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Abstract. Based on the hypotheses assumed but left without proof in the paper [1-2010]
the structural ingredients implementing these proofs are taken up (sketched), as they re-
late to the gauge- and boundary-conditions obeyed by thermal parameters and rooted in
the infrared completion of the theory.

1 Characterization of Bose condensates

As entry point let me present three thermal systems with superfluid-fluid phase transition on the one
hand and a superconducting one (type I or II) on the other, but all three related to (here thermal) Bose
condensates. The three systems possess minimally two intensive thermal variables, e.g. temperature T
and density or molar density o, = N / V, the latter equivalent to a chemical potential for conserved
baryonic- and electronic- charge respectively.

1) He-4 single atom He-4 II superfluid - He-4 I normal fluid transition

The Bose condensing field is a single He-4 boson with an extensive fraction of atoms all sharing the
same wave function, illustrated in Fig. 1.

T.=T., =0 (1°K) (1)
2) He-3 fermion-pair-condensed superfluid - normal fluid transition
The Bose condensing field is made up of a pair of fermionic He-3 atoms, illustrated in Fig. 2.
TCETC,=O(10’3°K) )
3) electron-pair-condensed superconducting - normal conducting material (e.g. Niobium)
The Bose condensing field is made up of a pair of fermionic electrons, illustrated in Fig. 3.
T,=T, =0(2-100°K) 3)

A short list of historical references is included in the reference section on the page marked rH-1.
A few remarks on the 3 systems chosen to exemplify Bose condensates are in order here.
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Figure 1. He-4 II superfluid - He-4 I fluid phase boundary from ref. [2-1993]

The superfluid phases of *He

Figure 2. He-3 A,B superfluid - He-3 fluid phase boundaries from ref. [3-2011]
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Figure 3. Specific heat in the superconducting phase «— ’no latent heat, indicates that the transition is
continuous or second order’, from ref. [4-2001],(Bardeen, Cooper and Schrieffer)
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1) Lev Davidovich Landau did work on the quantum nature of first the He-4 Bose-liquid 1936-38,
as a member of the Institute directed by Pyotr Leonidovich Kapitsa, as well as later 1956-58, on
Fermi-liquids including superfluid He-3.

In the theoretical part of this endeavour the rooting in elementary field theory was not fully achieved,
but the prediction of second sound with velocity distinct from primary sound waves was subsequently
proven correct experimentally.

2) The discovery of superconductivity by Kammerling Onnes recently celebrated its centenary. Yet
the *Microscopic Theory of Superconductivity’ by B-C-S in 1957 raised — rightly so — much general
attention. It infers fermion-pairing of two electrons and condensation of these (Cooper-) pairs also
leaving the field theoretic roots incomplete. An important role towards the goal of field quanta and
Bose-condensation was derived by Nikolai Nikolaevich Bogoliubov [H3-1947].

3) In the ensuing discussion in QCD we shall conceive this theory completely switching off elec-
tromagnetism and all associated electrically charged and neutral leptons. While this is a clear sim-
plification, associations with most commonly known thermal phases is at the same time accordingly
restricted as well as dangereous.

1.1 Bose condensates and trace anomaly in QCD

L= e ' °C
Mrdsidsy .
~ S BPTB 4 AL @)
W, = — v foridentification of convention for potentials

quarks : ¢’ ¢=1,2,3 colorf = 1,---,6 flavor
S,S = 1,--- ,4spin m ; mass

. _ 1 vrpr
gauge bosons : L 5 = —mB” B,

Bl, =0,W,-0,Wi+ fryWiWhe— (W} = -v})
r,s,t = 1,---,dim(G = SU3,.) = 8

. 1. &)
Lie algebra labels, [% A7 1A °] =ifrmzd
perturbative rescaling :
W/Z = gw/’;pert B/’w = gB/vaert
Completing A £ in Fermi gauges

-1 pr)?

AL = 20y 2_( ouW ) ; n : gauge parameter
+d*c " (Dyc)’

ghost fermion fields :c, ¢ ; (Dyc)" = d,c” + fra Wl'j c! (6)

gauge fixing constraint: C" = 9, WH"
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Lagrangean density elements in a nutshell

(07 = ZmSyp+ 0} (x)
{or (j3)" =2¢myips + o5} o)

5o =—-(-28(g)/9>)|[1OBL, B ()]

1 1 v — ren.gr.inv (7)
65 = (2Nﬂ)8n—2 [Z(:)BLVBHVt(:)]aren.gr.inv
-Blg° = = bo+ O(X) i X = g%/ (16x°

the two central anomalies in a nutshell

{or, =Y mpS 480} (x)

{aﬂ (j3) =2(myiPs + 65}(x)

5o =-(-28(g)/9°)[50BL,B"" ()]
40,

(2Nn) 5= |

®

(=%
w
|

What is what in the expressions for the central anomalies in eq. 8 above

D du(x) =9, (x)withd*d, = 0 denotes the conserved, symmetric and
local SU3 . gauge invariant energy momentum density tensor.

2) ( jfl ) S (x) stands for the flavor singlet axial current 3/ () Z]? Yu?¥s q; )(x).

3) The flavor diagonal scalar and pseudoscalar densities are denoted
Spr(x)=07q5950(x), Psp(x)=(7q3vs5q% () (x) (nosumonf).

4) S ;, are hermitian, P ; . antihermitian local densities, with ( j Z) P S implying a
projection on the flavor singlet contributions. m ; denotes the nonnegativ quark mass
pertaining to flavor f.

5) The symbols (:) (:) denote normal ordering, which in the restriction to perturbative approximations
can be thought of as normal ordering with respect to noninteracting massless (or massive) quark fields
and noninteracting massless gauge bosons.

In contradistinction to quark fields, whose infrared divergences are cured by any finite quark
mass terms, even if only used as regulators, the gauge boson fields always retain in the perturbative
approximation their infrared divergences.
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Consequential condensate categories

1) In QCD without QED and leptons there are no Bose condensates relative to base fields, both
fermionic violating CPT as well as bosonic. The exclusion is a consequence of strong boundary
conditions maintaining unbroken local gauge invariance barring the color octet gauge bosons from
forming a condensate.

2) Bose condensates thus involve composite fields, minimally quark-antiquark color neutral pairs,
but possibly also higher color neutral evern multiples of quarks and antiquarks for composite fermion
fields , as well as again minimally pairs of gauge bosons, but possibly also color neutral arbitrary even
and odd multiples thereof.

E.g. pair field substrates with quantum numbers J °¢ = 0 ** are shown in eq. 9 below

fermion pairs gauge boson pairs

—c 1 t t (9)
ag3q50)(x) | OB, BY()(x)

2 The dominantly second order phase transition for vanishing chemical
potentials

In this section and second part the hypothesis is investigated, that the thermal structure of QCD phases
at and near zero chemical potentials is determined by long range coherence, inducing the gauge boson
pair condensate, and its thermal extension, representing a fundamental order parameter.

This work relates to reference [1-2010].

A consistent framework for thermal behaviour including interactions is derived in which the con-
densate does not produce any latent heat as it vanishes at the critical temperature inducing a second
order phase transition with respect to energy density, neglecting eventual numerically small critical
exponents. We mention the extreme situation of a solvable model in 2 dimensions, exhibiting an
infinite order phase transition [5-1973].

The aim was to tackle the questions left open in our previous work [6-2001] and to illustrate
the effects representing the (dominantly) second order transition with respect to energy density — in
principle not in numerical detail — as they affect the other thermodynamic variables like pressure and
velocity of sound.

Localization and delocalization of color fields are thus separated by a unique critical temperature.
The existence and nature of the QCD phase transition is theoretically amenable to a universal descrip-
tion underlying a thermal system with all its general and specific restrictions, but is tantamount to a
full completion of the infrared instability of the theory.

Lattice QCD calculations lead to a very clear picture, establishing the lack of any phase transition
at zero chemical potentials [7-2010, 8-2009].

2.1 Energy momentum density tensor and vacuum condensates : gauge boson - and
q q — pairs

We recall the local, symmetric gauge invariant and conserved nature of the energy momentum density
tensor ¢, ,, as displayed in eqs. 7 and 8 as well as the form of the trace anomaly (eq. 9). The above
properties imply exact Poincaré invariance.
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{94y =00} (x) 5 070, =0

Py =2 ympS pp(x)+ 80(x)
So(x) =% [FOBL B ()(x)]
bo =11 - 3Ny

(10)

ren.gr.inv.

Ineq. 10 i ()B Lv B (:) (x) denotes the normal ordered local gauge boson (field strength-)
bilinear, and S s, (x) = (1) Z]Cf q; (:) (x) the scalar ¢ — g bilinear pertaining to flavor f,
introduced in eq. 9 in section 1.

We thus consider vacuum expected values of the local operators in eq. 10, which by translation
invariance are independent of position x, suppressed in the following

PRI D () [Q) == 5 (QI O BLB™ () (x) Q)

8n?2

(1D
tmy Q1S (x) Q)

(Q] () % BLV B'™ () |Q) = B2 shall be called the gauge boson pair vacuum condensate,
abbreviated by 82 .
(Q1S ;4 1Q) # 0induces spontaneous chiral symmetry breaking and is generally called ¢ — ¢
vacuum condensate.

In connection with normal ordering ambiguities it is important to admit in the precise form of the en-
ergy momentum tensor a nontrivial vacuum expected value, which as a consequence of exact Poincaré
invariance must be of the form

(QI Dy (X)) [Q) = =1y P ac

{ N = diag (1 =1 =1 =1)5 Prac = =pac |

independent of x — (12)
AGpy (x) = Fpy (x) = (Q Ty (x) [Q) [Q) (Q]

with 0V A9, (x) = 0; (Q|AY, (x)|Q)=0

Ineq. 12 Po = | Q) ( Q| denotes the projector on the ground state.

From the two local, conserved tensors in eq. 12 only A 1J,,(x) with vanishing vacuum expected
value is acceptable as representing the conserved 4 momentum operators and their densities yielding
the integral form

P, = f, d® x A, (1, D) (13)

We use here throughout strictly thermal, ’extension in phase space’ associated potentials, depend-
ing in subtle ways on vacuum condensates. To these potentials no vacuum associated spontaneous
parameters like py,c = —puac, defined in eq. 12, contribute in a direct way, dominating in the limit
T -5 0;u, =0.

From eqs. 11 and 12 we obtain the relation and estimates. Errors may be underestimated.
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9 4
~ 0.00302 GeV
- 2 . LA
Pac = — BT aA {0.00658GeV4
82 _ 0.125 GeV * [9-1979] (14)
- 0.250 GeV * [10-1998]
A= =%, m(Ql Sy Q)

~ f2(Im2+ m2%) = 000217 GeV*

s

2.2 Construction of a thermal model including interactions

The central defining quantities, characterizing existence and order of the phase transition, are — for
zero chemical potentials — pressure, energy density and entropy density.

We follow the strategy layed out in ref. [6-2001] taking into account the modifications described
above, distinguishing two eventual phases

1) the hadronic (hg)-phase, with color localized within stable hadrons and selected hadron resonances.
Thermal potentials of the (hg)-phase are approximated by those of free hadrons, neglecting decay
widths, as described in ref. [6-2001].

2) the quark-antiquark-gauge boson (qg)-phase, wherein thermal potentials are related but not equal to
those of free quarks and antiquarks, restricted to the flavors u,d,s and c, and 8 gauge bosons pertaining
to the gauge group S U3.. Next we describe the modeling of interactions in the (qg)-phase, which
deviates from noninteracting constituents assumed in ref. [6-2001].

We introduce for the (qg)-phase, the Gibbs density ¢ 5109) and energy density o go,)]g , where the
superscript @ refers to free tricolored quark-, antiquark- flavors u, d, s, ¢ and eightfold colored
gauge bosons

00

g“JL(T)=2(,Wwal,g(1/<2n2))f IEpdE

m“‘l’l

_ . 3forq,qg _ 6 for q,q
Wa, = (2spina, + 1){8f0rg = { 16 for g 3
B=1/T;l=Flog[]l Fexp(-BE)]
(0) - _ (0) — 2 (0)
Ocqg(T) = =(d/dB) gg(T)=T(d[dT) g4 (T)
In eq. 15 the index @ 4, runs over the different constituents of the (qg) phase, while w,,, denotes
the multiplicity beyond momentum phase space associated with the constituent «,, . The sign (F) in

the expression for [ is - for bosons and + for fermions.
We choose the following masses for quark flavors u, d, s, ¢

[ m, = 0.00525,mg = 0.00875,m; = 0.175,m, = 1.27 ] GeV (16)

The masses of the u,d,s light flavors as well as their ratios m, : my : my = 3 : 5 : 100,
within generous ranges of + 20 %, should not play any decisive role here.

The gauge boson pair vacuum condensate is thought to be the cause of the stable embedding of a
wide range of (light) quark masses, without wrecking approximate flavor symmetries.
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The inclusion of the charmed quark serves the purpose to check whether it has any significant
influence on the thermal parameters in the region of 7, ~ 0.2 GeV , wich turns out to be in the few
percent range.

We proceed to modify the free quark antiquark gauge boson (qg-) parametrization of the Gibbs
potential and the energy density, which for ¢, = 0 must obey the exact relation

gqugqg(Tzﬂ—l); —(d/dB) ggg(T) = 0ege(T) a7
and gg9 © Gng 5 Qeqqg © Oehg s hg : hadron gas

The Gibbs- and energy-densities in the hadron phase are constructed from the expressions anal-
ogous to the ones given in eq. 15, where the index a4y — @, runs over a suitable choice of
hadrons and hadron resonances as defined in ref. [6-2001] with real masses and again neglecting
interactions among these states. The ensuing parametrization of interactions is understood as repre-
senting the phase structure in principle and not in numerical detail. The modeling of interactions in the
gg-phase is performed setting two parameters k A g , independent of temperature, as approximately
parametrizing the interaction in the assumed phase called qg —in a limited regionof 7' > T, = T,

Oeqo (T k) = kol (T)

(18)
Ja(Tik,Ag) = kgl (T) - Ag

The parameter 0 < k < 1 is taking into account the reduction of Gibbs density or pressure
relative to the noninteracting (Stefan-Boltzmann) limit, noted in perturbative QCD calculations
of thermal parameters for T =~ T, of interest here [11-2007], while the second parameter A g
is an integration constant from the differential equation (eq. 17), which is satisfied for any values of
(kAg).
We proceed in two steps to map out the structure of the phase transition, using 7, = T,

I : the condition determining 7. < k

The equality of the energy densities — in the hadron phase ©,ps for T < T . as outlined in ref.
[6-2001] and in the qg-phase as defined ineq. 18 0 . 4, forT > T . determine the critical temperature

thad(T):Qqu(T;k) A4 T:Tc(k) (]9)
The matching (eq. 19) is further restricted to yield the value
T, ~02GeV & k ~ 0452 ; for Ntype = 65 20)

in accordance with the estimate of one of us [12-1988].

IT : the condition avoiding singular behaviour of pressure gradient

This condition implies

Gig (Te) = gg(TeikAg) & Ag=Ag(T.(k)) @21

and determines A g
A g ~0.00753 GeV ? ~ 0.94 fm ~ for Ntype = 65 (22)

00018-p.8
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2.3 Results and discussion
We present figures 4 - 10 in sequence, each followed by an extended caption.

Figure 4 shows how the transition temperature is determined and its stable variation, for the two sets
of resonances, Ntype 65 and Ntype 26 forming the HRG < hg. The two sets are described in chapter
2, tables 1 - 8 and in Appendix 1, tables 9 - 11 and figures 8 - 10.

Figure 5 shows in detail the energy- and Gibbs densities for the selected choice Ntype 65, as well as
on the parameters k A g as defined in eqs. 17 - 18 in subsection 2.2.

Figure 6 shows the second order nature of the transition — unmodified and modified on the quark-
gluon-side by subleading critical exponents — of the quantity o, (T )/ T *, piecewise described by
Oeng—65 1T 4 for T < T, from the HRG side and P e g9 no mod (mody | T “for T > T, fromthe
quark-gluon side, as defined in subsection 2.2.

Figure 7 shows the third order nature of the transition under the same conditions as underlying figure
3 for the quantity p / T *, piecewise described by p . sg—s) / T * for T < T . from the HRG side
and P 4y no mod (moay | T 4for T > T, fromthe quark-gluon side.

Figure 8 shows the second order nature of the transition under the same conditions as figures 3 and 4
for the quantity dscale = (o, — 3 p) /T * , displaying the form of an indian tent’. The transition
is piecewise described by dscale 5, for T < T . from the HRG side and dscale 44 1o mod (moay fOr
T > T . from the quark-gluon side.

The modification by subleading critical exponents is given in eq. 23 below.

Figure 9 shows the quantities forming the ’indian tent’ identical to figure 5. The quantity dscale
obtained in ref. [7-2010] from lattice simulation of QCD under the same thermal conditions is also
plotted for comparison.

Figure 10 shows the first order nature of the transition of the square of the velocity of sound, under

the same conditions as for figures 6 - 9, piecewise described by the quantities v 29 for T < T . from

the HRG side and v ;g o mog 108 T = T . from the quark-gluon side. Only the unmodified setting is
2

used for v P
In figures 6 - 9 the modifications of g, 4 moa / T “and p qgmod | T 4 introduce a subleading critical
exponent v in the vicinity of 7 = T . allowing the free quark-gluon limits to be reached for T — co.

The modified quantities are defined as

{Q:qg } _ { fmod (v T |T:)0eqq + fmodl (v T [T)p g }

p(‘;g Jmod (v T |T:)py 3
fmod (v T |T.) =1+ |1=-T./T|¥ (1/k-1) (23)
fmodl (vT|T.) =T(d/dT) fmod(v T|T,.)
The relations in eq. 23 ensure that the differential equation in eqs. 24 and 17 is satisfied.
0.(T)==3pg(T),g(T)=Bp(T); s(T)=08rp(T);B=T"" (24)

To Fig. 4 : In units of GeV * and GeV ? for energy- and gibbs densities the same ordinates are used.

The upper offset ordinate corresponds to Ntype = 65 and is marked by ticmarks in red, while the lower
ordinate corresponds to Ntype 26, with ticmarks in black.
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Figure 4. Dependence of energy- and Gibbs densities (0. ¢),, pertaining to a free hadron gas,for two, offset,
choices of spectra : Ntype = 65 D 26, and associated (0. 9),

g no mod*

The two conditions for a second, third order transition with respectto o, g
g

are marked by two o symbols separately for Ntype = 65, 26. The two sets of parameters 7 . k ( =
rk) A g givenin eqgs. 21, 22 become

(T)={Qge} (T) for T = T, (25)

hg a9

T, k Ag Ntype
0.190 GeV  0.452 0.00753 GeV® 65 (26)
0.196 GeV 0365 0.0062 GeV ? 26

The quantities with suffix 4, refer to unmodified ones (no mod).
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0.02! T T
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E. 0.005 e /—B ’ E
o 8 =
= R
0% —— i

-0.008 E

001 . . . . .

0.1 0.12 0.14 0.16 0.18 0.2 0.22

T[GeV]

Figure 5. The upper offset case in Fig. 4 for Ntype = 65 is displayed separately. Both captions direct and
extended to Fig. 4 also refer to Fig. 5. Ntype = 65 is subject of more detailed study in the following.

20 T T T T T 20
19 ! / 419
1wl | 4 18
7 | 4 417
B | / 416
15 |- 415
14 ! / 414
13 / rho_{e qg}/ T[4} mod 413
= 12L \ nu=0.975 i 12
Fon P
é 10 4 10
PO 49
= g 40
7 47
G 46
5 45
4 44
3 43
2 42
1F T[GeV] 41
0 1 1 1 1 1 0
01 015 0?2 025 03 035 n4

Figure 6. The enumeration in subsection 2.3 with respect to Figure 6 is repeated below.

It shows the second order nature of the transition — unmodified and modified on the quark-gluon-
side by subleading critical exponents — of the quantity o, (T ) / T * , piecewise described by
Oeng—65 1T * for T < T. from the HRG side and P e g9 no mod (mody | T 4 for T > T, fromthe
quark-gluon side, as defined in section 2 and subsection 2.2. The three curves are represented with
dashed lines outside their range of validity. The quantity p” 49 mod is defined in eq. 23, here with
v = 0.975, the same value as used in the subsequent figures 7 - 9.
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T T T “A
/
5| / 4
4 72 ]
/ p_{ qa}/ T*{4} mod

=¥ nu=0.975
Eoer 7 =
a

1 | Pihgl/ T4

0 k

!

'

T[GeV]

o1 0.1

5 0.2

0.25 0.3 0.35

0.4

Figure 7. The enumeration in subsection 2.3 with respect to Figure 7 is repeated below.

It shows the (dominantly) third order nature of the transition under the same conditions as under-
lying figure 6 for the quantity p / T * , piecewise described by p ¢ pg—65) / T * for T < T . from
the HRG side and p 4 no mod (mody / T 4 for T > T, from the quark-gluon side.

The three curves are represented with dashed lines outside their range of validity. The quantity
p (‘;g moq 18 defined in eq. 23, here with v = 0.975 , as used in the subsequent figures 8 - 9.

5

4.5 F

s

ER

3t

25

{rno{a} =320 /4 T}

o}

1.5}

dscals

i1}

0.5k

dscale_hg

decala_qg mod
rwi=0,975

5

{45

{4

4 44

13

Figure 8. The ’indian tent’.The enumeration in subsection 2.3 with respect to Figure 8 is repeated below.

It shows the (dominantly) second order nature of the transition under the same conditions as
figures 6 and 7 for the quantity dscale = (o. — 3p) / T* , displaying the form of an ’indian
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tent’. The transition is piecewise described by dscale , for T < T . from the HRG side and
dscale 44 no mod (mody for T > T . from the quark-gluon side.

The three curves are represented with dashed lines outside their range of validity. The quantity
dscale” . isobtained from eq. 23, here with v = 0.975, as used in the subsequent

g9 mo
figure 9.

5. Borsanyi et al, 2010
smooth bezier

dscale gqg mod

dscale hg

T [Ga¥]

Figure 9. The ’indian tent” as compared with the lattice QCD calculation of dscale, also called the trace anomaly,
by S. Borsanyi et al. [7-2010]. The enumeration in subsection 2.3 with respect to Figure 9 is repeated below.

It shows the quantities (dscale) forming the ’indian tent’ identical to figure 5. The same quantity
as obtained in ref. [7-2010] from lattice simulation of QCD under the same thermal conditions is also
plotted for comparison.

The three curves forming the ’indian tent’ are represented with dashed lines outside their range of
validity. The quantity dscale ; g mod is obtained from eq. 23, here with v = 0.975, the same as in
figures 6 - 8.

It shows the first order nature of the transition of the square of the velocity of sound, under the
same conditions as for figures 6 - 9, piecewise described by the quantities v? for T < T . from

hg
the HRG side and v 2 for T > T . from the quark-gluon side. Only the unmodified setting is

qg no mod
used for v éq .
The two curves for v ig v éq are represented with dashed lines outside their range of validity.

3 Outlook

The theoretical considerations concerning the phase structure of QCD for vanishing chemical po-
tentials lead us to the illustration in principle of thermodynamic energy density and pressure in the
vicinity of the critical temperature T, ~ 200 Mev, reflecting the resolution of the infrared instability
of QCD through Bose condensation of gauge invariantly paired gauge bosons, a basic form of such
condensation represented by the bosonic version of Bogoliubov transformations [H3-1947].
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035 T T T T T 0.35
03 4 03
025 | e 4 oz
02 \ g { o2
0.15 ¥ {2} ha 4 015
2 Mtype=65
01 4 01
005 - T_crit = 0.190 GeV 10
T (GeV)
0 1 | I 1 I 0
0.1 02 03 0.4 05 06 0.7

Figure 10. To Fig. 10 : The square of the velocity of sound. The enumeration in subsection 2.3 with respect to
Figure 10 is repeated below.

A comparison with the strong coupling regime observed in central Au Au collisions at 200 GeV at
RHIC [13-2005, 14-2005] and the continuation of measurements of p p as well as Pb Pb collisions by
the ALICE collaboration at LHC combined with heavy ion collisions at lower center of mass energy
offers the possibility to deduce thermodynamic base variables of QCD, albeit indirectly, complement-
ing a longstanding effort, experimental and theoretical, in this direction. The theoretical description
in lattice simulations of QCD offers a direct access to all thermal equilibrium states.

The hypotheses adopted in the paper on which this report is based predict in the neighbourhood of
vanishing chemical potentials a phase transition, of (essentially) second order with respect to energy
density, as illustrated in figures 4 - 10.

The goal remains to actually prove or disprove the hypotheses and their consequences discussed
here, wide open to, ideally, experimental and theoretical investigation and interpretation.
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