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Abstract. In this contribution we present results on pair production from vacuum in QED
in case of inhomogeneous external electric ﬁelds. The central tool of our description
is the relativistic one particle single-time Wigner-function, that describes the evolution
of the e+ e− densities in phase-space. We compare the inﬂuence of homogeneous and
inhomogeneous external ﬁelds, and ﬁnd that the inhomogeneity near the Compton-scale
increases particle production proportionally to the duration of the electric pulse. We
also ﬁnd, that when the inhomogeneity is restricted to a single direction, a signiﬁcant
component of the pair yield originates from the edge or surface where the electric ﬁeld
gradients are large, in agreement with the prediction of Heisenberg.

1 Introduction
In the recent years pair production from vacuum gained renewed interest from both theoreticians
and experimentalists. If it is really observed then it would validate our understanding of nature on
the nonlinear QED scale. With the advent of high intensity laser technologies experimentalists hope
that the necessary ﬁeld intensities will be reached in the near future. Meanwhile in the tunnels of
the particle accelerators extremely energetic processes are created in the form of nucleon-nucleon
collisions, and a successful model for the early stage of these came also in the form of pair production,
but this time in the framework of QCD. To improve our understanding of these processes more and
more detailed theoretical investigations needed.
In this work we focus on the phase-space description of pair production and show some remarkable
diﬀerences between the space homogeneous and space inhomogeneous pair yields.

2 Theoretical Framework
Since pair creation is an inherently quantum phenomena we chose the equal-time single-particle
Wigner function to represent the e+ e− densities in phase-space. This description has the advantage that
–after some approximations such as gradient expansion– it results in a diﬀerential equations system
for the time evolution of the Wigner function and can include arbitrary external ﬁeld dependence. The
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formalism for QED is introduced in [1, 2]. In the general case it is a 16 component partial diﬀerential
equation system, but when only space homogeneous electric ﬁelds are present the evolution equations
simpliﬁes to a 3 component ordinary diﬀerential equation system, the Quantum Kinetic equations.
From the 16 component Wigner-function the phase-space energy density  can be calculated, which

is related to the f pair density in the Kinetic equations by f = 4ω
+ 12 . We use f to quantify the
production yields.
We solve the evolution equations from pure vacuum initial conditions and chose the following
electric ﬁeld linearly polarized in th z direction to produce pairs:
E(x, t) =

 x + R
 x − R 
ez E0 1 
1
−
tanh
tanh
.
r
r
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(1)

The time dependent part is the so called Sauter-ﬁeld for which an analytical solution is known
when there is no space inhomogeneity [3]. We modulate this known time dependence with a plateau
like space dependence in the x direction. On one hand it serves as a reference because at the center of
the plateau the ﬁeld is almost homogeneous so we expect convergence to the known analytic results.
On the other hand by changing the width (R) of the plateau we are scaling the interaction volume and
study space-localization induced by the gradients at the edges.
There is still another motivation for this kind of ﬁeld: the non-Abelian pair production found to be
strongly Abelian-dominated [4]. This means that the integrated particle yields from SU(2) for example
are only diﬀerent from the U(1) QED yields by a constant factor. Henceforth the characteristics of
QED pair creation may be applied in the realm of QCD also. In heavy ion collisions pairs come from
color strings and with this particular ﬁeld conﬁguration one may model a 1D cross-section of such a
string.

3 Results
First we give a phase-space view of the asymptotic pair density f on Figure 1. left. It is clear that
while there is a bulk pair production in the spatial range 0 − 4λc , a higher amplitude more localized
source also manifests at the edge of the plateau ﬁeld.
Next, we turn to the integrated pair density in the transverse coordinate and longitudinal momentum taken at zero transverse momenta:
∞
nL =

dx
−∞

dpz
f (x, p x = 0, py = 0, pz ) .
2π

(2)

We show our results comparing the homogeneous yield with the same spatial modulation to the
truly inhomogeneous calculation. The top right plot of Figure 1. shows the time dependence while the
2 3
V
other ﬁeld parameters are kept ﬁxed: E0 = 0.5Ecr , R = 5λc , r = λc , where Ecr = mec ≈ 1.32 · 1018 m
is the Schwinger-limit of electron-positron pair production in constant and uniform electric ﬁeld. We
ﬁnd that for very short times there is no diﬀerence between the two cases: the inhomogeneity has
no time to produce additional pairs, but if the pulse lasts longer, the inhomogeneous yield starts to
signiﬁcantly overcome the homogeneous one.
On the bottom right plot of Figure 1. the plateau width (R) is changed for both cases and we
ﬁnd that the slopes of the curves are almost the same. While the linear scaling of the interaction
volume with R is expected, the constant diﬀerence between the two models is the genuine eﬀect of
the inhomogeneity. Taking into consideration the phase-space distribution of Figure 1. We draw the
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Figure 1. Left: phase-space view of the asymptotic pair density with parameters: E0 = 0.75Ecr , R = 4λc , r =
0.5λc , τ = 2λc /c. Note that the E ﬁeld has the steepest gradient at x = 4λc . Right: Comparison of the particle
yield in the inhomogeneous model (solid black line) with the homogeneous reference (dashed grey) for top: pulse
width (τ) dependence and bottom: ﬂux tube radius (R) dependence.

conclusion that large number of the pairs are produced at the edge of the plateau or –in the string
picture– at the edge of the color ﬂux tube. Interestingly this in accordance with the observation that
was made by Heisenberg during the study of the probability density of a ﬂuctuating charge, namely
2
that it is proportional to the surface of the interaction volume: ∝ V 3 [5].

4 Conclusion
We compared the homogeneous and inhomogeneous pair production yields in an external electric
ﬁeld that is an Abelian analogue of the QCD color string. We found that close to the Compton scales
signiﬁcant part of pair production is happening near the edge of the string and may have an important
contribution to the total number of particles produced and the observable spectra. Further details will
be discussed in a forthcoming paper.
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