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Anisotropic hydrodynamics and early stages of heavy-ion collisions
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Abstract. New formulations of relativistic dissipative hydrodynamics are discussed in the context of possible
applications to describe early stages of relativistic heavy-ion collisions. The efficacy of different approaches is
tested by making comparisons with the exact solutions of the kinetic equation.

1 Introduction

Relativistic viscous hydrodynamics [1-13] is the main
building block in the standard model of relativistic heavy-
ion collisions, which includes three important parts: the
modeling of initial conditions, the application of relativis-
tic hydrodynamics to describe the space-time evolution of
matter, and, finally, the modeling of the freeze-out condi-
tions. The inclusion of viscous effects is important as it
improves the overall description of the data (as compared
to earlier perfect-fluid applications) and makes the applied
theory consistent with general physics arguments that the
fluid viscosity cannot be zero [14, 15].

Probably, the weakest point in the scheme outlined
above is the transition from the initial state, which is
very well described within the CGC theory or the Glauber
model, to the hydrodynamic stage where one uses the con-
cept of local thermalisation. The standard viscous hydro-
dynamics relies on the expansion around the local equi-
librium state. This expansion may be questioned at the
very early stages of relativistic heavy-ion collisions where
the space-time gradients are large and the viscous correc-
tions become very substantial in spite of the fact that the
ratio of the shear viscosity to entropy density is minimal,
n/s ~ 1/(4n) [15].

The results of microscopic models suggest that the ini-
tial longitudinal pressure is reduced to zero (or may take
even negative values due to the presence of the longitu-
dinal colour fields). Consequently, the viscous correc-
tions at the very early stages of the collisions should be
of the same order as the leading (equilibrium) term. This
leads to several difficulties one may encounter in the ap-
plication of the standard dissipative hydrodynamics [16].
Such problems initiated a new approach which is now re-
ferred to as anisotropic hydrodynamics (aHydro). The lat-
ter is based on the expansion in which large momentum-
space anisotropies are built directly into the leading or-
der [17-26]. The recent methods applied to improve the
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efficacy of the more traditional hydrodynamic approaches
include complete second-order treatments [27] and third-
order treatments [28-30],

In this note we discuss the applications of standard
viscous hydrodynamics and anisotropic hydrodynamics in
the context of the exact solutions of the Boltzmann kinetic
equation [31-33]. We consider a one-dimensional boost-
invariant expansion, which may be a good approximation
for the early dynamics.

In our earlier works, we studied the effects connected
with the shear viscosity and showed that recent formula-
tions of second-order viscous hydrodynamics [27] agree
better with the exact solutions of the kinetic equation than
the standard Israel-Stewart approach [1, 2]. Here, we con-
centrate in more detail on the effects connected with the
bulk viscosity [34]. It has been argued that the finite bulk
viscosity coefficient leads to improved description of the
flow harmonics in ultracentral collisions [35]. On the the-
ory side, it has been demonstrated that the correct descrip-
tion of the bulk viscous pressure demands the correct treat-
ment of the bulk-viscous coupling [36, 37].

2 Exact solutions of Boltzmann equation

Having in mind very early dynamics of the central rapid-
ity region of heavy-ion collisions, we may assume that the
produced system is boost-invariant and azimuthally sym-
metric. In this case, one can use a simple form of the ki-
netic equation [31-33]
eq _
go- L= (1)
T Teq

Here f(x, p) is the phase-space distribution function, 7 =
V2 — 22 is the longitudinal proper time, and 7, is the re-
laxation time. The condition of boost invariance implies
that f(x, p) may depend only on: 7, w and pr. The boost-
invariant variable w is defined by the formula w = tp; —zE,
where p; (pr) is the longitudinal (transverse) momentum
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Figure 1. Time dependence of the bulk viscous pressure (multiplied by the proper time) obtained from the kinetic theory and various

hydrodynamic equations (figure taken from [33]).

of a particle and F is its energy. The equilibrium back-
ground distribution function f°4 appearing in Eq. (1) takes

the form
) Jw? + par?
eq -~ N A o)
fAmwpn) =G ep| - @)

where T is an effective temperature. The latter is obtained
from the Landau matching condition that the energy den-
sity obtained from the distribution f is equal to the energy
density obtained with the equilibrium distribution foq.
The first moment of the kinetic equation gives the
energy-momentum tensor that should be conserved,

T (1) = gofdPP”PVf(T, w, pr),

Using the symmetry properties of the distribution function,
we rewrite (3) in the form [17, 22]

" =&+ Py’ —Prg” + (PL— Pz, B

where v = (1,0,0,z)/7 and z* = (z,0,0,¢)/7. The four-
vector z defines the beam direction. The energy density
& and the two (longitudinal, #;, and transverse, Pr) pres-
sures are defined as the integrals over the distribution func-
tion f multiplied by the appropriate combinations of the
momentum. The factor g¢ in Eq. (3) describes internal de-
grees of freedom different than spin. The spin degeneracy
is included explicitly in (2).

The initial condition at the time v = 7, used to
solve numerically Eq. (1) corresponds to the Romatschke-
Strickland (RS) form of the distribution function [38]

A+ &w? + prrl

AT
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2
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This form is reduced to an isotropic Boltzmann distribu-
tion if the anisotropy parameter & = &(tp) is set equal
to zero. In this case, the transverse momentum scale

Ao = A(19) is equal to the system’s initial temperature Tj.
The methods of solving Eq. (1) were explained in more
detail in [31-33].

The solution of the kinetic equation allows us to calcu-
late the bulk viscous pressure from the formula

1
(1) = 3 [Pi() + 2P (1) = 3Peq(0)]. (6)

where P and & are connected through the equation of
state (for the massive gas). In Fig. 1 the red solid curves
show the time dependence of the bulk viscous pressure ob-
tained from the kinetic equation for the two different initial
conditions characterised by the momentum anisotropy pa-
rameter &. The initial temperature of the system in the

8,T" =0. (3) two cases is Tp = 600 MeV, the effective particle mass is

m = 300 MeV, and the equilibration time 7¢q= 0.5 fm. We
also take 7 = Teq.

3 Bulk viscous pressure in dissipative
and anisotropic hydrodynamics

The most common applications of dissipative hydrody-
namics use the following three equations to determine the
time evolution of the bulk pressure:

. 1 1 (¢ T

T]‘[H{ + Hg = —g — ET]‘[H{ |:; — (% + 7)] s (7)
. 4 1

THH{ + H[ = —g — §THH{;7 (8)
- _ ¢

THH{ + H{ = —;. (9)

We have solved these equations with the initial conditions
corresponding exactly to those used in the kinetic-theory
approach described in the previous Section. The results
are shown in Fig. 1, with the cases (A), (B), and (C) cor-
responding to Egs. (7), (8), and (9), respectively. The
thick dashed line shows the first-order result where the
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Figure 2. Time dependence of the bulk viscous pressure for two
different initial anisotropy parameters: & = 0 (upper panel) and
& = 100 (lower panel). The solid lines show the exact result.
The dashed-dotted lines represent the predictions of aHydro for-
mulated in Ref. [39], while the dashed lines represent the predic-
tions of Ref. [40] (figure taken from [40]).

bulk pressure is directly expressed by the bulk viscosity,
ie., II; = =¢/7. A surprising result of our comparisons is
that none of the equations (7)—(9) reproduces correctly the
numerical result.

In the anisotropic hydrodynamics approach introduced
in Refs. [24, 39], one assumes that the leading-order distri-
bution function takes always the RS form with the param-
eters £ and A depending on the proper time 7. The hydro-
dynamic equations are obtained from the first and second
moments of the kinetic equation (1). In a more recent for-
mulation [40], the leading-order phase-space distribution
function depends on an extra parameter @, and the dy-
namic equations follow from the zeroth, first and second
moments of the kinetic equation (1) !. The results obtained
with the two versions of aHydro are presented in Fig. 2 and
compared with the results of the kinetic theory. One finds
that the inclusion of an additional parameter in the ansatz
for the distribution function improves the agreement with
the kinetic theory results. One also finds that aHydro de-
scribes the evolution of the bulk pressure significantly bet-
ter than the dissipative hydrodynamics based on Egs. (7)—
(9). Discrepancies between the results of the kinetic theory
and dissipative hydrodynamics may be connected with the
absence of the shear-bulk coupling in Egs. (7)—(9). This
has been demonstrated recently in Refs. [36, 37].

4 Conclusions

Detailed comparisons between the exact results of the ki-
netic theory and the predictions of hydrodynamic models

I'There exists a different formulation of aHydro, where some part of
anisotropy is treated perturbatively by adding corrections to the leading-
order term, see Ref. [41]

allow us to choose the correct form of the hydrodynamic
equations and kinetic coefficients. In this way, we select
the appropriate structure of the hydrodynamic equations
that may be used to model relativistic heavy-ion collisions.
This procedure is especialy important in the case of the
early stages of the collisions where large gradients require
the use of more complete, higher-order approximations.
Anisotropic hydrodynamics seems to be a very good alter-
native for these approaches.

In this note we have presented the analysis of one-
dimensional systems. Very recently, the exact solutions of
the two-dimensional systems have become also available
[42—44] (for the systems which are boost-invariant and az-
imuthally symmetric) but they are restricted to conformal
systems. Therefore, they are suitable for studies of the ef-
fects connected with shear viscosity.

This work was supported in part by the Pol-
ish National Science Center with decision No. DEC-
2012/06/A/ST2/00390.
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