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Abstract. The lowest dimensional gluon condensate G2 is analysed at finite temperature

and chemical potential using a bottom/up holographic model of QCD. Starting from the

free energy of the model, pressure, entropy and quark density are obtained. Moreover,

at zero chemical potential, the temporal and spatial Wilson loops at low temperature are

computed; they are related to the (chromo-)electric and magnetic components of G2,

respectively.

1 Introduction

The gluon condensate G2 is the vacuum expectation value of the operator αs/πGa
μνG

a,μν, where Ga
μν

is the gluon field strength tensor. Some estimates have been obtained so far for this nonperturbative

property of Quantum Chromodynamics (QCD), leading to the value G2 � 0.012 GeV4, which is how-

ever affected by large uncertainties [1]. The behaviour of gluon condensate at finite temperature and

density can also be scrutinised to obtain information about QCD in these conditions. Here, this task

will be accomplished through a bottom/up approach to the AdS/QCD correspondence.

The gauge/gravity duality has opened a new way of studying QCD, in which nonperturbative calcula-

tions are performed within a semiclassical perturbative theory in a 5-dimensional (5d) curved space-

time. To this aim, in the last decade, some phenomenological models have appeared, in which an

effective Lagrangian is constructed in a 5d Anti-de Sitter space (AdS) by following two main guide-

lines: taking into account the dictionary of the AdS/CFT correspondence [2], and trying to mimic

well-known QCD properties. Such a dictionary establishes how to relate quantities of QCD with the

ones of the 5d theory. It claims that a 4d local gauge-invariant operator is dual to a specific field of the

supergravity theory. Moreover, it also states that the generating functional of the gauge theory (ZCFT )

is equal to the partition function of the gravity theory (ZS ), which, in the supergravity limit takes a

very simple form:

ZCFT = ZS = eiS , (1)

where S is the on-shell action of the supergravity theory. This allows us to straightforwardly compute

QCD correlation functions, i.e. by deriving a classical action [2].
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2 The model

In the AdS/QCD correspondence, an effective 5d Lagrangian has to include a mass scale to break

conformal symmetry. In the soft-wall model [3] this is done by inserting a factor e−φ(z) in the action,

with φ(z) = a2z2. With this choice, Regge trajectories for mass spectra are generated, and many

analytic calculations at zero temperature and density can be performed (see, e.g., [3–5]).

Temperature and density are introduced by adding a charged black hole to the AdS space. The

resulting metric in Euclidean space is:

ds2 =
R2

z2

(
f (z)dτ2 + dx̄2 +

dz2

f (z)

)
, (2)

with f (z) = 1 −
(

1
z4

h
+ q2z2

h

)
z4 + q2z6 . R is the radius of the AdS space (R = 1 will be considered), q

the black-hole charge, zh the position of the outer horizon of the black hole, defined by the condition

f (zh) = 0. As a consequence, the holographic coordinate z lies in the interval 0 < z < zh, being z = 0

the boundary of the AdS space. The quark-number operator q†q is dual to the temporal component of

a U(1) gauge field A0(z), whose boundary value A0(0) must be equal, according to the dictionary of

the correspondence [2], to the source of the operator, namely the chemical potential μ.
Let us consider the soft-wall model, with dilaton φ(z) = −a2

Ec2z2, where c represents the mass scale

and aE is an additional parameter. The expression for the gauge field can be found by solving the

corresponding equation of motion, as in [6], getting

A0(z) = i

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝μ −
√

3g2
5

q

aE c2

(
1 − e−aEc2z2

)
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (3)

where g2
5

is a coefficient appearing in the Lagrangian [3]. Since A0(z) must vanish on the black-hole

horizon (A0(zh) = 0), the following constraint turns out:

μ =

√
3g2

5
q

aE c2

(
1 − e−aEc2z2

h

)
=

√
3g2

5
Q

aE c2 z3
h

(
1 − e−aEc2z2

h

)
. (4)

Temperature is defined by

T =
1

4π

∣∣∣∣∣d f
dz

∣∣∣∣∣
z=zh

=
1

πzh

⎛⎜⎜⎜⎜⎝1 − q2z6
h

2

⎞⎟⎟⎟⎟⎠ = 1

πzh

(
1 − Q2

2

)
, (5)

where Q = qz3
h, 0 � Q �

√
2. Eqs. (4)-(5) relate temperature and chemical potential to the two black-

hole parameters zh, q. An interesting property of the model can be obtained from these relations. If

one computes zh as a function of T from Eq. (5) and uses this expression in Eq. (4), the chemical

potential can be studied at fixed temperature at varying the charge Q in the interval 0 � Q �
√

2.

The result is shown in Fig. 1. As long as T is high, μ is a monotonic function of Q, so a particular

value of μ is reproduced by one particular value of Q; this is the case of the T = 0.4c curve in the

figure. At lower T (as for T = 0.22c in the figure), the function is not monotonic, and, in some

cases, more values of Q give the same chemical potential, but only one has to be chosen. We choose

the value giving the lowest free energy, corresponding, in Fig. 1, to the branches 0 � Q � Q1 and

Q2 � Q �
√

2. Therefore, for some low values of temperature, there is a jump from Q1 to Q2 in

thermodynamic functions, representing a first order phase transition. The values of T and μ at which

such a jump occurs are collected in Fig. 2.
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Figure 1. Chemical potential μT at fixed tempera-

ture versus Q. c = 1, g2
5
= 1, aE � −2.5 have been

set.
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Figure 2. (T, μ) pairs corresponding to a jump in

Fig. 1, and where the thermodynamical quantities

present a discontinuity.

3 The gluon condensate

We have considered two possible computations of the gluon condensate in medium.

In the first case, which will be discussed in next subsection, we have computed it by exploiting the

trace anomaly equation, which, for massless quarks, reads

Θ
μ
μ =
β(λ)

λ
Ga
μνG

a,μν , (6)

Θ
μ
μ being the trace of the QCD energy momentum tensor, λ = Nc

g2
s

4π
the ’t Hooft coupling (Nc is the

number of colours), and β(λ) the β-function of QCD. Standing Eq. (6), the gluon condensate is given

by the vacuum value of the trace of the QCD energy momentum tensor (right hand side), hence it can

be obtained from thermodynamic functions.

In the other case, studying a small circular Wilson loop will give information about the chromo-

electric and magnetic components of the gluon condensate at small temperatures.

3.1 Gluon condensate from trace anomaly equation

Eq. (1) establishes a relation between the 4d partition function ZCFT and the 5d gravity action, allow-

ing us to compute the free-energy density from

F = −T
V

log ZCFT =
T
V

S E , (7)

where S E is the on-shell action in the Euclidean space. Then, the free energy is given by [6]:

F = − 1

16πGN

∫ zh

0

dz
√
g eaEc2z2

⎛⎜⎜⎜⎜⎝R − 2Λ − 1

4g2
5

F2

⎞⎟⎟⎟⎟⎠
= − 1

16πGN

∫ zh

0

dz
eaEc2z2

z5

⎛⎜⎜⎜⎜⎝−8 − 2Q2 z6

z6
h

− 1

2g2
5

z4A′0(z)2

⎞⎟⎟⎟⎟⎠ ; (8)

GN is the Newton constant in 5d. It has two contributions, coming from the Einstein-Hilbert and the

Maxwell terms of the action. Eq. (8) needs to be regularised: by subtracting the divergent terms 1/ε4,
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Figure 3. p(T, μ)/T 4 versus temperature, for some

values of chemical potential (c units); g2
5
= 1.
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Figure 4. Entropy density, divided by T 3, versus

temperature T (c = 1, g2
5
= 1).

2aEc2/ε2 and −a2
Ec4 log(c2ε2), the final expression is [6]

F (zh,Q) =
1

8πGN

⎛⎜⎜⎜⎜⎝−eaEc2z2
h

z4
h

− 1

2
a2

Ec4
(
−3 + 2γE − 2Γ(−1,−aEc2z2

h) + log(a2
E)

)

+
Q2

2aE c2 z6
h

(
eaEc2z2

h − 1
)
− 3Q2

2aE c2 z6
h

(
1 − e−aE c2 z2

h

)⎞⎟⎟⎟⎟⎠ . (9)

Once the free energy is fixed, all the thermodynamic functions can be computed:

• pressure: p = −F ;

• entropy density: s = ∂p/∂T ;

• quark density: ρ = ∂p/∂μ;

• energy density: ε = T s − p + μρ.

Then, by means of the trace anomaly equation, the gluon condensate is obtained [7]:

ΔG2(T, μ) = G2(T, μ) −G2(0, 0) = −ε(T, μ) + 3p(T, μ) . (10)

The numerical results for pressure, entropy density and gluon condensate are shown in Figs. 3,4,5. In

the limit (μ,T ) → 0, the pressure behaves as

p(T, μ) → 1

8πGN

1

2
a2

E c4 (2γE − 3 + 2 log(−aE)) ; (11)

this fixes the parameter aE , since a vanishing pressure can be obtained only if aE = −e3/2−γE ∼ −2.5.

The mass scale of the model c is fixed by the ρ meson mass, as done in [3], finding c ∼ 0.25 GeV.

For small values of the chemical potential, p/T 4 has a monotonic T dependence; all the functions are

independent of μ at high values of T . It is worth emphasising that in the present model the entropy

density vanishes at vanishing temperature even when the chemical potential is finite (for μ � 6.8), a

property which is not shared by other modified versions of the Reissner-Nordström model [8] (unless

a Hawking-Page transition is assumed).
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Figure 5. Gluon condensate, divided by T 4, versus temperature T (c = 1, g2
5
= 1).

3.2 Gluon condensate from Wilson loop

Another way of computing G2 is through a small Euclidean Wilson loop. The vacuum expectation

value of this object (〈W(C)〉) can be expanded in powers of the area s of the loop [9],

log (〈W〉) = −
∑

n

cnα
n
s −
π2

36
ZG2s2 + O(s3) . (12)

The first term is a perturbative series in αs, and Z is a renormalisation constant; the gluon condensate

G2 appears in the O(s2) term of the expansion. Eq. (12) can be studied in the holographic approach

by using the following identification [10]

〈W(C)〉 ∼ e−S NG , (13)

where S NG is the Nambu-Goto action:

S NG =
1

2πα′

∫
d2ξ

√
γ , (14)

with (ξ1, ξ2) the worldsheet coordinates and γ the induced metric. This method has been used to

find the gluon condensate at T = 0 in [5], while here this computation will be extended to small

temperatures. The first difference that emerges in this regime is that temporal and spatial Wilson

loops are not equal, and correspond to different observables, namely the chromo-electric and chromo-

magnetic components of the gluon condensate, respectively [11].

The model that will be used for this calculation is another version of the soft-wall model, in which

the dilaton factor is inserted in the metric rather than in the action:

ds2 =
ec2

S z2

z2

(
f (z)dτ2 + dx̄2 +

dz2

f (z)

)
; (15)

again, the scale mass cS can be set from the ρ meson spectrum, obtaining cS = 0.67 GeV.

For small loops, we can expand the action (14) in terms of λ = a2T 2, with a the radius of the

circular loop (see Refs. [5, 6] for more details):

S NG = S 0 + λS 1 + λ
2S 2 + O(λ3) , (16)
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finding S 0 = −1, S 1 = 5/3, and S τ/y
2

= 7
90

(
85 ∓ 2π4 T 4

c4
S
− 120 log 2

)
. S 0 and S 1 have the same

expression for the spatial and temporal Wilson loop, while S τ
2

(from temporal WL) and S y
2

(from

spatial WL) have a different sign. By using Eqs. (12),(13),(16) (we set Z=1), the electric (e) and

magnetic (m) parts of the gluon condensate can be computed:

Ge/m
2

(T ) =
14c4

S

5π4

⎛⎜⎜⎜⎜⎝85 ∓ 2π4 T 4

c4
S

− 120 log 2

⎞⎟⎟⎟⎟⎠ . (17)

This T 4 dependence is reliable only for small temperatures, since smaller and smaller values of the

radius of the loop must be chosen to make the series (16) convergent. A similar behaviour has been

found in Ref. [12], while in Ref. [13] the magnetic component does not depend on T , and the electric

one decreases with T .

4 Concluding remarks
Bottom/up holographic models can have a crucial impact in the field of strong interactions. As an

example, with little computational effort, finite temperature and also density effects can be studied,

reproducing key features of QCD and getting important predictions. In this work, a nonperturbative

property of QCD, the gluon condensate, has been studied at finite temperature and density, a computa-

tion which is difficult to accomplish with other approaches. The model also predicts a first-order phase

transition in thermodynamic functions at high values of chemical potential and small temperatures.
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