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Interactions of light mesons with photons
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Abstract. Interactions between hadrons and photons constitute an important tool to explore the intrinsic structure of hadrons. At the same time, high-precision determinations
of electromagnetic processes, as in particular g − 2 of the muon, constitute a promising
tool to look for the impact of beyond-standard-model physics. Here hadronic contributions constitute the main uncertainty for the standard-model prediction. In this talk results
for electromagnetic transition form factors and two-gamma amplitudes are presented.

1 Motivation
As is well-known by now hadrons are not elementary objects but have an intrinsic structure. To
explore a complicated object it is certainly a good idea to use a probe that one understands much
better than the object which one wants to study. This qualiﬁes electromagnetism, i.e. real and virtual
photons, as an excellent tool to study the structure of hadrons. Quantities of central importance are
electromagnetic elastic and transition form factors of hadrons and two-photon amplitudes, the latter
being related, e.g., to polarizabilities. Amusingly the logic to explore the less known hadrons by
well-known electromagnetism gets another twist in the high-precision searches for low-energy traces
of physics beyond the standard model. The required high-precision predictions of the standard model
receive contributions from hadronic ﬂuctuations. Examples for such an interplay can be observed
for the rare pion decay into e+ e− and for the gyromagnetic ratio of the muon; see, e.g., [1–3] and
references therein. The key quantities are again the same: form factors and two-photon amplitudes.
In the last few years my collaborators and me have explored such quantities with two diﬀerent
tools: a Lagrangian and a dispersive approach. The results from the former approach are already well
documented in the literature [4–11]. Therefore I will use the rest of these proceedings to discuss our
recent work on the pion transition form factor based on dispersion theory [12].

2 Pion transition form factor
In his talk at this conference Peter Stoﬀer has explained in detail how the hadronic light-by-light contribution to g − 2 of the muon involves the pion transition form factor; see Peter Stoﬀer’s contribution
to these proceedings and also [3]. For the standard-model prediction of the rare pion decay to e+ e− the
pion transition form factor constitutes the only non-trivial input at leading order in the electromagnetic
interaction; see, e.g., [13, 14]. From the hadronic point of view one interesting aspect is to ﬁgure out
to which extent vector-meson dominance holds for the pion transition form factor [2, 7, 9, 11].
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The pion transition form factor is a function of the two photon virtualities, Fπ (q21 , q22 ). Concerning
experiments there are diﬀerent kinematical regions where one can access the pion transition form
factor. The reference/normalization point is provided by the pion decay into two real photons (or the
corresponding formation process of photon fusion 2γ → π0 ). Due to the small pion mass the singlevirtual pion decay π0 → γ e+ e− and the double-virtual pion decay π0 → 2e+ 2e− have only little phase
space. Better suited to explore the dependence on q21 and q22 are the production processes e+ e− → π0 γ
and e+ e− → π0 e+ e− . If the initial leptons emit photons in ﬂight that merge to a pion, one explores
Fπ (q21 , q22 ) for negative photon virtualities. Because of the amplitude suppressing photon propagators
a signiﬁcant contribution comes from quasi-real q1 or q2 . Then one obtains information on Fπ (q2 , 0)
with q2 < 0. If the initial leptons annihilate into a virtual photon (with momentum q1 ), which decays
into a pion and a softer virtual or real photon (with momentum q2 ), then one explores Fπ (q21 , q22 ) for
the time-like region q21 > 0 and q22 ≥ 0.
Theoretically the diﬀerent kinematical regions will be approached step by step. At present I will
concentrate on the time-like region, energies up to about 1 GeV and a single-virtual form factor, i.e.
on Fπ (q2 , 0) for q2 > 0. Thus thecorresponding experimental situation is e+ e− → π0 γ and the
total c.m.s. energy – which is just q2 – covers the masses of the vector mesons ρ, ω and φ. The
dispersive approach to the pion transition form factor [12] is based on preceding works of the Bonn
group [15–17]. A similar approach for η mesons instead of pions can be found in [18, 19].
The starting point for a dispersive approach is to ﬁnd the relevant inelasticities for the process and
kinematical region of interest. For the case at hand the virtual photon can be isoscalar or isovector. In
the former/latter case it can couple to three/two pions. Up to 1 GeV one can safely neglect four-pion
states and kaons. (The π0 η, 2π0 and 3π0 states are all forbidden by charge conjugation symmetry.)
Thus for the isovector virtual photon one needs the following information: The amplitude for e+ e− →
π+ π− and the amplitude for π+ π− → π0 γ. The latter has been addressed in [17] using dispersion
theory to include all cross-channel rescattering of any pair of pions based on their p-wave interaction.
The only input to this analysis is pion p-wave phase shift, which is very well known. Note that the
ρ meson is automatically included in this framework as the lowest resonance in the two-pion p-wave
channel. The other required amplitude, e+ e− → π+ π− , is nothing but the elastic pion vector form
factor. It has already been used in the dispersive approach to the decays ω/φ → π0 γ∗ [16]. Note
that these decays are very similar to e+ e− → γ∗ (I = 1) → π0 γ because, assuming perfect isospin
symmetry, the real photon has I = 0 if the virtual one has isospin 1. Except for diﬀerent kinematics
and masses the real photon resembles the isoscalar vector mesons. Therefore the reaction amplitude
for e+ e− → γ∗ (I = 1) → π0 γ can be determined in the very same way as the decay amplitudes for
ω/φ → π0 γ∗ . To summarize, the contribution to the pion transition form factor Fπ (q2 , 0) is very well
under control if the virtual photon is isovector and the dominant inelasticity is therefore 2π.
Unfortunately the situation is more complicated for the isoscalar case. The reason is that the
relevant amplitudes are not of type two-body to two-body. Because of the three-pion intermediate
state one has ﬁve- instead of four-point amplitudes. Scattering theory, partial-wave decomposition and
dispersion theory are highly developed for four-point amplitudes (two-body to two-body reactions),
but higher n-point functions are signiﬁcantly more complicated. In principle, one needs the amplitudes
for e+ e− → π+ π− π0 and π+ π− π0 → π0 γ. One might decompose the problem one step further: We need
(a) the initial production of three pions from an isoscalar source, (b) the mutual interactions between
the three pions (which are basically elastic in the considered energy range) and ﬁnally (c) the transition
to the ﬁnal state π0 γ. Part (b) can be addressed in a dispersive framework along the lines of [15]. Also
part (c) ﬁts nicely into this framework as the neutral pion of the three-pion intermediate state can be
identiﬁed with the ﬁnal-state pion. Any other option (charge transfer between the pions prior to the
formation of the ﬁnal state) is already covered by part (b).
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Figure 1. Left: Our ﬁt to the cross section for e+ e− → 3π based on an analytically improved sum of Breit-Wigner
functions for the narrow resonances ω and φ and a polynomial background. Data taken from [20, 21]. Right: Our
description of the cross section for e+ e− → π0 γ without any further parameters. Data taken from [22–24].

The remaining problem is part (a), i.e. the question: How likely is it as a function of the photon
energy to form a three-pion state? Phenomenology (see, e.g., the left-hand side of ﬁgure 1) tells us that
this production process is dominated by the narrow vector mesons ω and φ. Therefore we choose to
parametrize the production amplitude by a sum of Breit-Wigner functions for the narrow resonances
and a polynomial background. Once three pions are formed, their ﬁnal-state interaction is treated
by dispersion theory along the lines of [15]. The parameters are ﬁtted to the cross section data for
e+ e− → π+ π− π0 . Actually we do not directly use the Breit-Wigner functions but feed their imaginary
part into a dispersion relation to ensure reasonable analytic properties of our input. (The pure inclusion
of a width with the correct phase-space behavior in a propagator without the corresponding real part
of the self energy violates analyticity [25].) Furthermore, the polynomial background is constrained
by the axial anomaly, which predicts the size of the amplitude γ∗ -3π at low energies [11, 17]. We limit
the polynomial to a linear function. In case of an insuﬃcient ﬁt quality one can use a higher-order
polynomial. Our parametrization has then the following three ﬁt parameters: The respective coupling
strengths of ω and φ and the coeﬃcient of the linear term of the polynomial. The masses and relevant
partial decay widths of the resonances are not ﬁtted but taken from the Particle Data Group [26]. The
energy dependence of the three-pion decays is taken from the dispersive analysis [15]. The quality of
the ﬁt is displayed in ﬁgure 1.
With a parametrization for the amplitude e+ e− → π+ π− π0 and otherwise a fully self-contained dispersive treatment of π+ π− π0 → π0 γ and e+ e− → π+ π− → π0 γ we have all ingredients for a calculation
of the single-virtual pion transition form factor at low energies. It is the only non-trivial quantity that
enters the cross section for the reaction e+ e− → π0 γ. The result for this cross section is compared to
data on the right-hand side of ﬁgure 1. Obviously one obtains a very satisfying description of the data
without any parameters that were directly ﬁtted to these data. The gray uncertainty band of 10% is
motivated by the ﬁnding in [16] that an unsubtracted dispersion relation reproduces the decay widths
ω/φ → π0 γ within 10%. A more thorough error analysis will be presented in [12].
The next steps are extensions to space-like momenta and double virtuality of the photons. Another room for improvement lies in the fact that with the present parametrization the transition form
factor does not show a decent high-energy behavior. This is not a principle problem for a low-energy
calculation. Using only two- and three-pion intermediate states limits the approach to low energies
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anyway. Nonetheless a smooth matching to the high-energy limit dictated by QCD would be more appreciable. A possible future project utilizing the same machinery could be a prediction for the Dalitz
plot distribution ω → γππ. This process is in turn related to ω → 3γ from a dispersive point of view,
which connects back to virtual light-by-light scattering and therefore to g − 2 of the muon.
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