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Abstract. We study the frequency dependence of anomalous transport coefficients for a

relativistic gas of free chiral fermions and for a strongly coupled conformal field theory

with holographic dual. We perform the computation by using the Kubo formulae for-

malism, and compare with a hydrodynamic calculation of two point functions. Some

implications for heavy ion physics are discussed.

1 Introduction

In the past few years it has been observed that quantum anomalies play a prominent role in the hy-

drodynamics of relativistic fluids. In presence of anomalies the currents are no longer conserved and

this has important consequences in the constitutive relations for hydrodynamics. Two relevant effects

appear at first order in the hydrodynamical expansion: the chiral magnetic effect (CME), which is

responsible for the generation of an electric current parallel to a magnetic field, �J = σB�B [1], and

the chiral vortical effect (CVE), in which the electric current in induced by a vortex, �J = σV �Ω [2].

It is believed that these phenomena can produce observable effects in heavy ion physics [3], as well

as in condensed matter systems [4]. While initially only pure gauge anomalies were considered to be

relevant at first order, recent findings show that mixed gauge-gravitational anomalies contribute also

in this case. This was first observed from Kubo formulae [5, 6], and later confirmed by other meth-

ods, including fluid/gravity [7, 8] and partition function formalism [9]. At second order a plethora of

dissipative and non-dissipative conductivities including both anomalies have been studied [8, 10–13].

The CME and CVE require inhomogeneities in the system in order for a current being produced,

and to this end a frequency-momentum dependence analysis is relevant. In this paper we will study

this by using field theory and holographic methods, and finally extract some consequences for heavy

ion physics.
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2 Transport coefficients from Kubo formulae

Kubo formulae constitute an important tool for the computation of dissipative and non-dissipative

conductivities. These are expressions which follow from linear response theory and involve retarded

correlators of the currents and/or the energy-momentum tensor of the system. The Kubo formulae for

the chiral magnetic (CMC) and chiral vortical (CVC) conductivities write respectively [1, 6, 14, 15]

σB
A (ω,�k) =−∑

i, j

εi jn

i

2kn

〈Ji
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e 〉 , σV
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where Ji
e,5 are charge currents and Ji

ε ≡ T 0i is the energy current. Unless otherwise indicated, in

this manuscript we will be considering the symmetry group UV (1)×U5(1) so that there are vector

and axial charges with chemical potentials μ± = μ ± μ5. We will compute in this section the Kubo

formulae of Eq. (1) at weak and strong coupling.

2.1 Transport coefficients in the weakly coupled regime

Let us consider a free field theory of chiral fermions. The charge and energy currents are, respectively,

Ji
e,5(x) = Ψ(x)γ iQe,5Ψ(x) , Ji

ε(x) =
i

4
Ψ̄(x)(γ0

←→
∂ i + γ i

←→
∂ 0 )Ψ(x) , Qe,5 = 1,γ5 . (2)

The problem of computing the conductivities reduces to the evaluation of the retarded correlators

GAB ≡GAB(x−x′) =
i

2
εi jn θ(t−t ′)

(
〈[Ji

A(x),J
j
B(x

′)]〉+δA,εδB,ε Π
0i 0 j
2 (x− x′)

)
, A,B= e,5,ε . (3)

The last term in the rhs is the seagull diagram contribution, and this comes from [16]

Π
μν ρσ
2 =−4

〈
δ 2S2

δhμν δhρσ

〉
, (4)

where S2 is the second order in an expansion of the action in powers of fluctuations of the metric

hμν = gμν−ημν . In the notation of Eq. (1), the CMC and CVC follow from the correlators σB
A ∼GAe

and σV
A ∼ GAε . An explicit evaluation in the zero frequency-momentum limit gives [1, 5, 15, 17]
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) , A = e,5,ε . (5)

In the rest of the paper we will focus on the frequency and momentum dependence of these conduc-

tivities. In particular, in the limit�k→ 0 (and finite ω) the imaginary part of the CMC writes [1, 17]

Im[σB
A (ω,0)] = (2+δA,ε)

π

3
σB

A,(0)ωδ (ω)+
ω|ω|
96π ∑

s,t=±
tζA

[
d

dx
n(x+ tμs)

]
x=|ω |/2

, A = e,5,ε , (6)

where n(x) = 1/(eβx +1) is the Fermi-Dirac distribution function and ζA = sδA,e+δA,5. This formula

in the low temperature limit develops resonances at ω =±2μs which are related to particle-antiparticle

pair production. Much more intriguing is the result for the CVC

σV
A (ω,0) = σV

A,(0) (δω ,0 + iπωδ (ω)) , A = e,5,ε , (7)

which leads to a vanishing value when ω � 0 [17]. It is shown in Fig. 1 the behavior of the CMC and

CVC at finite ω and k. The plot for the CVC shows σV
A (ω,k) ≈ 0 when k � ω , in agreement with

Eq. (7). Some implications of this behavior in heavy ion collisions will be discussed in Sec. 4.
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Figure 1. Frequency and momentum dependence of the real part of the axial magnetic conductivity σB
5 (ω,k)

(left) and vector vortical conductivity σV
e (ω,k) (right) from the weak coupling approach of Sec. 2.1. The con-

ductivities are normalized to their zero frequency-momentum values. We consider μ = 10MeV, μ5 = 1MeV,

and temperature above the QCD phase transition τ = 440, where τ = 2πT/μ .

Figure 2. Frequency and momentum dependence of the real part of σB
5 (ω,k) (left) and σV

e (ω,k) (right) from

the strong coupling approach of Sec. 2.2. See Fig. 1 for further details.

2.2 Transport coefficients in the strongly coupled regime

To study the conductivities of a strongly coupled plasma we consider a Einstein-Maxwell model in

5-dim, supplemented with pure gauge and mixed gauge-gravitational Chern Simons terms1 [6, 17]

S=
1

16πG

∫
d5x

√−g

[
R+2Λ− 1

4
F
(5)
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(5)
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3
F
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(5)

QR +λRA
BNPRB

AQR

)]
. (8)

The explicit dependence on A
(5)
M leads to the anomalous Ward identity in the case of a single U(1)

global current, that fixes the values of κ and λ . This theory has a Reissner-Nordström black hole

1A computation with the symmetry group UV (1)×U5(1) demands the inclusion of vector and axial gauge fields, however

for simplicity we write here the axial field only. In addition, some boundary terms should be added in Eq. (8) to make the action

finite, but we neglect them for notational convenience. See [17] for complete details on the computation.
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solution

ds2 = r2
(− f (r)dt2 +d�x2

)
+

1

r2 f (r)
dr2 , A

(5)
(0)

=−μ5r2
h

r2
dt , (9)

where

f (r) = 1− m

r4
+

q2

r6
(10)

is the blackening factor, while m and q are the mass and charge of the black hole which are related to

the temperature and chemical potential through T = 1

2πr3
h

(2m− 3q2/r2
h) and q2 = μ2

5 r4
h/3. In these

formulas rh is the outer horizon of the black hole.

To compute the two point retarded correlators we just need to use the AdS/CFT dictionary [18]

and then plugging the formulas into the Kubo expressions Eq. (1). The zero frequency-momentum

conductivities at strong coupling agree exactly with the weak coupling ones [6, 14, 17], cf. Eq. (5).

To study the frequency dependence it is necessary to resort to numerics, and the results are plotted

in Fig. 2. The behavior is qualitatively similar to the weakly coupled case. Note that Eq. (7) is also

fulfilled at strong coupling, and this confirms that this is a general property which is independent of

the interaction. As noted in [17], this behavior is in fact a natural consequence of Ward identities that

include the energy-momentum tensor, as these imply ωσV
A (ω,0) = 0.

3 Two point functions in hydrodynamics

The hydrodynamic approach is based on the assumption that the mean free path (time) of particles is

much shorter than the characteristic size (time scale) of the system. In momentum space, this can be

written as k� 1/�mfp and ω � 1/τmft. In this section we will compute the two point functions Eq. (1)

predicted by hydrodynamics. The constitutive relations read2

〈T μν〉 = (ε +P)uμ uν +Pgμν −ησ μν +2σB
ε B(μ uν) +2σV

ε Ω(μ uν) , (11)

〈Jμ〉 = ρuμ +σBBμ +σV Ωμ , (12)

where ε is the energy density, P the pressure, ρ the charge density and uμ the fluid velocity. In addition

we need the energy-momentum conservation ∇μ T μν = Fνμ Jμ . We consider fluctuations in the gauge

field εaμ and in the metric gμν = ημν +εhμν . Then the retarded two point functions can be computed

within the linear response theory by expanding the constitutive relations up to order O(ε), and using

〈T tiT t j〉= ∂

∂ht j

〈T ti〉 , 〈JiT t j〉= ∂

∂ht j

〈Ji〉 , 〈JiJ j〉= ∂

∂a j

〈Ji〉 . (13)

Using the scaling limit (ω,k)→ (z2ω,zk) for z� 1 as appropriate for isolating the diffusion pole in

the shear channel, the frequency and momentum dependence of the conductivities read

σV
ε (ω,k) = σV

ε

−D2k4

(ω + iDk2)2
, (14)

σV (ω,k) =

(
σV − ρσV

ε

ε +P

ω

ω + iDk2

)
iDk2

ω + iDk2
, (15)

σB(ω,k) = σB− ρ

ε +P

[
2σV − ρσV

ε

ε +P

ω

ω + iDk2

]
ω

ω + iDk2
, (16)

2For simplicity we consider a fluid with an anomalous charge U(1). The extension to UV (1)×U5(1) is straightforward.
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Figure 3. (Left) Frequency dependence of the imaginary part of the vector vortical conductivity with an infrared

momentum cut-off. We consider τ = 95 and μ5/μ = 0.008. We show as continuous lines the strong coupling

results of Sec. 2.2, and as dots the hydrodynamic computation of Sec. 3, cf. Eqs. (14)-(16). The vertical line

is the position of the maximum predicted by hydrodynamics. (Right) Induced electric current as a function of

time for the CVE as computed in Sec. 4. We consider the time-dependent vorticities Ω(t) = ΩkΘ(t) (contin-

uous blue line), and Ω(t) = Ωk(Θ(t)−Θ(t − t f )) with t f = 2tCVE
c (dashed red line). We consider in Eq. (19)

that limT→∞

(
ρσV

ε

(ε+P)σV
e

)
= 1/6. The vertical lines are the values of τQGP (brown) and tCVE

c (green). τQGP is

indistinguishable from t = 0 in the scale of the figure.

where the shear diffusion constant is D = η/(ε +P) 
 1/(4πT ). The imaginary parts of these con-

ductivities have peaks at ω ≈±cDk2, where c is a constant of order 1. In addition, as a consequence

of the coupling to the energy-momentum tensor, the limits ω → 0 and k → 0 do not commute.3 We

show in Fig. 3 (left) the comparison of these results with the holographic computation of Sec. 2.2.

The agreement is remarkable, specially for the conductivities computed with the correlators involving

at least one charge current, i.e. 〈JJ〉, 〈JT 〉 and 〈T J〉.

4 Implications for heavy ion physics

The CVE is the process in which an electric current is induced due to a vortex in the fluid. If one

assumes a homogeneous but non-constant vortex, the induced current reads in momentum space

�J(ω) = σV (ω)�Ω(ω) , (17)

where �Ω is the vorticity vector. The physical situation in heavy ion collisions does not correspond to

rotation driven by an external force, so that to compute �Ω(t) (and �Ω(ω)) one has to solve the hydro-

dynamic evolution equations, and this is a very difficult problem. Instead, as a first approximation we

consider the following estimate

Ω(t) = ΩkΘ(t) =⇒ Ω(ω) = Ωk

i

2π

1

ω + iε
, (18)

where Θ is the step function. Then after plugging Eqs. (15) and (18) into Eq. (17) and performing the

inverse Fourier transform, the induced electric current is

J(t) = Θ(t)Ωk

[
σV (1− e−Dk2t)− ρσV

ε

ε +P
Dk2t e−Dk2t

]
. (19)

3In [19] it has been found the commutativity of these limits in σB(ω,k) within a weakly coupled approach. However, this

computation does not take into account the coupling to the energy-momentum tensor.
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This formula is characterized by a decay/production time tCVE

c 
 1/Dk2 
 4πT L2 (see Fig. 3 (right)).

In heavy ion collisions at RHIC and LHC the typical values of temperature and size of the fireball are

T 
 350MeV and L
 10fm respectively. This means that

τQGP 
 10fm/c � tCVE

c 
 2200fm/c , (20)

where τQGP is the typical lifetime of the quark-gluon plasma (QGP). As a consequence, there is

essentially no response of the system during the time scale of the QGP, and one would expect the

CVE being negligible in the QGP as created in heavy ion collisions. A definitive answer would

demand, however, to study the CVE dynamically as mentioned above.

The induced electric current in a magnetic field, i.e. the CME, was studied in [1]. In this case it is

safer to consider the magnetic field as an external force. An estimate similar to the one performed in

this section leads to a much faster response of J(t), such that tCME

c � τQGP. Then one can conclude that

the CME is effectively produced within the lifetime of the QGP, in agreement with [1].

5 Conclusions

Using the Kubo formulae formalism, we have studied the anomalous transport properties of a rela-

tivistic fluid in presence of external magnetic fields and vortices. The CVC shows either at weak and

strong coupling a frequency dependence in the form of a delta centered at zero frequency. Using hy-

drodynamic considerations we have identified also the presence of a shear diffusion pole in the CMC

and CVC. Finally, contrary to the CME, a first estimate indicates that the CVE could be negligible in

heavy ion collisions which, however, requires confirmation via numerical methods. We hope that the

present work will stimulate further developments in the field.
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