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Abstract.
The 12 C+12 C fusion reaction is investigated in a multichannel folding model, using the density-dependent DDM3Y nucleon-nucleon interaction. The
12
C(0+1 , 2+ , 0+2 , 3− ) states are included, and their densities are taken from a microscopic
cluster calculation. Absorption to fusion channels is simulated by a short-range imaginary potential and the model does not contain any ﬁtting parameter. We compute elastic
and fusion cross sections simultaneously. The role of 12 C+12 C inelastic channels and, in
particular, of the 12 C(0+1 )+12 C(0+2 ) channel involving the Hoyle state is important even at
low energies.

1 Introduction
After helium burning, a large concentration of 12 C in the core of massive stars leads to a rapid carbon
burning phase [1]. In this phase the 12 C+12 C fusion reaction (which essentially produces α particles
and protons) plays an essential role (see recent reviews in Refs. [2, 3]). A recent work, aimed at
exploring the impact of current uncertainties on the 12 C+12 C reaction rate, suggests that essentially
p-process abundances are aﬀected [3].
A general problem in nuclear astrophysics is that the relevant stellar energies (referred to as the
“Gamow window") are much lower than the Coulomb barrier [4–6]. Due to barrier-penetration eﬀects,
the cross sections in the Gamow region cannot be measured in the laboratory, and higher-energy data
must be extrapolated down to low energies. For the 12 C+12 C reaction, the typical energies are around
2 MeV, whereas the Coulomb barrier is around 6.5 MeV. The expected cross section at 2 MeV is of
the order of 10−11 barns. In the 12 C+12 C reaction, the situation is made more complicated owing to
the presence of broad structures in the experimental cross section, even below the Coulomb barrier
[7]. Extrapolations at low energies are therefore very uncertain. Recently a possible new resonance at
2.14 MeV has been reported [8], but this measurement is questioned (see Ref. [9]). Several attempts
have been performed to explain the origin of these resonances [9–11].
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Several calculations have been performed to investigate the 12 C+12 C fusion process. These calculations are based on the barrier-penetration model [12, 13] or on the ingoing-wave-boundary conditions [14]. A microscopic cluster model has been developed for fusion reactions [15]. Most fusion
calculations to date are performed in a single-channel model, i.e. involving the 12 C ground-state only.
Absorption is simulated by a phenomenological imaginary potential [16]. In light systems, however,
it is known that inelastic channels may be important and require to be explicitly included in the calculation. In Ref. [17], the authors suggest that mutual excitations play an important role even at low
energies, where excited channels are closed. At ﬁrst sight, this eﬀect may seem surprising since only
a single channel is open. It is explained by distortion eﬀects in the wave functions: the cross section is
mostly sensitive to the inner part of the wave functions, where closed channels may have a signiﬁcant
amplitude.
Our goal here is to investigate the 12 C+12 C fusion in a multichannel folding method [18]. We include the 12 C(0+1 , 2+ , 0+2 , 3− ) states, and the corresponding mutual excitations. A folding method relies
on two main inputs: the nucleon-nucleon (NN) interaction and 12 C densities. For the NN interaction
we use the density-dependent M3Y (DDM3Y) interaction [19]. Including the density dependence
was shown to reduce the depth of the nucleus-nucleus potential at short distances (in Ref. [17], the
authors use the original M3Y interaction and the density eﬀect is simulated by a repulsive core). For
the 12 C densities, we use the RGM values of Kamimura [20]. These densities (elastic and inelastic)
are obtained from a microscopic triple-alpha model, and are known to provide a precise description
of many scattering data. In particular the 0+2 state of 12 C has attracted much attention in recent years,
since it might be considered as an α-condensate state [21]. This state is well described by the three-α
microscopic calculation of Kamimura, and is expected to play a signiﬁcant role in the 12 C+12 C system
[22].
Our calculation is free of parameters, except for a weak dependence on the absorption potential. It
provides a simultaneous description of elastic scattering and of fusion. Elastic cross sections around
the Coulomb barrier are well known experimentally [23] and will serve as a test of the model, in
order to assess the accuracy of the less known fusion cross section. The main results are presented in
Ref.[24], and we refer to that reference for detail.

2 Theoretical background
2.1 Hamitonian and wave functions

The Hamiltonian of the system is given by
H = T r + H1 (rr i ) + H2 (rr j ) +

A1 
A2


vNN (rr − r i + r j )

(1)

i=1 j=1

where T r is the relative kinetic energy and H1 , H2 are the internal Hamiltonians of the colliding nuclei. In this equation, r is the relative distance between the c.m. of the nuclei, r i and r j are sets of
coordinates associated with H1 and H2 , and vNN a nucleon-nucleon interaction.
For a given angular momentum J and parity π, a multichannel 12 C+12 C wave function is written
as
1  J Mπ
ϕ
(Ωr )gαJπ1 α2 I (r),
(2)
Ψ J Mπ =
r α α I α1 α2 I
1 2

where the channel wave functions are deﬁned by

J M
I1 π1
I2 π2 I
Φ
ϕαJ 1Mπ
(Ω
)
=
⊗
Φ
⊗
Y
(Ω
)
.
r

r
α
α
α2 I
1
2
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In this expression, ΦαIkkπk are spinors associated with the diﬀerent 12 C states (labels αk refer to diﬀerent
excitation levels), I is the channel spin,  is the relative orbital momentum, and the total parity is given
by π = π1 π2 (−1) . For symmetric channels (α1 = α2 ), we have the selection rule (−1)+I = 1. In what
follows, we use the index c = (α1 α2 I). and
The radial wave functions gcJπ (r) are obtained from the coupled-channel system
−


( + 1)  Jπ
2  d 2
Jπ
Jπ
c
c Jπ
gc (r) +
−
Vcc
 (r)gc (r) = (E − E 1 − E 2 )gc (r),
2
2
2μ dr
r
c

(4)

where μ is the reduced mass of the system, and Eic are the 12 C energies. The coupling potentials are
deﬁned as
A1 
A2

Jπ
Jπ
(r)
=
ϕ
(Ω
)|
vNN (rr − r i + r j )|ϕcJπ (Ωr ),
(5)
Vcc

r
c
i=1 j=1

where the integration is performed over Ωr (see Ref. [25] for detail).
The coupled-channel system (4) is solved with the R-matrix method [26], which is based on an
internal region, where the nuclear interaction is important, and on an external region, where it is
negligible. In the internal region (r ≤ a), the radial functions gcJπ (r) are expanded over a Lagrange
basis [27]. In the external region, it is given by a linear combination of Coulomb functions. The
matching provides the collision matrix U Jπ . Notice that, at low energies, most of 12 C+12 C excited
channels are closed (the ﬁrst open channel is 12 C(0+1 )+12 C(2+ ) which opens at 4.44 MeV). This means
that the corresponding components gcJπ (r) tend to zero at large distances. However, couplings with
excited channels introduce distortion eﬀects in the wave function, and modify the scattering matrix.
2.2 Multichannel folding potentials

The density dependence of the nucleon-nucleon nuclear interaction vNN is known to account for the
overlapping of the colliding nuclei. By reducing the depth of the nucleus-nucleus folding interaction,
it simulates the Pauli principle and signiﬁcantly improves the accuracy of the original M3Y interaction. In a coupled-channel formalism, the 12 C+12 C potentials are deﬁned from

α α
α α
drr 1 drr 2 vNN (ss, ρ, E) ρ1 1 1 (rr 1 ) ρ2 2 2 (rr 2 ),
(6)
Vα1 α2 ,α1 α2 (rr ) =


12
12
r
where s = r − r 1 + r 2 , ραα
k (r k ) are the C nuclear densities, and the labels αk refer to diﬀerent C
states. Equation (6) is written in a general form, where the nucleon-nucleon interaction depends on
the density of the system ρ and on the energy E. The DDM3Y interaction uses the frozen density
approximation, where ρ = ρ1 (rr 1 ) + ρ2 (rr 2 ). The same folding formalism is applied to the Coulomb interaction. In the present work, we include the 12 C(0+1 , 2+ , 0+2 , 3− ) states, which means that ten 12 C+12 C

r
channels are introduced in the coupled-channel system. The densities ραα
k (r ) are taken from the 3α
microscopic calculation of Kamimura [20]. These densities, elastic (α = α ) as well as inelastic
(α  α ), are known to reproduce many experimental data. Details on the calculation of the folding
potential can be found in the appendix.
We illustrate in Fig.1 the folding potentials for two channels, 12 C(0+1 )+12 C(0+1 ), and
12
C(0+2 )+12 C(0+2 ). The calculations are performed with the density-dependent DDM3Y interaction,
as well as with its M3Y approximation. As expected, the DDM3Y potential reduces the short-range
part due to the Pauli principle. The potentials corresponding to the 12 C(0+2 )+12 C(0+2 ) channels extend
to larger distances according to the larger radius of the Hoyle state. At the scale of the ﬁgure, the
Coulomb potentials are identical for both channels.
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Figure 1. Folding potentials for the 12 C(0+1 )+12 C(0+1 ) and 12 C(0+2 )+12 C(0+2 ) channels. Solid lines correspond to
the DDM3Y potential and dotted lines to the M3Y interaction.

2.3 Fusion cross sections
Jπ
It is well known that an imaginary component must be added to the potential Vcc
 to simulate other
absorption channels. In other words, the folding (real) potential (5) is complemented in Eq. (4) as
Jπ
Jπ
Jπ
Vcc
 (r) −→ Vcc (r) + iWcc (r).

(7)

Jπ
In general, the imaginary term Wcc
 (r) is written as
Jπ
Jπ
Wcc
 (r) = NI Vcc (r),

(8)

where NI is a constant amplitude ﬁtted to the data. However, the imaginary potential can be separated in two components: one describing inelastic channels, possibly missing in the calculation, and
another associated with fusion, or compound-nucleus formation [28, 29]. In the present calculation,
the coupled-channel system (4) explicitly includes inelastic channels in a wide energy range. Accordingly, these channels do not need to be simulated by an imaginary potential.
To deﬁne the fusion component of the potential, we follow the method of Refs. [30, 31], where a
short-range absorption potential is included as
Wcc (r) = −

W0
δcc .
1 + exp((r − R0 )/a)

(9)

The range R0 is chosen smaller than the barrier radius, and this potential acts at short distances only.
The authors of Refs. [30, 31] have shown that the fusion cross section is virtually insensitive to the
choice of the depth W0 (changing W0 = 10 MeV to W0 = 50 MeV modiﬁes the cross sections by less
than 1%). In our multichannel calculation, we take W0 = 10 MeV, R0 = 3 fm, and a = 0.1 fm, and we
00002-p.4
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use the same conditions to investigate the elastic-scattering and fusion processes. We have tested that
the cross sections are stable within 1 − 2% when these parameters are modiﬁed. This is illustrated in
Fig.2, where we compare the fusion probabilities computed with deﬁnitions (8) (dotted lines) and (9)
(solid line) at a typical energy Ecm = 4 MeV. Three values W0 = 10, 30, 50 MeV are considered, and
the fusion probabilities are indistinguishable at the scale of the ﬁgure. An important consequence is
that the model is free of parameters, and that all cross sections are obtained without any adjustment.








 



  



  




Figure 2. Fusion probabilities computed with deﬁnitions (8) (squares, dotted lines) and (9) (circles, solid line) at
Ecm = 4 MeV. Three values W0 = 10, 30, 50 MeV are considered, but the curves are indistinguishable at the scale
of the ﬁgure.

Our main goal is to investigate the 12 C+12 C fusion cross section. However, we ﬁrst assess the
accuracy of the model with elastic cross sections, which are well known experimentally at energies
close to the Coulomb barrier [23]. The elastic cross sections are computed from the scattering matrices
by using standard formulae [16]. The fusion cross section is deﬁned as [32]
2π 
(2J + 1)P J (E),
(10)
σF (E) = 2
k J even
where k is the wave number, and where the fusion probability P J (E) is obtained from

2 
P J (E) = −
|gcJπ (r)|2 Wcc (r) dr,
v c

(11)

where v is the relative velocity [16]. At low energies, the fusion and reaction cross sections are
identical, and P J (E) can be expressed as
J 2
| ,
P J (E) = 1 − |U11

(12)

J
where U11
is the elastic element of the collision matrix, associated with the 12 C+12 C ground-state
channel. These two deﬁnitions are strictly identical below the ﬁrst inelastic channel (open at 4.44
MeV), and this identity provides a strong test of the calculation. At stellar energies (i.e. around 2 MeV
J
≈ 1, and Eq. (12) becomes numerically unstable. Besides its better numerical stability,
or below), U11
deﬁnition (11) presents another advantage, as the role of the inelastic channels can be evaluated, by
computing the individual contributions of each channel c.
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EPJ Web of Conferences

3 Elastic scattering and fusion
The present folding model is ﬁrst applied to 12 C+12 C elastic scattering at energies around the Coulomb
barrier, where experimental data are available [23]. These data can be used to assess the reliability of
the model, and hence of the fusion cross sections. Our goal is not to ﬁt the data, and we remind the
reader that there is no ﬁtting parameter in the model.
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Figure 3. Ratios of the elastic and Rutherford cross sections around the Coulomb barrier, for increasing numbers
of 12 C+12 C inelastic channels. Labels correspond the the c.m. energies. Experimental data are from Ref. [23].

The comparison between theory and experiment is presented in Fig. 3, where we start from a
single-channel approximation, and progressively include additional channels. Of course, at 6 MeV,
the physics of the problem is essentially determined by the Coulomb interaction and the role of the
inelastic channels is hardly visible. When the energy increases, and in particular at E = 10 MeV,
inelastic channels signiﬁcantly improve the theoretical cross section. The most sensitive angular range
is beyond θ = 70◦ , where the single-channel approximation provides a poor ﬁt of the data. Including
the 2+ state improves the overall agreement, but adding further the 0+2 Hoyle state provides an excellent
agreement with the data. Note that good ﬁts can be obtained even in the single-channel approximation
[12], but after ﬁtting the imaginary potential to optimize the agreement with experiment.
For the 12 C+12 C reaction, the fusion cross section is traditionally converted to a modiﬁed S factor
as
(13)
S̃ (E) = σF (E)E exp(2πη + 0.46 E),
where η is the Sommerfeld parameter. The linear term in the exponential accounts for an additional
energy dependence (E is expressed in MeV). The modiﬁed S factor is displayed in Fig. 4, where the
00002-p.6
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experimental data have been corrected as suggested by Aguilera et al. [10]. Above the Coulomb
barrier (≈ 6.5 MeV) the data are well reproduced by the calculation, and the role of inelastic channels
is minor. When the energy decreases, the sensitivity with respect to the number of excited channels is
more and more important, as expected from Ref. [17]. At E = 1 MeV, the multichannel calculation
provides an enhancement by about a factor of three, in comparison with the single-channel approach.
Of course, ﬂuctuations are absent from the present theory. Although molecular resonances are predicted by the calculation with a real potential, they are strongly hindered by the absorption part of the
potential.
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Figure 4. (Color online). Modiﬁed S factor (13) for increasing numbers of
curves are as in Fig. 3). Experimental data are taken from Refs.[10, 33–40].

12

C+12 C inelastic channels (the

In order to interpret the theoretical S factor, we present in Fig. 5 a decomposition in angular
momenta J (upper panel) and in the various channels (lower panel). The fusion cross section is
essentially given by the contributions of J = 0+ and J = 2+ ; J = 4+ provides less than 10 %, and
other partial waves are negligible. The contributions of the diﬀerent channels conﬁrm that the fusion
cross sections are strongly aﬀected by inelastic channels. These channels are closed at low energies,
but the corresponding wave functions gcJπ (r) have a signiﬁcant amplitude in the inner region. Even if
they tend to zero at large distances, the short-range potential W(r) makes integrals (11) sensitive to
the inner part of the wave function only. Consequently the contribution of inelastic channels in the
fusion cross section (10) may be important, and even larger than the ground-state contribution. The
role of the Hoyle state is supported by the importance of the 12 C(0+1 )+12 C(0+2 ) channel, which is even
dominant above 3.5 MeV.

4 Conclusion
We have investigated the 12 C+12 C fusion process in a multichannel model. The coupling potentials are generated from 12 C densities obtained in a microscopic cluster model. Our calculation does
00002-p.7
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Figure 5. Decompositions of the modiﬁed S factor (13) in partial waves (upper panel), and in the main channel
contributions (lower panel).

not contain any ﬁtting parameter, and provides simultaneously the fusion and elastic cross sections.
Around the Coulomb barrier the elastic data are well reproduced by the model provided that all inelastic channels, and in particular those involving the 0+2 state, are included. We conﬁrm the conclusion
of Ref. [17], i.e. that inelastic channels play an important role, and must be taken into account for a
precise description of the fusion cross section.
A possible improvement would be the introduction of 3α breakup channels. Although the
0+1 , 2+ , 0+2 and 3− states, included in the present work, are expected to be the most important excited
states, breakup channels may also play a role. Another challenge for future works is to combine this
multichannel approach with a consistent description of the broad states observed in the fusion data.

A Appendix
A.1 Densities and form factors

Let us consider a nucleus with wave function ΦIK depending on coordinates r i (the parity is not written
for the sake of simplicity). The density and form factor are deﬁned as

A

1
IK
I K
exp(−iqq · r )F IK,I  K  (qq)dqq,
δ(rr − r i )|Φ
>=
(A.1)
ρIK,I  K  (rr ) =< Φ |
(2π)3
i=1

A

 
exp(iqq · r i )|ΦI K >=
exp(iqq · r )ρIK,I  K  (rr )drr .
(A.2)
F IK,I  K  (qq) =< ΦIK |
i=1

00002-p.8
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These quantities are expanded over multipoles as
ρIK,I  K  (rr ) =




F IK,I  K  (qq) =




∗
< I  K  m|IK > ρI,I  (r) i Ym (Ωr ) ,

(A.3)


∗

 m
< I  K  m|IK > F I,I
.
 (q) i Y (Ωq )

(A.4)



A simple calculation shows that the multipole components are related by


F I,I
ρI,I  (r) j (qr)r2 dr,
 (q) = 4π

1

2
F I,I
ρI,I  (r) = 2
 (q) j (qr)q dq,
2π

(A.5)
(A.6)

where j (x) is a spherical Bessel function.
A.2 General deﬁnitions of folding potentials

The Hamiltonian of the system is given by
H = T r + H0 (ξξ ) + V(rr , ξ ),

(A.7)

where r is the relative distance between the c.m. of the nuclei, and ξ a set of internal coordinates. In
this equation, T r is the relative kinetic energy, and H0 (ξξ ) is the internal hamiltonian. The interaction
term is explicitly given by
V(rr , ξ ) =

A1


vNT (rr − r i ) for single folding,

(A.8)

i=1

=

A1 
A2


vNN (rr − r i + r j ) for double folding,

(A.9)

i=1 j=1

where vNT and vNN are nucleon-target and nucleon-nucleon interactions, respectively.
This potential can be expanded in multipoles as

V(rr , ξ ) =
Vλμ (r, ξ )Yλμ∗ (Ωr )
λμ

=





(−1)λλ̂ Vλ (r, ξ ) ⊗ Yλ (Ωr ) 00 ,

(A.10)

λ

where we have used the notation x̂ =
(3) is then given by

√

2x + 1. A reduced matrix element between channel functions


× < ΦI1 π1




I
(−1)λ+I ++J λ̂Iˆˆ 

λ

  
  
⊗ ΦI2 π2 I Vλ ΦI1 π1 ⊗ ΦI2 π2 I >,

Jπ
Jπ
V(rr , ξ ) ϕcJπ >=
Vcc
 (r) =< ϕc


I

J
λ

< Y Yλ Y >
(A.11)

where we have omitted indices α1 and α2 for simplicity. The potential matrix element can be evaluated
for single and double-folding interactions.
00002-p.9
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A.3 Single-folding potentials

Let us consider a nucleus with spin I interacting with a structureless target. Then, using (A.10) and
the deﬁnition of the density, we have


 
dΩr Yλμ (Ωr ) vNT (rr − s ) ρIK,I  K  (ss ) dss
< ΦIK |Vλμ |ΦI K > =


1
μ
dΩ
Y
(Ω
)
exp(−iqq · r )ṽNT (q)F IK,I  K, (qq)dqq.
(A.12)
=
r
r
λ
(2π)3
The expansion
exp(−iqq · r ) = 4π


(−i)L YLM∗ (Ωr )YLM (Ωq ) jL (qr)

(A.13)

LM

provides the reduced matrix element
(−1)λ
< Φ Vλ Φ >=
2π2
I

I



λ
2
F I,I
 (q) jλ (qr)ṽ NT (q)q dq,

where ṽNT (q) is the Fourier transform of the nucleon-target interaction

j0 (qr)vNT (r)r2 dr.
ṽNT (q) =

(A.14)

(A.15)

A.4 Double-folding potentials

In this option, both colliding nuclei present a structure deﬁned by their densities. A matrix element of
the potential reads


  

   
< I1 K1 I2 K2 |IK >< I1 K1 I2 K2 |I  K  >
< ΦI1 π1 ⊗ ΦI2 π2 IK |Vλμ | ΦI1 π1 ⊗ ΦI2 π2 I K >=

×

dΩr Yλμ (Ωr )

K1 K2 K1 K2



vNN (rr − s 1 + s 2 ) ρI1 K1 ,I1 K1 (ss1 )ρI2 K2 ,I2 K2 (ss2 ) dss1 dss2 . (A.16)

This expression provides the reduced matrix element


1
  
1 ˆ ˆ
  
< ΦI1 π1 ⊗ ΦI2 π2 I Vλ ΦI1 π1 ⊗ ΦI2 π2 I >= 2
I1 I2 λ̂1 λ̂2 Iˆ √ (−i)λ+λ1−λ2
2π λ λ
4π
1 2
⎫
⎧

⎪
I
I2 I ⎪
⎪
⎪
⎪
⎪
⎨ 1

⎬
I
I
I
F Iλ11,I  (q)F Iλ22,I  (q) jλ (qr)ṽNN (q)q2dq.
× < λ1 0λ2 0|λ0 > ⎪
⎪
⎪
⎪
⎪
1
2
⎭
⎩λ1 λ2 λ ⎪
1

(A.17)

2

Here ṽNN (q) is the Fourier transform of the nucleon-nucleon interaction. The single-folding deﬁnition
0
(A.14) can be easily recovered by neglecting the internal structure of nucleus 2 (I2 = I2 = 0, F0,0
(q) =
√
4π).
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