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Abstract. The compound shells under the action of internal shock wave loading are considered. The compound shell consists of
a thin cylindrical shell and two thin parabolic shells at the edges. The boundary conditions in the shells joints satisfy the equality
of displacements. The internal shock wave loading is modelled as the surplus pressure surface. This pressure is a function of the
shell coordinates and time. The strain rate deformation of compound shell takes place in both the elastic and in plastic stages.
In the elastic stage the equations of the structure motions are obtained by the assumed-modes method, which uses the kinetic
and potential energies of the cylindrical and two parabolic shells. The dynamic behaviour of compound shells is treated. In
local plastic zones the 3-D thermo-elastic-plastic model is used. The deformations are described by nonlinear model. The stress
tensor elements are determined using dynamic deformation theory. The deformation properties of materials are influenced by the
strain rate behaviour, the influence of temperature parameters, and the elastic-plastic properties of materials. The dynamic yield
point of materials and Pisarenko-Lebedev’s criterion of destruction are used. The modified adaptive finite differences method of
numerical analysis is suggested for those simulations. The accuracy of the numerical simulation is verified on each temporal step
of calculation and in the case of large deformation gradients.

1. Introduction
The compound shells are widely used in rocket production
and aircraft construction. The compound shell consists
of a cylindrical shell and two parabolic shells at the
edges. These shells are by the action of internal shock
wave loading. The interaction of the thin-walled structures
with shock wave can lead to the self-sustained vibrations
with large amplitudes and large deformations with
destruction.

In spite of wide use of parabolic shells, few efforts
were made to analyze dynamics of such structures. Free
vibrations of parabolic shells of revolution are analyzed
in [1]. The first order shear deformation theory is
used to analyze these shells. The discretization of the
system by means of the differential quadrature technique
leads to the eigenvalue problem. Basing on the first-
order shear deformation theory, the paper [2] focuses on
the dynamic behaviour of moderately thick functionally
graded parabolic panels and shells of revolution. The
generalized differential quadrature method has been used
to discretize the system equations.

The article [3] presents the results of an experimental
and numerical investigation into the response of partially
confined right-circular stainless steel cylinders to air-blast
loading. The blast loading was generated by detonating
spheres of plastic explosive at two axial positions along
the centre line of the cylinders.
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The calculation of material properties following from
change of deformation speed, temperature parameters,
and elastic-plastic behaviour of materials are analyzed in
[4]. Rate-independent finite elastic-plastic equations with
thermo-coupled effects are proposed to bypass the yield
condition and loading–unloading conditions in [5].

In paper [6] a thermo-elastic-plastic model for the
fiber-metal laminated (FML) beams is established. The
elastic-plastic behaviour of the FML beam is modelled by
a macromechanical plasticity theory, where the composite
layers in the FML are assumed to be linearly elastic and the
aluminium layers are taken as elastic-plastic. Additionally,
the thermal stresses in the FML beam are studied by
introducing heat conduction equation. Considering the
mismatch in properties of different layers, the interfacial
damage is investigated based on cohesive zone model
and shear-lag model, and the evolution of the interfacial
damage is addressed as well. The incremental thermo-
elastic-plastic governing equations for the FML beams
are solved by finite difference method and iteration
method.

In this paper a thermo-elastic-plastic model for the
compound shells is investigated. The deformations are
described by nonlinear model. The stress tensor elements
are determined using dynamic deformation theory. The
deformation properties of materials are influenced by
the strain rate behaviour, the influence of temperature
parameters, and the elastic-plastic properties of materials.
The dynamic yield point of materials and Pisarenko-
Lebedev’s criterion of destruction are used.
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Figure 1. The scheme of the compound shell.

2. Problem formulation and equations of
motions

We study the construction as the shell consisting of three
parts. The compound shell consists of a thin cylindrical
shell and two thin parabolic shells at the edges, Fig. 1.
The boundary conditions in the shells’ joints satisfy the
equality of displacements.

The dynamic equations for components of the
displacement vector Uc = U (u, w, β) can be written
within the linear Timoshenko theory of shells. For the
cylindrical part of the compound shell, the equations of
motion are [7]:
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where s ∈ [0, L], ν – Poisson’s ratio, c1 =
ρ(1−ν2)

E , c2 =
ρ

kG , b1 =
2

(1−ν)k Rc
, b2 =

6(1−ν)k
h2 , Rc – radius of the

cylindrical middle surface, h – thickness of the cylindrical
shell, k – Timoshenko’s shear coefficient, E = E(ε̇, T ),
G = G(ε̇, T ) – modules of elasticity for tension and
compression, which are functions of the strain rate ε̇ and
temperature T , ρ – material density, Pc(s, ϕ, t) – internal
shock wave loading acting on the cylindrical part.

It is necessary to define loading acting on the
cylindrical part of the shell. Generally, these fields are
determined for each type of explosion in an experimental
way. It is possible to take a general form of the loading for
numerical experiment:

Pc(s, ϕ, t) = Qmax(s, ϕ)e− t−t0(s,ϕ)
θ (s,ϕ) F1(s, ϕ, t), (2)

where Qmax(s, ϕ) – the characteristic pressure wave
amplitude, θ (s, ϕ) – speed of the pressure wave
attenuation, t0(s, ϕ) – detention period of the load act,
F1(s, ϕ, t) – distribution function of pressure along
cylindrical shell.

Figure 2. The scheme of the parabolic parts of compound shell.

The displacements u(s, ϕ, t), w(s, ϕ, t), β(s, ϕ, t) are
expanded using the eigenmodes of free vibrations as:

u(s, ϕ, t) =
Nu∑

n=1

q (u)
n (t)Un(s, ϕ);

w(s, ϕ, t) =
Nw∑

n=1

q (w)
n (t)Wn(s, ϕ), (3)

v(s, ϕ, t) =
NB∑

n=1

q (B)
n (t)Bn(s, ϕ);

where q (u) = [q (u)
1 , . . . , q (u)

Nu
]; q (w) = [q (w)

1 , . . . , q (w)
Nw

];

q (B) = [q (B)
1 , . . . , q (B)

NB
]; are vectors of the generalized

coordinates; Un(s, ϕ), Wn(s, ϕ), Bn(s, ϕ) are eigenmodes
of free vibrations.

The scheme of the parabolic parts of compound shell
is shown in Fig. 2.

For the parabolic part of the compound shell the
potential energy for components of the displacement
vector u(θ, ϕ, t), v(θ, ϕ, t), w(θ, ϕ, t) is [7]:
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where R0 – curvature radius at the shell critical point
θ = 0, ν – Poisson’s ratio, h – the shell thickness; ρ –
density of the shell material, H1 =

Eh
2(1−ν2) , H2 =

h2

12 H1,
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The shell kinetic energy takes the following form:
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where B2 =
sin θ

cos4 θ
.

The virtual work of the internal shock wave loading acting
on the parabolic part takes the following form:

δA = R2
0

2π∫
0

θ2∫
θ1

Ppr (θ, ϕ, t) δw
sin θ

cos4 θ
dθ dϕ, (6)

where Ppr (θ, ϕ, t) –the pressure of the supersonic gas
stream acting on the shell; δ w – virtual displacement of
the shell.

In an analogous (2) we can write down Ppr (θ, ϕ, t) for
a parabolic shell:

Ppr (θ, ϕ, t) = Qmax(θ, ϕ)e− t−t0(θ,ϕ)
θ (θ,ϕ) F2(θ, ϕ, t), (7)

where F2(θ, ϕ, t) - distribution function of pressure along
the parabolic shell.

The displacements u(θ, ϕ, t), v(θ, ϕ, t), w(θ, ϕ, t) are:

u(θ, ϕ, t) =
Nu∑

n=1

q (u)
n (t)Un(θ, ϕ);
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w(θ, ϕ, t) =
Nw∑

n=1

q (w)
n (t)Wn(θ, ϕ),

where q (u) = [q (u)
1 , . . . , q (u)

Nu
]; q (v) = [q (v)

1 , . . . , q (v)
Nv

]; q (w) =

[q (w)
1 , . . . , q (w)

Nw
] are vectors of the generalized coordinates;

Un(θ, ϕ), Vn(θ, ϕ), Wn(θ, ϕ) are eigenmodes of free
vibrations [8].

Along the junction of the parabolic shell with the
cylinder:

u(θ, ϕ, t) = u(s, ϕ, t),

v(θ, ϕ, t) = v(s, ϕ, t),

w(θ, ϕ, t) = w(s, ϕ, t).

(9)

Let us note that the assumed-modes method determines the
displacements for the deformation process.

3. Thermo-elastic-plastic model

The strain tensor εi j is nonlinear as follows [9]:

εi j =
∂ui

∂x j
+

∂ui

∂x j

∂u j

∂xi
· (10)

The Eq. (10) was used for the parabolic parts.
It should be noted that the system of Eqs. (1)

determines the displacements for the deformation process
in the cylindrical part. Therefore, the strain-displacement
relations can be taken both in the nonlinear as well as
in the linearized form. Analysis of the cylindrical shell
linearization of the strain-displacement relations does not
lead to essential errors. So, the strains are given by:

ε1 =
∂u

∂z
, ε2 =

1

Rc
w, ε3 =

∂β

∂z
, ε12 =

∂w

∂z
− β, (11)

where ε1 – tensile strain of the medial surface compression
in the longitudinal direction, ε2 – tensile strain of the
middle surface in the circumferential direction, ε3 –
bending of the surface in the longitudinal direction, ε12
– shear strain of the middle surface.

In further mathematical modelling of the problem
we also take into account that some zones of plastic
strain can develop thus forming adiabatic shear bands
under detonation loading in the material. Therefore, further
solution is reduced by introducing definition of the
equivalent strain:

εeq = εeq (ε1(t), ε2(t), ε3(t), ε12(t)), (12)

The stress tensor elements σi i and σi j are determined in a
dynamic deformation theory

σi i − σ0 =
4
√

3 · σe f f (εeq , ε̇eq , T )

9εeq
(εi i − ε0) ,

(13)

σi j =
2
√

3 · σe f f (εeq , ε̇eq , T )

3εeq
εi j

where σ0 = σi i/3 – mean value of diagonal element of
stress tensor, ε0 = Kσ0 + αT – mean value of diagonal
element of strain tensor, εeq – equivalent strain, ε̇eq –
equivalent strain rate σe f f – effective stress.
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Figure 3. The field of stress obtained along of compound shell.

A multiplier σe f f (εeq , ε̇eq , T )/εeq contains dynamic
material properties σe f f (εeq , ε̇eq , T ):

σe f f = σ st
y
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) 1
n
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−
(
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−
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])m}
×

(14)

×
(
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Tp − Tk

)r

,

where σ st
y – the static yield point of materials,

εst
y – the strain at static yield point, D, n, m, r –

experimental parameters of dynamic material properties,
Tk – temperature which determines material properties,
Tp – melting temperature of material.

The dynamic yield point of materials is as follows:

σ d
y = σ st

y

[
1 +

(
ε̇eq

D

) 1
n

]
· (15)

The verification of destruction is conducted with the use of
Pisarenko-Lebedev’s criterion [10]:

σdstr =
σ+

σ−
· σe f f + σ11 ·

(
1 − σ+

σ−

)
, (16)

where σ+ – yield point of materials in tension, σ− – yield
point of materials in compression.

This dynamic problem has a nonlinear character. The
finite difference method [9] allows taking an adequate

decision on knots of mesh. The choice of small step allows
conducting a linear task.

4. Numerical simulation
The followings parameters of material were used:
E = 1, 3 · 1011 Pa; E1= 10, 07 · 108 Pa; σ st

y = 4, 9 ·108 Pa;
σdstr = 6, 9 · 108 Pa; ρ = 4, 5 · 103 kg/m3; D = 4, 45·
103 1/s; Tp = 1680 ◦C; Tk = 27 ◦C; α = 8, 3 · 1081/ ◦C,
ν = 0.3 ÷ 0.5; n = 4, 84; m = 0, 21 ; r = 1.

The results of numerical calculations are presented in
Fig. 3.

5. Summary
This work presents the strength analysis of the compound
shell under the action of internal shock wave loading. This
dynamic thermo-elastic-plastic problem is non-linear. Its
solution requires to connect mathematical modelling with
experimental data of material dynamic characteristics. The
main feature of the method is the calculation of influence
of the strain hardening and temperature on the dynamic
plastic deformation.

This research is partially supported by the grant of National
Ukrainian Academy of Sciences in space research for 2012-2016
(contract No. II-67-14).
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