4 Equations for the moving airfoil

We shall simulate the motion of a profile in 2D with two
degrees of freedom: H - displacement of the profile in the
vertical direction (positively oriented downwards) and α
- the rotation of the profile around the so-called elastic
axis(positively oriented clockwise), see Figure 1. The mo-
tion of the profile is described by the system of ordinary
differential equations

mḦ + S αα̈ + kHH H = −L(t), (4)

S αḦ + Iαα̈ + kααα = M(t),

where we use the following notation: m - mass of the air-
foil, L(t) - aerodynamic lift force, M(t) - aerodynamic tor-
sional moment, S α - static moment of the airfoil around the
elastic axis (EA), kHH - bending stiffness, kαα - torsional
stiffness. We define L(t) and M(t) by the terms

L(t) := −l
∫
ΓW (t)

2∑
j=1

τ2 jn j dS ,

M(t) := l
∫
ΓW (t)

2∑
i, j=1

τi jn j(−1)i
(
x1+δ1i − xEA

1+δ1i

)
dS ,

where l is the depth of the airfoil, xEA
i are the coordinates

of the elastic axis and τi j := −pδi j+τ
V
i j are the components

of the stress tensor. For the derivation of the system (4),
see e.g. [5].

The system (4) is transformed to a first-order system
and solved by the fourth-order Runge-Kutta method to-
gether with the discrete flow problem.

4 Numerical experiments

We performed numerical simulations in 2D for the pro-
file NACA0012 with the following data and initial con-
ditions: m = 0.086622 kg, S a = −0.000779673 kg m,
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Fig. 2. Displacement for far-field velocity 20 ms−1.
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Fig. 4. Displacement for far-field velocity 40 ms−1.

Ia = 0.000487291 kg m−2, kHH = 105.109 Nm−1, kαα =
3.696682 N m rad−1, μ = 1.72 · 10−5kg m−1 s−1, far-field
pressure p = 101250 Pa, airfoil depth l = 0.05 m, airfoil
length c = 0.3 m, far-field density ρ = 1.225 kg m−3, Pois-
son adiabatic constant γ = 1.4, specific heat cv = 721.428
m2 s−2 K−1, heat conduction coefficient k = 2.428 ·10−2 kg
m s−2 K−1, H(0) = −20mm, α(0) = 6◦, Ḣ(0) = α̇(0) = 0.
For all numerical simulations we chose symmetric version
of the viscous term (SIPG), the parameter CW = 500 for all
Γ ∈ Fh(t) except for Γ ⊂ ΓW (t), where we set CW = 5000.
The constants in the artificial viscosity forms were set ν1 =
ν2 = 0.1. The time step was choosen τ = 0.003299 c/ |u∞| ,
where |u∞| is the far-field velocity. We employed quadratic
polynomials (p=2) for the space discretization. In the case
of the BDF we used the second order approximation for
the time discretization (BDF-p2q2). In the case of the ST-
DG we used linear polynomials in time (ST-DG-p2q1).
Far field-velocity was choose 20 ms−1 and 40 ms−1. In this
cases Reynolds number is between 105 and 106. Figures
2-5 show the computed displacement and rotation of the
profile obtained by both methods.

At the end we present an example of high-speed flow
for far-field velocity 680 ms−1 and Reynolds number 107.
In this case we left the data and initial conditions the same
except bending stiffness and torsional stiffness which were
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Fig. 5. Rotation angel for far-field velocity 40 ms−1.
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Fig. 7. Rotation angel for far-field velocity 680 ms−1.

chosen 1000 times higher. Figures 6-7 show the displace-
ment and rotation of the profile obtained only by ST-DG,
because for this regimes the BDF method became unstable.
Figures 8 and 9 display distribution of the Mach number
and pressure at time instant t = 0.00087s.

5 Conclusion

In this paper we dealt with the discontinuous Galerkin method
for the numerical solution of compressible viscous flow.
The applicability of the proposed method was demonstrated
on the example of interaction of compressible viscous flow
and a moving airfoil. Subject for the further work is includ-
ing a turbulence model into the method.
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Fig. 8. The distribution of the Mach number at t = 0.00087 s for

far-field velocity 680 ms−1.

Fig. 9. The distribution of the pressure related to the quantity

ρ∞ |u∞|2, where ρ∞ and u∞ mean far-field density and far-field

velocity, at t = 0.00087 s for far-field velocity 680 ms−1.
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