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Developments in the parton distribution functions of the proton
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Abstract. A general overview on the parton distribution functions of the proton extracted
by QCD global analyses of experimental data is presented. In particular, their impact on
physics observables of interest for the LHC and general results of QCD analyses at the
next-to-next-to-leading order approximation are discussed.

1 Introduction
The current inﬂow of new experimental measurements with unprecedented energies and accuracy
from hadron colliders requires theory predictions at high order in perturbation theory, which are
needed for a consistent description the data. Furthermore, the development of eﬃcient tools incorporating the state-of-the-art of QCD calculations and new methods for the analyses is necessary to fully
exploit the constraining power of the present and forthcoming measurements.
The recent discovery of the Higgs boson [1, 2] and extensive searches for signals of new physics
in hadron-hadron collisions at the Large Hadron Collider (LHC) and Tevatron, demand high-precision
predictions to test the validity of the Standard Model (SM) and factorization theorems in Quantum
Chromodynamics (QCD). QCD factorization requires the knowledge of the perturbative calculable hard scattering contributions and determination of nonperturbative parton distribution functions
(PDFs) of the nucleon, which are indispensable ingredients of all hard-scattering processes involving initial-state hadrons. Investigations on the structure of the nucleon are crucial for a multitude of
current and future high-energy physics programs and the progress is based on combined eﬀorts of
theorists and experimentalists.
The interpretation of experimental measurements at hadron colliders relies to a large extent on the
precise knowledge of the fundamental QCD parameters and PDFs. According to QCD factorization,
the generic structure of the inclusive cross section for the high-energy collision of two hadrons (h1 , h2 )
is written as a convolution product where the distributions of elementary partons inside the hadrons
(PDFs) and the infrared safe short-distance contributions (hard scatterings), are separated. The factorization formula for the unpolarized Drell-Yan (DY) machanism is chosen here as an illustrative
case, because this formulation has been extensively studied in the past and is valid for a large class of
processes [3–8].
The hadronic reaction for the DY process is written as h1 + h2 → (V ∗ → l+ l− ) + X, where the
initial state partons annihilate into a virtual boson (γ , Z, W ± ) of virtuality Q2 , which subsequently
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converts into a pair of ﬁnal-state leptons that are detected. The hadronic state X denotes any remnants
of fragmented protons in the ﬁnal state. The factorized inclusive cross section is given by
σ(h1 h2 → l+ l− + X) =


a,b



1

1

dx1
0

0

dx2 fh1 →a (x1 , α s (μr ), μ f ) fh2 →b (x2 , α s (μr ), μ f )

× σ̂ab (x1 , x2 ; α s (μr ), Q, μ f , μr ) + O


Λ2
,
Q2

(1)

where the summation indices a, b run over all possible intial-state partons (gluons, quarks and antiquarks of diﬀerent ﬂavours), whose fractions of longitudinal momentum are indicated by x1 and x2
respectively. PDFs are denoted by fhi → j with i = 1, 2 and j = a, b, and represent the probability of
ﬁnding parton j carrying a fraction xi of hadron momentum, in hadron i, at the factorization scale
μ f . The hard-scattering contribution for the process a + b → l+ + l− + X, calculable in perturbation
ab
theory,√is denoted by
formula is for large virtualities when

√ σ̂ .√The range of validity of 2the factorized
2
Q ∼ ŝ (where ŝ = x1 x2 S ). The term O Λ /Q2 represents suppressed corrections which are
not treated here. In general, expressions in perturbative calculations are obtained by truncating the
perturbative series at a certain ﬁxed order of the coupling constant α s . This introduces a dependence
on arbitrary scales denoted as renormalization μr and factorization μ f scales respectively. In particular, μ f is the scale at which the separation between long-distance and short-distance eﬀects is realized.
Gluons, quarks and antiquarks are the known constituents of the proton and their distributions as a
function of the momentum fraction x and generic scale μ, at which partons are probed, are universal
quantities that do not depend on the speciﬁc hard process under consideration. Diﬀerently from the
hard-scattering cross section, the analytic structure of the PDFs cannot be predicted by perturbative
QCD (pQCD), but is determined by comparing sets of physical cross sections, such as in Eq. 1, to
experimental measurements. For this reason PDFs are considered as “data-driven” quantities. Furthermore, similarly to the case of renormalization scheme, a set of rules has to be provided in order
to deﬁne the PDFs when a cross section calculation is performed, because the separation of PDFs
from hard-scatterings is not unique in the factorized formula. These rules are known as “factorization
scheme” and are necessary to calculate consistently the cross sections that have to be compared to
the experimental measurements. The most widely used factorization scheme is the modiﬁed minimal
subtraction scheme MS. Formally, a PDF is deﬁned as the expectation value of a certain operator in
a hadron state and it is constructed such that it contains an ultra-violet (UV) regulator in dimensional
regularization (DR) with n = 4 − 2ε space-time dimensions and is gauge invariant (see Refs. [9–12]
for more details). For the case of quarks one has,

dw− −iξP+ w−
γ+
(0)
f(0) j/h (ξ) =
P|ψ j (0, w− , 0T )W(w− , 0) ψ(0)
(0)|Pc ,
(2)
e
2π
2 j
where the Wilson-line factor for gauge invariance is

w−
− +
−
W(w− , 0) = P e−ig0 0 dy A(0)α (0,y ,0T )tα .

(3)

A direct consequence of factorization is that the scale dependence or “evolution” of PDFs can be
predicted by the renormalisation group equations (RGE’s). By imposing that physical observables
are independent on μ f , it leads to a representation of parton evolution in terms of integro-diﬀerential
equations known as Dokshitzer-Gribov-Lipatov-Altarelli-Parisi [13–17] (DGLAP) equations

  1 dy  x
d fi (x, μr , μ f )
f j (y, μr , μ f ) ,
P
;
α
=
,
μ
,
μ
i
j
s
r
f
y
y
d log μ2f
j=qq̄,g x
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where the functions Pi j are the evolution kernels or splitting functions [18–20], which represent the
probability of ﬁnding parton i in parton j, and have perturbative expansion in α s . Therefore, once
PDFs are determined by a direct comparison with the experiments at the initial scale Q0 , their evolution at the scale μ is entirely determined by DGLAP equations. In the past few years, the precision of
several experimental measurements noticeably increased and the relative uncertainties became compatible with those of the theory predictions. Eﬀorts to reduce PDF uncertainties are therefore crucial
for future high-energy physics programs at hadron colliders, in particular for discriminating signals of
new physics from SM. The goal of pinning down PDF errors and their mutual correlations is achieved
by using combined constraints from measurements of diﬀerent processes. This relies on the ongoing
progress in theory calculations and on the possibility of including a larger number of experimental
data sets in new eﬃcient tools for PDF determination.

2 Global QCD analyses in the NNLO era

In the past decade methods adopted in perturbative calculations of the hard-scattering cross sections
have experienced a tremendous progress. Numerous techniques to solve complicated multidimentional integrals, also in the presence of mass, have been introduced as well as methodologies to reduce their multiplicities. New sophisticated ways to calculate loops [21, 22] based on generalized
unitarity methods [23–27] and more eﬃcient ways to calculate real emission corrections have been
developed [28, 29] together with other regularization schemes [30–33]. These techniques are crucial for the extractions of the pole singularities in the NLO and NNLO amplitudes. Improved tensor
reduction schemes [34, 35] to manage stability at numerical level are employed in the presence of
a large number of Feynman diagrams, and in disparate cases, numeric approaches present more advantages with respect to analytic calculations. Several NLO QCD calculations for multi-particle ﬁnal
state processes 2 → 3, 4, .. of high complexity and requiring great numerical stability have been recently accomplished (see for example Refs. [36, 37]). The most recent progress for 2 → 2 processes
at NNLO with colored initial and ﬁnal state has been possible thanks to the development of all these
new techniques (see for example Refs. [38–40]). Despite the high level of accuracy reached in the determination of the hard scattering cross sections, a precise determination of the partonic content of the
proton continuosly requires a lot of eﬀorts on both theoretical and experimental sides. The uncertainties associated to the PDFs represent one of the dominant contribution to the errors on hadronic cross
sections. The PDFs of the proton cannot be derived from the ﬁrst principles and must determined from
experimental data by using a variety of sophisticated analytical and statistical methods. Unpolarized
PDF sets to the NNLO accuracy are now provided by the main PDF groups [41–46] which include
NNLO cross section calculations and diverse world data sets in their analyses. While these PDFs are
dominated by pre-LHC measurements, work is ongoing to include new LHC data to provide unique
new constraints. Furthermore, diﬀerent PDF groups use diﬀerent approaches and methodologies in
their ﬁts. This leads to diﬀerent theoretical predictions and errors for physical observable of interest,
like the Higg cross section. Most of the diﬀerences can be ascribed to several causes: data sets considered in the analyses, treatment of the heavy-ﬂavor, input assumptions for the PDFs at Q0 , diﬀerent
values of α s (MZ ), etc.. An accurate comparison of the theoretical settings and ﬁtting methodologies
employed in the determination of PDFs with emphasis on factors which are important for the Higgs
production can be found in [47]. In Fig. 1 shown is the gluon PDF obtained in ﬁts of diﬀerent PDF
groups.
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Figure 1. Central gluon PDFs from recently published NNLO PDF sets at scale Q = 85 GeV, normalized to the
NNPDF2.3 gluon PDF and superimposed on the NNPDF2.3 68% c.l. PDF uncertainty. Figure from Ref. [47].

3 Most relevant contrains on PDFs from data
Measurements of lepton-proton deep-inelastic-scattering (DIS) at HERA [48] are the most important
data sets in PDFs determination and provide the staple information about the proton structure at scales
Q below a few hundred GeV, while the hadron-(anti)hadron collider data probe PDFs in a broad
range of energies. Inclusive DIS is used as a standard candle measurement of the proton structure
functions and serve as the backbone for the PDF determination at low and medium x. Semi-inclusive
DIS processes like production of electroweak bosons, jets, and heavy quarks probe details of the
ﬂavor composition of PDFs and their dependence on the QCD coupling strength and heavy-quark
masses. Measurements of electroweak boson production at the LHC are sensitive to PDFs which are
poorly constrained in certain kinematic regions, like ﬂavor composition of the quark sea at x < 0.01.
Lepton pair production at ATLAS and CMS covers the medium x range, while LHCb is well-suited
for investigating regions of low and high x. In particular these measurements at rapidities y > 2
can probe diﬀerent PDF sets at x > 0.1. Jet production measurements at the LHC and Tevatron are
sensitive to the gluon distribution in the proton and QCD coupling α s . Furthermore, top-quark pair
production at the LHC, being dominated by gluon-gluon fusion, can be an important probe for the
gluon distribution at large x and will allow us to pin down the correlation between top-quark mass mt
and α s . Precise measurements
√ of total and diﬀerential cross sections for top-quark pair production at
a center-of-mass energies S = 7 and 8 TeV have been recently published by the CMS [49, 50] and
ATLAS [51–54] collaborations.

4 Recent NNLO QCD analysis including tt¯ data
An example of the possible impact of the currently available LHC measurements of tt¯ production on
PDF determination has been recently illustrated in [55], where the open source DiffTop code [56] to
calculate the diﬀerential and total cross section at approximate NNLO in QCD, is interfaced to the
HERAFitter [57] platform for QCD analyses to determine the PDFs. Fast theoretical calculations
for the approximate NNLO pT spectrum of the ﬁnal-state top quark (see Fig.2) are obtained by using
grids generated by the FastNLO package [58–60]. This allows the user to include measurements of
00023-p.4
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diﬀerential tt¯ production cross sections into NNLO QCD ﬁts of PDFs. The NNLO parton evolution
utilized is that implemented in the QCDNUM [61] code, which is the default parton-evolution package
of HERAFitter. The combined HERA I measurements [48] of inclusive DIS are included in this
analysis. Constraints on the u and d-quark distributions in the x-range not properly covered by the
HERA I measurements are put by the CMS √precise measurements of electron [62] and muon [63]
charge asymmetry in W-boson production at S = 7 √
TeV. The tt¯ measurements included here are the
total inclusive cross sections at the LHC [64–67] at S of 7 and 8 TeV, and CDF [68] √
Tevatron, as
well as the normalized diﬀerential cross-sections [49, 52] of tt¯ production at the LHC at S = 7 TeV
as a function of pT . The results of this analysis in which the diﬀerential cross sections for tt¯ are used
in a NNLO QCD ﬁt for the ﬁrst time, are shown in Fig. 3. A moderate impact of the new LHC data
sets on the reduction of the gluon uncertainty at large x is illustrated. In the future, a reduction of the
statistic and systematic uncertainties in the high-energy run of the LHC will be of clear advantage and
will allow us for a simultaneous determination of the gluon distribution and the top-quark mass.
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Figure 2. The approximate NNLO predictions for top-quark pair production cross sections at the LHC at S = 7
TeV as functions of ptT (left) and yt (right). Predictions obtained by using diﬀerent PDF sets are presented by bands
of diﬀerent hatches. The total uncertainty is obtained by summing the uncertainties due to PDFs, α s , mt and scale
variations in quadrature. Figs. from [55]

5 Conclusions
In this brief paper few important aspects of the determination of the PDFs of the proton were outlined
together with an example of recent progress in NNLO PDF ﬁts. LHC unprecedented energies brought
us in a new precision era. Huge eﬀorts are ongoing among the various PDF groups to reduce the PDFs
uncertainties, which still remain among the major sources of systematical uncertainties in theoretical
predictions for crucial observables at the LHC. The high luminosity that will be reached at LHC run
II will shed light on many aspects and details of the PDFs in kinematic ranges which are currently
poorly constrained. This will play a fundamental role in the signal/background discrimation and in
searches of any possible signal of Physics beyond the Standard Model.
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Figure 3. Uncertainties of the gluon distribution as a function of x, as obtained in our NNLO ﬁt by using:
inclusive DIS measurements only (light shaded band), DIS and W lepton charge asymmetry data (hatched band),
and DIS, lepton charge asymmetry and the tt¯ production measurements (dark shaded band), shown at the scales
of Q2 = 100 GeV2 (left) and Q2 = m2H (right). The ratio of g(x) obtained in the ﬁt including tt¯ data to that
obtained by using DIS and lepton charge asymmetry, is represented by a dotted line. Figs. from [55]
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