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Abstract. Dyson-Schwinger equations are the most common tool for the determination of
the correlation functions of Landau gauge Yang-Mills theory in the continuum, in particular in the infrared regime. We shall argue that the use of Callan-Symanzik renormalization group equations has distinctive advantages over the Dyson-Schwinger equations, in
particular for the vertex functions. We present a generalization of the infrared safe renormalization scheme proposed by Tissier and Wschebor in 2011. The comparison with the
existing lattice data for the gluon and ghost propagators can be used to determine the
most appropriate renormalization scheme.

Dyson-Schwinger equations have given access to the deep infrared (IR) regime of Landau gauge
Yang-Mills theory. The ﬁrst solutions found show a scaling behavior of the propagators in the IR
[1]. Several years later, another type of solutions of the same equations was discovered [2], with a
massive gluon propagator and a ﬁnitely enhanced ghost propagator in the IR (decoupling solutions).
To date, Dyson-Schwinger equations are still the main tool for the (semi-)analytical exploration of the
IR regime of Yang-Mills theory.
In a parallel development that actually initiated much earlier with Gribov’s observation of the
existence of gauge copies in his famous 1978 paper [3] and was later worked out in great detail by
Zwanziger [4], the theoretical foundations of IR Yang-Mills theory were laid. While this so-called
Gribov-Zwanziger scenario seemed to conﬁrm the existence of the scaling solutions, a more recent
reﬁnement [5] favors the decoupling type of solutions. Finally, the results of simulations of YangMills theory in the Landau gauge on huge lattices [6] have been interpreted by most workers in the
ﬁeld as conﬁrming the realization of the decoupling type of solutions in three and four space-time
dimensions.
In this contribution, we will present a diﬀerent technique for the exploration of the IR regime
of Yang-Mills theory. We intend to reproduce the results of lattice simulations in the Landau gauge
that restrict the gauge ﬁeld conﬁgurations to the (ﬁrst) Gribov region, but make no attempt to reach
the fundamental modular region. The restriction to the Gribov region implies the breaking of BRST
invariance in the continuum formulation [4]. The most important consequence of the broken BRST
invariance for the IR regime is the appearance of a mass term for the gluon ﬁeld [5]. Indeed, the
addition of a gluonic mass term to the Yang-Mills action has been shown to reproduce all the solutions
(two types of scaling solutions and the decoupling solution) found before with the help of DysonSchwinger equations when solving the Callan-Symanzik equations for this theory in the IR regime in
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an epsilon expansion around the upper critical space-time dimension [7]. This analysis also shows that
the decoupling solution is the one that is physically realized since it is the only one that corresponds
to an IR attractive ﬁxed point (for dimensions above two).
For the rest of this contribution we will focus on the decoupling solution. Tissier and Wschebor
[8] have shown that straightforward one-loop perturbation theory applied to Yang-Mills theory with a
gluon mass term yields results for the gluon and ghost propagators that ﬁt surprisingly well the propagators found on the lattice in three and four space-time dimensions over the whole range of momenta.
It is apparent, however, that a renormalization group improvement is necessary for a quantitative description of the ultraviolet (UV) regime in four space-time dimensions, and very likely also for the IR
regime in three dimensions.
Two comments are in order before we move on: ﬁrst, the BRST invariance of Yang-Mills theory
is essential for the construction of the Hilbert space of the theory, the proof of unitarity and also the
Kugo-Ojima conﬁnement criterion [9]. It is not clear at present how these constructions could be
adapted to the case of broken BRST symmetry which we have assumed here from the outset. We shall
have nothing new to say on this matter. The second comment concerns the gluonic mass term: it has
been shown in numerous occasions that a gluon propagator of the decoupling type violates spectral
positivity (just as in the more obvious case of the scaling type), and it thus does not describe the
propagation of a physical particle.
We shall now set up a renormalization scheme for the theory that allows for a consistent formulation of Callan-Symanzik equations, i.e., that avoids the appearance of a Landau pole. Let us remark
that we use the term “Callan-Symanzik equations” to refer to the equations that express the invariance
of the bare correlation functions with respect to variations of the renormalization scale (not with respect to variations of the mass parameter), in accord with the use of the term in modern textbooks on
quantum ﬁeld theory.
We begin with the Euclidean action of Yang-Mills theory in Landau gauge, including, in addition,
a mass term for the gluon ﬁeld (we then arrive at a Curci-Ferrari model). It is convenient to introduce
the Nakanishi-Lautrup auxiliary ﬁeld Ba to implement the gauge condition. Then the action is, in four
space-time dimensions,
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Note that there are two (bare) parameters in the theory, the gluon mass parameter m and the coua
pling constant g (that appears in the covariant derivative Dab
μ and in the ﬁeld strength tensor F μν ). The
mass parameter m can be thought of as representing the Gribov parameter γ that is introduced in order
to implement the restriction to the Gribov region [3]. The Gribov parameter, and as a consequence
the mass parameter, is in principle ﬁxed through the horizon condition [4] in terms of the unique scale
of the theory, ΛQCD (equivalently, in terms of the value of g at an arbitrary scale). Since the exact
relation between m and ΛQCD is not known, at least not beyond the lowest perturbative order, we treat
m here as an independent parameter that has to be ﬁxed by comparison with the “experiment” (lattice
simulations), just as the mass of a physical particle in a theory without conﬁnement.
We renormalize the theory through the conditions (in momentum space)

ΓTAA (p, −q) p2 =μ2 = (μ2 + m2 )(2π)D δ(p − q) ,

ΓLAA (p, −q) p2 =μ2 = m2 (2π)D δ(p − q) ,

(2)
Γcc̄ (p, −q) p2 =μ2 = μ2 (2π)D δ(p − q) ,
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Figure 1. Running ﬁne structure constant (to the left) and running mass parameter (to the right) in the Taylor
scheme (TS) vs. the symmetry point scheme (SP).

which determine the ﬁeld renormalization constants ZA and Zc and the mass parameter m at the renormalization scale μ. The symbols ΓTAA and ΓLAA refer to the transverse and longitudinal part, respectively,
of the proper gluonic two-point function. All two-point functions carry the trivial color factor δab because of global color symmetry.
The normalization conditions (2) were ﬁrst proposed by Tissier and Wschebor in Ref. [10], where
they were written in a diﬀerent, but equivalent form. For the deﬁnition of the coupling constant,
Tissier and Wschebor use the renormalized ghost-gluon vertex in the Taylor limit where the ghost
momentum vanishes. In this limit, the quantum corrections to the vertex vanish exactly [11] which
makes the calculation of the beta function in this renormalization scheme particularly simple.
For a ﬁrst assessment of the renormalization scheme dependence we propose to consider the ghostgluon vertex at the symmetry point for the deﬁnition of the renormalized coupling constant, instead
of using the Taylor limit. The calculation of the beta function in this scheme involves an explicit
evaluation of the one-loop corrections to the ghost-gluon vertex (at the symmetry point). In Fig. 1
we compare the running of the strong ﬁne structure constant α(μ) = g2 (μ)/4π and the square of the
mass parameter m2 (μ) as functions of the renormalization scale, obtained from the integration of the
corresponding beta functions, in the two renormalization schemes Although the qualitative behavior
of the curves is the same in both schemes, a strong quantitative dependence on the renormalization
scheme is found. This is an indication that there are important contributions from two-loop diagrams
or from other vertex functions that have not been taken into account.
We should like to clarify that at any ﬁxed order of perturbation theory, the results for all correlation
functions have to be exactly the same in any renormalization scheme (except for possible constant
rescalings of the ﬁelds, and assuming that physically equivalent values of the parameters g and m
are chosen in all schemes). However, the results of applying Callan-Symanzik equations to diﬀerent
renormalization schemes can be essentially diﬀerent since they sum up parts of higher-loop diagrams
by “extrapolating” the information obtained from the correlation functions to a given loop order in
diﬀerent ways.
Notice from Fig. 1 that the running coupling constant (or the ﬁne structure constant) tends to zero
logarithmically in the large-momentum limit as it should (asymptotic freedom). The same is true for
the mass parameter. However, in the beta functions it is really the dimensionless combination m2 /μ2
that matters, so the UV limit of a massless and BRST-invariant theory is actually reached much faster
than logarithmically.
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Interestingly, both the coupling constant and the mass parameter also tend logarithmically to zero
in the IR limit of zero momentum. In the case of the coupling constant, this means that the IR ﬁxed
point is trivial, too. However, the fact that the mass parameter tends to zero does not mean that one
recovers a massless theory in the deep IR: the scale dependence of the gluon ﬁeld renormalization
constant leads to a ﬁnite limit of the gluon propagator at zero momentum. The trivial IR ﬁxed point is
thus essentially diﬀerent from the trivial UV ﬁxed point.
Let us now compare the results for the gluon and ghost propagators obtained in the two diﬀerent
renormalization schemes via the integration of the corresponding Callan-Symanzik equations with the
data of lattice simulations. To this end, we have to determine those values of the parameters g and
m at some (arbitrary) scale that lead to the best possible ﬁts to the lattice data. The actual values of
these parameters will be diﬀerent for the two renormalization schemes. Our strategy is to ﬁrst ﬁx the
coupling constant (or, equivalently, the scale ΛQCD ) in the far UV where the inﬂuence of the mass
parameter is negligible, and in a second step determine an appropriate value of the mass parameter
such as to adjust the propagators to the lattice data in the mid- and low-momentum regimes. In this
way, we reproduce the well-known UV behavior of the theory and obtain a real assessment of the
degree to which the renormalization scheme is able to ﬁt the data in the IR.
In practice, the quality of the ﬁt of the coupling constant is limited by the relatively low precision
of the lattice data for the ghost dressing function in the UV which partially compromises our ﬁtting
strategy (the dressing function is the ratio of the full propagator to the tree-level propagator). In
addition, our results are renormalization group improvements of one-loop results, while it is wellknown that for a reliable ﬁt to the UV data renormalization group improved two-loop results are
needed.
In Figs. 2 and 3 we show the best ﬁts to the lattice data we have obtained with the deﬁnition of
the renormalized coupling constant in the Taylor limit and at the symmetry point of the ghost-gluon
vertex, respectively. The results obtained from the integration of the Callan-Symanzik equations in
Fig. 2 are very similar in the IR regime to the ones found by Peláez, Tissier and Wschebor in Ref.
[13], but our ﬁt to the lattice data is better in the UV regime. It is apparent that a very good ﬁt to the
ghost dressing function data can be achieved in the Taylor scheme, and a very good ﬁt to the gluon
propagator on the lattice is obtained by using the symmetry point. When assessing the quality of the
ﬁts, one should keep in mind that the ﬂow functions of the Callan-Symanzik equations have only been
determined to one-loop precision, so that a perfect ﬁt to the data can certainly not be expected. In
any case, we have not been able to produce satisfactory ﬁts to both propagators at the same time in
either of the two renormalization schemes. Again, it would appear that important contributions from
two-loop diagrams or from other vertex functions are missing.
Now, it is already apparent in the IR renormalization group analysis of Ref. [7] that the renormalized coupling constants associated with the ghost-gluon, the three-gluon and the four-gluon vertices,
respectively, behave very diﬀerently in the IR, which is yet another manifestation of the broken BRST
symmetry. We are thus compelled to formally consider (at least) three diﬀerent coupling constants in
the theory, for each of which we determine a beta function from the calculation of the corresponding
quantum corrections. Since BRST symmetry has to be recovered in the limit of large momenta, the
three renormalized coupling constants must become equal and the running mass parameter must vanish in this limit, which technically represents a ﬁne-tuning condition. This condition relates the values
of the three renormalized coupling constants, so that we still have only two independent parameters
in the theory (the mass parameter and one of the coupling constants).
As a ﬁrst step, we assume that the renormalized coupling constant extracted from the four-gluon
vertex is approximately equal to the one corresponding to the three-gluon vertex, but we treat the
latter coupling constant as independent of the one associated with the ghost-gluon vertex which we
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Figure 2. Ghost dressing function (to the left) and gluon propagator function (to the right) in the Taylor scheme
compared to the lattice results of Ref. [12]. The diﬀerent colors of the lattice data visible in the online version
correspond to diﬀerent directions on the lattice.
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Figure 3. Ghost dressing function (to the left) and gluon propagator function (to the right) in the symmetry point
scheme compared to the lattice results.

have been focussing on so far (both the three-gluon and the ghost-gluon vertices are evaluated at the
symmetry point for the deﬁnition of the respective coupling constants). After integrating the coupled
diﬀerential equations for these two coupling constants and the mass parameter, we can then solve
the Callan-Symanzik equations for the propagators. Again, the ﬁt of the resulting propagators to the
lattice data is not quite satisfactory, even considering that the ﬂow functions are determined only at
the one-loop level.
We shall close this contribution by mentioning the advantages of applying Callan-Symanzik renormalization group equations (as compared to the use of Dyson-Schwinger equations, or functional
renormalization group equations for that matter): the scheme presented here can be systematically
improved by going to higher loop orders and including further coupling constants (there is only a
ﬁnite number of relevant and marginal couplings with respect to the IR and/or the UV ﬁxed points).
The calculation of the ﬂow functions is analytical (the evaluation of some of the appearing Feynman
diagrams may require numerical integration, but at least the IR and UV limits can usually be extracted
analytically), and the renormalization group equations constitute a set of coupled ordinary ﬁrst-order
diﬀerential equations which can be handled numerically without too much eﬀort. There are, in any
00016-p.5
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case, only two parameters to be ﬁxed in order to deﬁne the theory. Diﬀerent (consistent) renormalization schemes can be devised. An optimal scheme can in principle be determined by comparing with
the lattice data (and tuning the two free parameters).
The advantages of employing Callan-Symanzik equations are clearest when it comes to determining the vertex functions: there is no need to guess at the most important structures or to construct
ansätze for the vertex functions, everything is in principle determined (to the order considered) by the
corresponding Feynman diagrams, compare, e.g., Ref. [13] with [14]. As an example, in our calculation with two diﬀerent coupling constants described above we immediately ﬁnd for the IR behavior
of the renormalized coupling constant g3 (μ) associated with the (completely transverse) three-gluon
vertex (to be precise, with the tensor structure of the tree-level vertex which gives the dominant contribution in the UV as well as in the IR limit) that
 2 1/2
ln(μ2 /Λ21 )
6π
(3)
g3 (μ) =

 ,
N
ln(Λ20 /μ2 ) 3/2
where Λ0 and Λ1 are two diﬀerent scales relevant to the IR behavior (ultimately determined in terms
of ΛQCD ) with Λ1 < Λ0 , and N is the number of colors. Equation (3) is valid for μ2  Λ20 and
shows that g3 (μ) passes through zero at μ = Λ1 . Taking into account the IR behavior of the gluon
ﬁeld renormalization constant, Eq. (3) implies that the three-gluon vertex function (for the tree-level
tensor structure) at the symmetry point p2 = q2 = r2 is proportional to ln(p2 /Λ21 ) in the IR, which is
compatible with the ﬁndings of Refs. [13, 14].
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