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Abstract. The shell model Monte Carlo (SMMC) method enables calculations in model
spaces that are many orders of magnitude larger than those that can be treated by conventional methods, and is particularly suitable for the calculation of level densities in the
presence of correlations. We review recent advances and applications of SMMC for the
microscopic calculation of level densities. Recent developments include (i) a method to
calculate accurately the ground-state energy of an odd-mass nucleus, circumventing a
sign problem that originates in the projection on an odd number of particles, and (ii) a
method to calculate directly level densities, which, unlike state densities, do not include
the spin degeneracy of the levels. We calculated the level densities of a family of nickel
isotopes 59−64 Ni and of a heavy deformed rare-earth nucleus 162 Dy and found them to be
in close agreement with various experimental data sets.

1 Introduction
The level density is required in the calculation of transition rates through Fermi’s golden rule and has
an important role in the Hauser-Feshbach theory of statistical nuclear reactions [1]. Its calculation in
the presence of interactions is a challenging many-body problem. A suitable framework that takes into
account correlations and shell eﬀects is the conﬁguration-interaction (CI) shell model. However, the
combinatorial growth of the dimension of the many-particle model space with the number of valence
orbitals and/or the number of nucleons hinders application of the CI shell model in mid-mass and
heavy nuclei. This problem can be overcome in part through the use of the shell model Monte Carlo
(SMMC) method [2–5]. In contrast to conventional diagonalization methods, the SMMC method
scales much more gently with the dimension of the single-particle model space and enables calculations in much larger many-particle model spaces. As a ﬁnite-temperature method, it is particularly
suitable for the calculation of statistical nuclear properties such as the level density. SMMC nuclear
state densities were calculated in mid-mass [6–8] and heavy [9, 10] nuclei, and were found to be in
good agreement with various experimental data sets. Projection methods were successfully implemented in SMMC to determine the parity [6, 11, 12] and spin [13] distributions of level densities.
Quantum Monte Carlo methods for fermions often suﬀer from a sign problem that leads to large
statistical errors. The dominant collective components [14] of realistic eﬀective nuclear interactions
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have a good Monte Carlo sign. The smaller bad-sign components can be treated using the extrapolation method of Ref. [3]. Good-sign interactions are often suﬃcient for realistic calculations of nuclear
densities. These good-sign interactions are free of the sign problem in the grand-canonical ensemble,
in which the number of particles ﬂuctuates. However, in the ﬁnite nucleus, it is important to use the
canonical ensemble, in which both the proton and neutron numbers are ﬁxed. While the projection on
an even number of particles keeps the sign good, the projection on an odd number of particles leads to
a new sign problem that is mild at intermediate temperatures but becomes severe at low temperatures.
Consequently, applications of SMMC to odd-mass (and odd-odd) nuclei have been hampered by this
odd-particle sign problem.
Recently, we introduced a method to calculate accurately the ground-state energy of an oddparticle system, circumventing the odd-particle sign problem, and we applied it to nuclei in the iron
region [15]. This made possible the ﬁrst accurate SMMC calculations of densities of odd-mass nuclei [16].
In canonical SMMC calculations, a trace is taken over the complete Hilbert space for a ﬁxed
number of protons and neutrons. Thus the calculated density is the state density, which includes
the 2J + 1 magnetic degeneracy of each level with spin J. However, the experimentally measured
density is often the level density, in which each level is counted just once, irrespective of its magnetic
degeneracy.
In Ref. [13] we introduced a spin projection method in SMMC to determine the spin distribution

ρ J (E x ) of nuclear levels at excitation energy E x . The level density is then given by ρ̃(E x ) = J ρ J (E x ).
However, the statistical errors of ρ J (E x ) increase with J and make such a calculation of the level density impractical. Recently, we showed that a projection on the minimal absolute value of the magnetic
quantum number can be used to calculate directly accurate level densities in SMMC [17]. Here we
review the application of this method for calculating the level densities of a family of nickel isotopes
59−64
Ni [16]. We ﬁnd close agreement with level densities extracted from recent measurements of
proton evaporation spectra [18] and with level counting data. We also calculated the level density
of a typical heavy deformed rare-earth nucleus 162 Dy and compared it with available experimental
data [17].

2 State densities by the shell model Monte Carlo (SMMC) method
In this section, we brieﬂy discuss the SMMC method and its application to the calculations of state
densities.
2.1 SMMC

The Gibbs operator e−βH , describing a many-particle system with a Hamiltonian H at inverse temperature β = 1/T , can be thought of as a propagator in imaginary time β. The SMMC method is
based on the Hubbard-Stratonovich (HS) transformation [19], in which the propagator e−βH is written
as a superposition of propagators of non-interacting particles moving in external auxiliary ﬁelds that
depend on the imaginary time τ (0 ≤ τ ≤ β). Formally, the HS transformation can be written as a
functional integral

e−βH =

D[σ]Gσ Uσ

(1)

over the auxiliary ﬁelds σ, where Gσ is a Gaussian weight and Uσ is a one-body propagator of noninteracting particles moving in external ﬁelds σ = σ(τ).
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The expectation value of an observable O at ﬁnite temperature T = 1/β can be written as

D[σ]Wσ Φσ Oσ
Tr (Oe−βH )
,
O =
= 
−βH
Tr (e )
D[σ]Wσ Φσ

(2)

where Wσ = Gσ |Tr Uσ | is a positive-deﬁnite function, Φσ = Tr Uσ /|Tr Uσ | is the Monte Carlo sign,
and Oσ = Tr (OUσ )/Tr Uσ is the thermal expectation value of the observable for a given conﬁguration of the auxiliary ﬁelds σ.
Since Uσ is a one-body propagator it can be represented in the single-particle space by an N s × N s
matrix Uσ , where N s is the number of single-particle states. Quantities that appear in the integrands
of Eq. (2) can be expressed in terms of Uσ . For example, the grand-canonical many-particle trace of
Uσ is given by
Tr Uσ = det(1 + Uσ ) .
(3)
In the ﬁnite nucleus it is important to use the canonical ensemble, in which the number of protons
and the number of neutrons are ﬁxed. Thus, in Eq. (2) we take the traces at ﬁxed number of protons
and neutrons using a discrete Fourier sum for each of the particle-number projections.
In practical calculations, the time is discretized using a ﬁnite time slice Δβ and the results are
extrapolated to Δβ = 0. The integration over the large number of auxiliary ﬁelds is done by Monte
Carlo methods. We approximate the integral over each of the auxiliary ﬁelds at any given time slice by
a three-point quadrature formula, and use importance sampling to select uncorrelated conﬁgurations
σk of the auxiliary ﬁelds that are distributed according to the positive-deﬁnite distribution Wσ . The
expectation value in Eq. (2) is then estimated from

k Oσ Φσ
O ≈  k k .
(4)
k Φσk
2.2 State densities

The state density ρ(E) is related to the canonical partition function Z(β) = Tre−βH by an inverse
Laplace transform
 i∞
1
ρ(E) =
dβ eβE Z(β) .
(5)
2πi −i∞
We evaluate the integral in (5) using the saddle-point approximation to obtain an average state density
1
ρ(E) ≈ √
eS (E) ,
2
2πT C

(6)

where S is the canonical entropy and C is the canonical heat capacity. In SMMC, we calculate
the thermal energy as the expectation value of the Hamiltonian E(β) = H, and then integrate the
thermodynamic relation −∂ ln Z/∂β = E(β) to ﬁnd the partition function Z(β). The entropy and heat
capacity are then calculated from
S = ln Z + βE ; C =

dE
dE
= −β2
.
dT
dβ

(7)

The derivative in the expression for the heat capacity is carried out numerically. This typically leads
to large statistical errors at low excitation energies. These errors are reduced signiﬁcantly by using
the same set of auxiliary ﬁelds to calculate both E(β + δβ) and E(β − δβ) in the numerical derivative,
and taking into account correlated errors [20].
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3 Odd-particle systems
The odd-particle sign problem has hindered accurate calculations of the ground-state energy of the
odd-particle system. In this section we review a Green’s function method that we recently introduced
to circumvent this sign problem [15].
Consider an even-even nucleus A = (Z, N) with Z protons and N neutrons. We deﬁne its
imaginary-time scalar single-particle Green’s functions by



TrA e−βH T m aνm (τ)a†νm (0)
Gν (τ) =
.
(8)
TrA e−βH
Here ν ≡ (nl j) denotes the single-particle orbital of a nucleon with radial quantum number n, orbital
angular momentum l and total spin j, T denotes time ordering and aνm (τ) ≡ eτH aνm e−τH (for −β ≤
τ ≤ β) is an annihilation operator of a nucleon at imaginary time τ in a single-particle with orbital ν
and magnetic quantum number m.
The Green’s functions in (8) connect between states of the even-even nucleus and the corresponding odd-mass nucleus. For large values of β, the Green’s function Gν with ν = nl j connects the J = 0
ground state of the even-even nucleus to states with J = j in the corresponding odd-mass nucleus.
The asymptotic [15] form of the Green’s functions is given by
Gν (τ) ∼ e−ΔE J= j (A± )|τ| ,

(9)

where A± denotes the even-odd nuclei (Z, N ± 1) when ν is a neutron orbital, and the odd-even nuclei
(Z ± 1, N) when ν is a proton orbital. The + (−) subscript should be used for τ > 0 (τ ≤ 0). Here
ΔE J= j (A± ) is the energy diﬀerence between the lowest-energy state with spin J of the A± -particle
nucleus and the ground state of the A-particle nucleus. We ﬁnd ΔE J= j (A± ) from the slope of a
straight line ﬁt to | ln Gν |. We can then determine E J= j (A± ) of the corresponding odd-mass nucleus
A± since the ground-state energy of the even-even nucleus A can be calculated accurately in direct
SMMC calculations. The ground-state energy of the odd-mass nucleus is determined as the lowest
energy E J= j (A± ) among all possible J values.
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Figure 1. | ln G1p3/2 | versus |τ| for 58 Ni (triangles) and
60
Ni (circles) at β = 4 MeV−1 (using a time slice of
Δβ = 1/32 MeV−1 ). The lines are straight line ﬁts in
the asymptotic interval 0.5 ≤ τ ≤ 2 (in units of
MeV−1 ), and their slopes determine the energy
diﬀerences ΔE J=3/2 (59 Ni) between the lowest J = 3/2
state in 59 Ni and the ground state of 58 Ni or 60 Ni.

3

|τ| (MeV )
We demonstrate our method for the odd-mass nucleus 59 Ni, whose ground-state energy can be
extracted using independently the Green’s functions of 58 Ni and 60 Ni. In Fig. 1 we show | ln Gν | as a
function of |τ| for the 1p3/2 neutron orbital for 58 Ni (triangles) and 60 Ni (circles) at β = 4 MeV−1 . The
lines are straight line ﬁts whose slopes determine the respective energy diﬀerences ΔE J=3/2 (59 Ni).
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In Fig. 2 we compare the ground-state energy of 59 Ni that is extracted from the Green’s function
method (squares) with direct SMMC calculations in 59 Ni (circles) using a time slice of Δβ = 1/32
MeV−1 . In the Green’s function method we take an average of the energies obtained from the two
even-mass nuclei 58 Ni and 60 Ni. We observe that the statistical errors in the Green’s function method
are much smaller than the those in the direct calculations, and are comparable to typical statistical
errors obtained for even-even nuclei.

E0 (MeV)

-245
Figure 2. The ground-state energy E0 of the
odd-mass nucleus 59 Ni versus β. The Green’s
function method results (squares) are compared with
direct SMMC calculations (circles). The odd-particle
sign problem leads to large statistical errors in the
direct calculations that increase with β. The error
bars of the energies obtained in the Green’s function
method are smaller than the size of the symbols.
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4 Level densities in SMMC
In Sect. 2.2 we discussed the SMMC calculation of the state density, which includes the 2J + 1
magnetic degeneracy of each level with spin J. However, experiments often measure the level density,
which do not include the spin degeneracy of the levels. In this section we discuss a recent method to
calculate directly the level density in SMMC [17].
We observe that each level with spin J has exactly one state with spin projection M = 0 (M = 1/2)
in an even-mass (odd-mass) nucleus. Denoting the M-projected density by ρ M , the level density ρ̃ is
given by

ρ M=0
for even-mass nuclei
.
(10)
ρ̃ =
ρ M=1/2 for odd-mass nuclei
Projection on the spin component M can be carried out by a discrete Fourier transform [13]. For
example, the partition function of the propagator Uσ at a ﬁxed M is given by
Js

1
ˆ
Tr M Uσ =
e−iϕk M Tr eiϕk Jz Uσ ,
2J s + 1 k=−J

(11)

s

k
where ϕk (k = −J s , . . . , J s ) are quadrature points ϕk = π Js +1/2
and J s is the maximal spin in the
many-particle shell model space. In SMMC, we calculate the thermal energy E M (β) at ﬁxed M and
then integrate the thermodynamic relation −d ln Z M /dβ = E M (β) to ﬁnd the partition function Z M (β).
The density ρ M is calculated in the saddle-point approximation in analogy with the state density (see
Sect. 2.2). We have
1
ρM ≈
eS M ,
(12)
2
2πT C M
where S M and C M are, respectively, the M-projected canonical entropy and heat capacity.
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5 Application to nickel isotopes
Recent experiments have determined the level densities of a family of nickel isotopes 59−64 Ni by
measuring proton evaporation spectra [18]. We have used the method of Sect. 4 to calculate microscopically the level densities of these nickel isotopes [16]. In these calculations we have used the
complete p f g9/2 model space with the Hamiltonian of Ref. [6].
5.1 Ground-state energies

In order to compare the calculated level densities with experiments, it is necessary to determine the
excitation energy E x = E − E0 , where E0 is the ground-state energy. Thus it is important to determine
accurately the ground-state energy.

-251.4

-271.4

62

59

Ni

-271.6

-251.6

E0

E(β)

Ni

-271.8

-251.8

-272.0
2

3

4

5

6

-1

-252.0

3

3.5

4

4.5

5

-1

β(MeV )

β(MeV )

Figure 3. Left: thermal energy E(β) of the even-even nucleus 62 Ni versus β. The solid horizontal line is our
estimate for the ground-state energy E0 , which is determined by taking an average of E(β) over the β values
within the length of the line, and the dashed lines indicate the error bar of E0 . Our estimate for the ground-state
energy of 62 Ni is E0 = −271.87(3) MeV. Right: the ground-state energy E0 of 59 Ni versus β, as determined from
the Green’s functions of 58 Ni (open circles) and 60 Ni (solid circles). The solid horizontal line describes the ﬁnal
value E0 , determined as an average over the length of the line and over both the 58 Ni and 60 Ni results. The dashed
lines indicate the error bar of E0 . Our estimate for the ground-state energy of 59 Ni is E0 = −251.72(1) MeV.

For even-even nuclei, we have used two methods to determine E0 [16]. In the ﬁrst method, we
simply calculate E(β) for large values of β, where the contribution of the lowest excited 2+ state is
negligible, and take an average. This is demonstrated in the left panel of Fig. 3, where the SMMC
thermal energy E(β) of 62 Ni is plotted versus β. Above ∼ 3.5 MeV−1 , E(β) saturates and the groundstate energy E0 is calculated as the average of E(β) over the interval in β between 3.5 MeV−1 and 6
MeV−1 . The solid line in Fig. 3 is the estimated ground-state energy and the size of the statistical error
is indicated by the dashed lines. The lines extend over the interval where the average is taken.
A second method is based on a two-level model [21], in which we assume that only the J =
0+ ground state and the ﬁrst 2+ excited state contribute to the expectation values of observables at
+
suﬃciently large values of β. In this model E(β) depends on both E0 and the excitation energy E 2x of
+
the 2+ level. We determine E 2x from the SMMC calculations of J2 , and then ﬁnd E0 from E(β) and
+
the already known value of E 2x [16].
We determined the ground-state energies of the odd-mass nickel isotopes using the Green’s function method of Sect. 3. Results for 59 Ni are shown in the right panel of Fig. 3 using the Green’s
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functions of 58 Ni (open circles) and 60 Ni (solid circles). Energies were obtained using the slopes of
the corresponding Green’s functions and averaged over two values of the time slice Δβ = 1/32, 1/64
MeV−1 .

5.2 Level densities

We used Eqs. (10) and (12) to calculate the level densities of the nickel isotopes. The results are shown
in Fig. 4, where the SMMC level densities (solid circles) are compared with level densities that are
determined from several experimental data sets: (i) direct level counting (solid histograms) [22], (ii)
proton evaporation spectra (open squares that merge into quasicontinuous lines) [18] and (iii) neutron
resonance data (triangle) [22].
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Figure 4. Level densities for the nickel isotopes 59−64 Ni. The SMMC level densities (solid circles) are compared
with level densities extracted from level counting at low excitation energies (solid histograms) [22], proton evaporation spectra (open squares and quasi-continuous lines)) [18], and neutron resonance data (triangles) [22] when
available. We observe close agreement between theory and experiment. Taken from Ref. [16].

The level counting data take into account a complete set of experimental levels below a certain
threshold. The proton evaporation spectra were measured recently by the Ohio University group in
6,7
Li induced reactions on 54,56,58 Fe. Level densities extracted from ﬁts to the proton evaporation
spectra were renormalized to the level counting data at low excitation energies. The level density at
the neutron binding energy is obtained from the mean level spacing of s-wave resonances assuming
parity equilibration and a spin cutoﬀ model [23] for the spin distribution with a rigid-body moment
of inertia. With the exception of the neutron resonance data in 63 Ni, we observe close agreement
between theory and experiment.
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5.3 Pairing correlations

Pairing correlations lead in the thermodynamic limit to a phase transition to a superconducting phase
below a certain critical temperature. In a ﬁnite-size system such as the nucleus there are no phase transitions, and an interesting question is whether signatures of the phase transition to a superconductor
survive. In a superconductor, the magnetic susceptibility, which measures the response to an external
magnetic ﬁeld, is suppressed below the critical temperature. An analogous quantity in the nucleus is
the moment of inertia, which measures the response to rotations.
We can extract a thermal moment of inertia from the calculated state and level densities as follows.
In the spin cutoﬀ model [23], the partial level density ρ J (E x ) at spin J is given by
(2J + 1) − J(J+1)
ρ J (E x ) = ρ(E x ) √
e 2σ2c ,
3
2 2πσc

(13)

where σc is a spin cutoﬀ parameter that depends on the excitation energy E x , and ρ(E x ) is the total

state density. The spin densities satisfy the normalization condition J (2J + 1)ρ J (E x ) ≈ ρ(E x ), while

the level density can be calculated from ρ̃(E x ) = J ρ J (E x ) ≈ (2π)−1/2 σ−1
c ρ(E x ) (where we have
approximated the sum by an integral). Thus, the spin cutoﬀ parameter σc can be extracted directly
from the ratio between the state density and the level density
σc (E x ) = (2π)−1/2

ρ(E x )
.
ρ̃(E x )

(14)
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Figure 5. Top panels: SMMC state density ρ(E x ) (open squares) and level density ρ̃(E x ) (solid circles) for 60 Ni
(left) and 59 Ni (right). Experimental level densities are also shown, using the same notation as in Fig. 4. Bottom
panels: moment of inertia I versus excitation energy E x for 60 Ni (left) and 59 Ni (right). The dashed lines indicate
the rigid-body values of the moment of inertia. The suppression of I at low excitation energies is stronger in the
even-even nucleus 60 Ni than in the even-odd nucleus 59 Ni.
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The moment of inertia I is then determined from the relation
σ2c =

IT
.
2

(15)

In Fig. 5 we show the SMMC state and level densities of the even-mass 60 Ni (top left panel) and
of the odd-mass nucleus 59 Ni (top right panel). The bottom panels show the extracted moment of
inertia I versus excitation energy for 60 Ni (left) and 59 Ni (right). In the even-even nucleus 60 Ni we
observe a strong suppression of the moment of inertia at low excitation energies relative with the
rigid-body moment of inertia (dashed lines), while in the even-odd nucleus 59 Ni this suppression is
weaker. This odd-even eﬀect, observed at excitation energies below ∼ 8 MeV, is a clear signature of
pairing correlations in the ﬁnite nucleus.

6 Application to 162 Dy
In this section we apply the method of Sect. 4 to calculate the level density of a typical heavy deformed
rare-earth nucleus 162 Dy [17]. The single-particle model space consists of the 50 − 82 major shell plus
the 1 f7/2 orbital for protons and the 80−126 major shell plus the 0h11/2 and 1g9/2 orbitals for neutrons.
We use the Hamiltonian of Ref. [9].
8
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Dy
Figure 6. SMMC level density (solid
circles) and state density (open squares)
for 162 Dy. The SMMC level density is in
good agreement with level counting data
(solid histograms), renormalized Oslo
data (open circles) [24, 25], and neutron
resonance data (triangle) [22]. Taken
from Ref. [17].
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In Fig. 6 we show the SMMC level density (solid circles) of 162 Dy in comparison with its SMMC
state density (open squares). The SMMC level density is in good agreement with complete level
counting data at excitation energies below E x ∼ 2 MeV (solid histograms), renormalized Oslo data
(open circles) [24, 25] and neutron resonance data (triangle) [22].

7 Conclusion
The SMMC is a powerful method for the microscopic calculation of nuclear state densities in the
presence of correlations. We have reviewed two recent technical developments and their applications.
One development is a method to calculate accurate ground-state energies of odd-mass nuclei despite
a sign problem that originates from the projection on an odd number of particles. This method allows
us to calculate accurate densities of odd-mass nuclei. The second development is a spin-projection
00010-p.9
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method to calculate directly level densities, in which each level is counted once irrespective of its
magnetic degeneracy.
Using these new methods, we calculated level densities in a family of nickel isotopes 59−64 Ni
(including the odd-mass isotopes) and the level density of a typical deformed heavy nucleus 162 Dy.
These calculated level densities can be compared directly with various sets of experimental data, and
we ﬁnd close agreement between theory and experiment.
This work was supported in part by the U.S. Department of Energy Grant No. DE-FG0291ER40608, and by the Grant-in-Aid for Scientiﬁc Research (C) No. 25400245 by the JSPS, Japan.
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