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The contribution of multi-channel pion-pion scattering
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Abstract. The eﬀect of isoscalar S -wave multi-channel pion-pion scattering (ππ →
ππ, KK, ηη) is considered in the analysis of data on decays – Υ(2S ) → Υ(1S )ππ,
Υ(3S ) → Υ(1S )ππ and Υ(3S ) → Υ(2S )ππ.

1 Introduction
The analysis which aims at studying the scalar mesons [1] is performed jointly considering the
isoscalar S-wave processes ππ → ππ, KK, ηη, described in our model-independent approach, and decays J/ψ → φ(ππ, KK), ψ(2S ) → J/ψ(ππ) and Υ(2S ) → Υ(1S )ππ [2] with adding here data on
Υ(3S ) → Υ(1S )ππ and Υ(3S ) → Υ(2S )ππ [3]. A distinction of the Υ(3S ) decays consists in the fact
that in this case a phase space cuts oﬀ, as if, possible contributions which might interfere destructively
with the ππ-scattering contribution giving a characteristic 2-humped shape of the di-pion mass spectrum in Υ(3S ) → Υ(1S )ππ. A number of mechanisms were proposed to explain this eﬀect, e.g. [4],
however, some of them under doubtful assumptions. Here we give a new and natural explanation of
this eﬀect allowing for our previous conclusions on the wide resonances [2, 5].

2 The effect of multi-channel ππ scattering in decays of the ψ- and
Υ-meson families
Considering multi-channel ππ scattering, we shall deal with the 3-channel case (ππ → ππ, KK, ηη)
because it was shown [5] that this is a minimal number of coupled channels needed for obtaining
correct values of f0 -resonance parameters. The 3-channel S matrix is determined on the 8-sheeted
Riemann surface. The matrix elements S i j , where i, j = 1, 2, 3 denote channels, have the right-hand
cuts along the real s-axis (s is the invariant total energy squared), starting with the channel thresholds
si , and the left-hand cuts related to the crossed channels. Allowance for the Riemann surface structure
is performed taking the uniformizing variable w [2] where we have neglected the ππ-threshold branch
point and allowed for the KK- and ηη-threshold branch points and left-hand branch point at s = 0.
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Resonance representations on the Riemann surface are obtained using formulas from [2], expressing analytic continuations of the S -matrix elements to all sheets in terms of those on the physical
(I) sheet that have only the resonance zeros. In the 3-channel case, there are 7 types of resonances
corresponding to 7 possible situations when there are resonance zeros on sheet I only in S 11 – (a);
S 22 – (b); S 33 – (c); S 11 and S 22 – (d); S 22 and S 33 – (e); S 11 and S 33 – (f); S 11 , S 22 and
S 33 – (g). Resonances of these types are represented by the pair of complex-conjugate clusters (of
poles and zeros on the Riemann surface). The resonance pole clusters of all types in S 11 (w) on the w
plane can be found in [2]. The S -matrix elements are taken as S = S B S res where S res (w) includes the
model-independent contribution of the resonances, given by the pole clusters. The possible remaining
small (model-dependent) contribution of resonances and inﬂuence of the channels, not allowed for
explicitly in the w, are included in S B . For the ππ scattering, S B (ππ) = dB (−q1 , q2 , q3 )/dB (q1 , q2 , q3 )
(analogously for the coupled processes) where
3

dB (q1 , q2 , q3 ) = exp{−i[ qn (αn + iβn )]}
(1)
n=1

αn = an1 + anσ (s − sσ )/sσ θ(s − sσ ) + anv (s − sv )/sv θ(s − sv ),
βn = bn1 + bnσ (s − sσ )/sσ θ(s − sσ ) + bnv (s − sv )/sv θ(s − sv )
√
where qn = s/sn − 1 and sσ is the σσ threshold, sv the combined threshold of ηη , ρρ and ωω
channels. The resonance zeros wr and the background parameters were ﬁxed by ﬁtting to data on
ππ → ππ, KK, ηη with adding the data on J/ψ → φ(ππ, KK), ψ(2S ) → J/ψ(ππ), Υ(2S ) → Υ(1S )ππ
from the Crystal Ball, DM2, Mark II, Mark III, and BES II, Argus, CLEO, CUSB√Collaborations (the
references, ﬁtting to used data, and the arrangement of resonance poles on the s-plane are in [2]).
We have found the following more preferable scenario: the f0 (500) is described by the cluster of type
(a); the f0 (1370), f0 (1500) and f0 (1710), type (c); and f0 (1500), type (g); the f0 (980) is represented
only by the pole on sheet II and shifted pole on sheet III. The obtained background parameters are:
a11 = 0.0, a1σ = 0.0199, a1v = 0.0, b11 = b1σ = 0.0, b1v = 0.0338, a21 = −2.4649, a2σ = −2.3222,
a2v = −6.611, b21 = b2σ = 0.0, b2v = 7.073, b31 = 0.6421, b3σ = 0.4851, b3v = 0; sσ = 1.6338 GeV2 ,
sv = 2.0857 GeV2 . The very simple description of the ππ-scattering background conﬁrms well our
assumption S = S B S res and says that the representation of multi-channel resonances by the pole
clusters on the w plane is a good and quite suﬃcient approach.
The di-meson mass distributions in J/ψ → φ(ππ, KK) and V  → Vππ (V = ψ, Υ) are calculated
using the formalism from [6]. The decay amplitudes are related to scattering ones T i j as follows:

F(J/ψ → φππ) = 2/3 [c1 (s)T 11 + c2 (s)T 21 ],

F(J/ψ → φKK) = 1/2 [c1 (s)T 12 + c2 (s)T 22 ],
F(V(2S ) → V(1S )ππ (V = ψ, Υ)) = [(d1 , e1 )T 11 + (d2 , e2 )T 21 ],
F(Υ(3S ) → Υ(1S , 2S )ππ) = [( f1 , g1 )T 11 + ( f2 , g2 )T 21 ]
(2)
where c1 = γ10 + γ11 s, c2 = α2 /(s − β2 ) + γ20 + γ21 s, (di , ei ) = (δi0 , ρi0 ) + (δi1 , ρi1 )s and ( fi , gi ) =
(ωi0 , τi0 ) + (ωi1 , τi1 )s are functions of couplings of the J/ψ, ψ(2S ), Υ(2S ) and Υ(3S ) to a channel i.
The pole term in c2 is an approximation of possible φK states, not forbidden by the OZI rules. The
expression

√
√
N|F|2 (s − si )(m2ψ − ( s − mφ )2 )(m2ψ − ( s + mφ )2 )
for J/ψ → φ(ππ, KK) and the analogous relations for V(2S ) → V(1S )ππ (V = ψ, Υ) and
Υ(3S ) → Υ(1S , 2S )ππ give the di-meson mass distributions. N (normalization to experiment) is 0.7512 for Mark III, 0.3705 for DM2, 5.699 for BES II, 1.015 for Mark II, 0.98 for
Crystal Ball(80), 4.3439 for Argus, 2.1776 for CLEO, 1.2011 for CUSB, 0.0788 for Crystal
05028-p.2

MESON 2014 – 13th International Workshop on Production, Properties and Interaction of Mesons











 Π Π











  
ΠΠ 



 Π Π








 
ΠΠ 












 Π Π










Ball(85), and, ﬁnally, for CLEO(94): 0.5096 and 0.2235 for Υ(3S ) → Υ(1S )(π+ π− and π0 π0 ),
11.6092 and 5.7875 for Υ(3S ) → Υ(2S )(π+ π− and π0 π0 ), respectively.
We have obtained: (α2 , β2 ) = (0.0843, 0.0385), (γ10 , γ11 , γ20 , γ21 ) = (1.1826, 1.2798, −1.9393, −0.9808),
(δ10 , δ11 , δ20 , δ21 ) = (-0.1270, 16.621, 5.983, -57.653), (ρ10 , ρ11 , ρ20 , ρ21 ) = (0.4050, 47.0963,
1.3352, -21.4343), (ω10 , ω11 , ω20 , ω21 ) = (1.1619, −2.915, 0.7841, 1.0179), (τ10 , τ11 , τ20 , τ21 ) =
(7.2842, −2.5599, 0.0, 0.0). A satisfactory combined description of all considered processes is obtained with the total χ2 /ndf = 596.706/(527 − 78) ≈ 1.33. Results of our ﬁtting to the data on decays
Υ(3S ) → Υ(1S )ππ and Υ(3S ) → Υ(2S )ππ are shown in ﬁgure 1.
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Figure 1. The decays Υ(3S ) → Υ(1S )ππ and Υ(3S ) → Υ(2S )ππ; data from the CLEO(94) Collaboration [3].

3 Conclusions
It was shown that in the ﬁnal states of the Υ-meson family decays (except the ππ scattering) the
contributions of the coupled processes, e.g., KK → ππ, are important even if these processes are
energetically forbidden. This is in accordance with our previous conclusions on wide resonances
[2, 5]. E.g., on the basis of that consideration the new and natural mechanism of the destructive
interference in the decay Υ(3S ) → Υ(1S )ππ is indicated, which provides the two-humped shape of
the di-pion mass distribution. Results of this analysis conﬁrm all of our earlier conclusions on the
scalar mesons [2].
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