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Abstract. Using the Gaussian wave function mass spectra and decay rates of bb me-
son are investigated in the framework of phenomenological quark anti-quark potential
(coulomb plus power) model consisting of relativistic corrections to the kinetic energy
term. The spin-spin, spin-orbit and tensor interactions are employed to obtain the pseu-
doscalar and vector meson masses. The decay constants (fp/y) are computed using the
wave function at the origin. The di-gamma and di-leptonic decays of the bb meson are
investigated using Van-Rayan Weisskopf formula as well as in the NRQCD formalism.

1 Introduction

Now a days, there have been renewed interest in the spectroscopy of the light and heavy flavoured
hadrons due to number of experimental facilities CLEO, DELPHI, Belle, BaBar, LHCb etc., which
have been continuously providing more accurate and new information about the mesons, baryons and
exotic states from light flavour to heavy flavour sector [1-4]. There are many theoretical attempts to
understand these states using potential models [5-9]. The success of theoretical model predictions
with experiments can provide important information about the quark-antiquark interactions. Such
information is of great interest, as it is not possible to obtain the Q0 potential starting from the basic
principle of the quantum chromodynamics (QCD) at the hadronic scale [5-23].

The new role of the heavy flavour studies as the testing ground for the non-perturbative aspects of
QCD, demands extension of earlier phenomenological potential model studies on quarkonium masses
to their predictions of decay widths with the non-perturbative approaches like NRQCD [24].

We present details of the semi-relativistic treatment of the heavy quarks along with the computed
results in section-2. The decay constants fpy of bb meson incorporating QCD correction is presented
in section-3. In section-4 we present the details of the computations of the di-gamma decays of
pseudoscalar states and the di-leptonic decay widths of the vector states of the bb quarkonia in the
frame work of the NRQCD formalism as well as in the conventional Van-Royen Weisskopf formula.
Finally we draw our conclusion in section-5.
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2 Theoretical formulation

For the study of the bb meson we consider the relativistic Hamiltonian in which motion of the quarks
inside the meson is relativistic[25-28]

H= \/pz -+ \/pz +m + V() (1)

where p is the relative momentum of the quark-antiquark and m;, is the b quark mass. The Hamilto-
nian in Eq(1) represents the energy of the meson in the meson rest frame. We expand the kinetic en-
ergy(K.E.) part of the Hamiltonian up to O (p4) and V(r) is the quark-antiquark potential[15, 16, 18],

V() = =25+ AF + Vy ©)
r
A is the potential parameter, v is a general power index, and Vj is a constant. @, = (4/3)as (Mz),

as (Mz) is the strong running coupling constant. The value of the QCD coupling constant a,(M?) is
determined through the simplest model with freezing[10, 11], namely

a,(M?) = A3)

4
(11 - 2n) In 20
where M = 2mymy/ (mp + mg), Mp = 0.95 GeV[10, 11], and A = 0.413 GeV[13]. We have used the

gaussian wave function in the present study. The gaussian wave function in position space has the
form

2(m—-1)!
IF'n+1+1/2)

1/2
Ry, 1) = u3/2( ) (ur) e PG R): “

here, y is the variational parameter and L is Laguerre polynomial. For the present study, we employ
the Ritz variational scheme. We obtain the expectation values of the Hamiltonian as

Hy = Ey Q)]

For a chosen value of v between 0.5 to 2.0 the variational parameter, u is determined for each state
using the Virial theorem[29]. As the interaction potential assumed here does not contain the spin
dependent part, Eq(5) gives the spin averaged masses of the system. The calculated spin averaged
mass of the ground state is matched with the experimental spin-averaged mass using the equation

3
Mgy = Mp + Z(MV - Mp) (6)

where My and Mp are the vector and pseudoscalar meson ground state masses taken from ref [1]. This
fixes the parameter V. Using this value of V, we calculate S, P, and D wave spin-averaged masses
of bb mesons which are listed in Tables 1 and 2. For the comparison for the nJ state, we compute the
spin-averaged or the center of weight mass from the respective theoretical values as [18]

22020 + DM,

CWn = 75 2027 + 1) 7

where, Mcw,, denotes the spin-averaged mass of the n state and M,,; represents the mass of the meson
in the nJ state.
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Table 1. S-wave spin averaged masses of bb meson.

Gaussian
|R(0)| E() Expt.[1]  Others

M
(GeV) GeV3?  (GeV) (GeV) (GeV)
0.5 1.019 1.544 9453 9.453 9.443[14]

nL v

1S 1.0 1.160 1.876 9.453 9.445[12]
1.5 1261 2.128 9.453 9.442[30]
20 1.339 2328 9.453
0.5 0.548 0.498 9.792 10.015[14]
23 1.0 0771 0.831 10.021 10.015[12]
1.5 0965 1.162 10.250 9.996[30]
20 1.131 1.476 10.463
0.5 0429 0.308 9.958 10.348[14]
3s 1.0 0.670 0.602 10.403 10.348[12]
1.5 0.893 0.926 10.896 10.329(30]
20 1.094 1.256 11.387
05 0371 0.229 10.077 10.583[14]
4S 1.0 0618 0.49%4 10.723
1.5 0.857 0.806 11.487
20 1.080 1.140 12.286
0.5 0335 0.186 10.172 10.864[14]
sg 1.0 0585 0.429 11.006

1.5 0.834 0.730 12.046
20 1.073 1.064 13.175

The value of the radial wave function R(0) for 0~ and 1™~ states would be different due to their
spin dependent hyperfine interaction. The spin hyperfine interaction of the heavy-heavy flavored
mesons is small and this can cause a small shift in the value of the wave function at the origin[18, 31].
The parameters used to calculate the low lying masses of the bb meson are as = 0.33, A = 0.24
GeV1, my, = 4.88 GeV and the value of the constant V, = —0.363,-0.370, -0, 374 and -0.377 GeV
for v = 0.5, 1.0, 1.5 and 2.0 respectively. The spin averaged masses for S, P and D states are tabulated
in Tables 1 and 2. It can be observed that the spin-averaged masses obtained are in good agreement
with experimental and other theoretical predictions at v = 1, but some excited states are over estimated
by 100 MeV.

2.1 Excited states

In the case of quarkonia the quark-antiquark bound states are represented by n>S*!L;, identified with

rc L= - 5 5 = . L+l L.
the J™* values, with J = L +§, S = §g + Sy, parity P = (=1)"" and the charge conjuation
C = (=" with (n, L) being the radial quantum numbers[32]. For computing the mass differences
between different degenerate QQ meson states, the spin dependent part of the potential employed is
given by

3(3’-7’)

72

5

3
Vsp(r) = Vss(r) [S S+D- 3 (S

+Vis(r) (_ﬁ ?) FVr)|S S +1) -
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Table 2. P and D-wave Spin averaged masses of bb meson.

Gaussian
nL v u EQ) Expt.[1]  Others

(GeV) (GeV) (GeV) (GeV)
05 0617 9757  9.899 9.900[14]

p 10 0836 9899 9.901[12]
15 0907 10.673 9.873[30]
20 1167 11.035
05 0453 9036 10260  10.260[14]
p 10 0695 10300 10.261[12]
15 0865 11.268 10.231[30]
20 1078  11.920
05 0384 10,059 10.544[14]
p 10 0632 10627
15 0840 11.831
05 0500 9895 10.163[14]
p 10 0742 10168 10.158[12]
15 0849 11.591 10.127[30]
20 1071 12396
05 0407 10,029
10 0656 10512
D5 NS
20 NS

whre the spin-orbit, tensor and spin-spin interactions can be written in terms of the vector and scalar
parts of the V(r) as

1 dVy  dVs

v = —_— -, 9
s(r) ZQOQ( dr dr ) ©)

1 d*vy 14y
Vr(r) = - -2, 10
() 6QOQ-( dr* r dr (10)

16
Vss(r) = VVy = 8 53 (), (11)
3mgmyg Imgmg
where 4
Vy = __;’S and Vs = Ar. (12)
r

The spin dependent part Eq(8) is added to the Hamiltonian Eq(5) to calculate the excited state masses.
Masses are tabulated in Table-3.

3 Decay constants

The decay constants of mesons are important parameters in the study of leptonic or non-leptonic weak
decay processes. In the non-relativistic limit, we compute the decay constants using the Van-Royen-
Weisskopf formula[33],

. R2JusyOf

v A G (13)
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Table 3. Masses of the bb mesons(in GeV).
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States Our  Expt[l] Ref[5] Ref[7] Ref.[14] Ref[12] Ref.[30]
1S, 9421 9391 9399 9409 9398 9400  9.377
135, 9464 9460  9.461 9458 9460  9.460  9.464
1°Py 9879 9859 9872 9.858 9.859  9.863  9.834
1’P;, 9892 9.893  9.893 9906 9.892  9.892  9.864
1'P, 9899 95898  9.898 9911 9900  9.901 9.873
3P, 9908 9912 9906 9924 9912 9913  9.886
2'Sy  10.014 9969 9996 9990 9993  9.963
23§, 10.023 10023 10006 10.012 10.023  10.023  10.007
13D, 10.165 10.149  10.149 10.154  10.153  10.120
13D, 10.168 10.164  10.153 10.154 10.161  10.158  10.126
1'D, 10.168 10.154 10.154 10.163  10.158  10.127
13Dy 10.171 10.156 10.156 10.166  10.162  10.130
22P, 10282 10232 10238 10209 10233 10234  10.199
22, 10294 10255 10257 10250 10255 10255  10.224
2Py 10300 10259 10261 10254 10260 10261  10.231
25, 10307 10269 10268 10265 10268 10268  10.242
31Sy  10.400 10.328 10334 10329 10328  10.298
33§, 10404 10355 10351 10345 10355 10355  10.339
2’D,  10.508 10.447 10433 10.435

2D, 10511 - 10.439  10.443

2'D, 10512 - 10.439  10.445

2Dy 10.514 - 10.441  10.449

3P, 10613 10.527 10491 10.521

3P, 10.622 10.544 10527 10.541

3P, 10.627 10.548 10.531 10.544

3P, 10.633 10.555 10.541  10.550

415, 10.720 - 10.612 10573

438, 10723 10579 - 10.623  10.586

518y 11.005 - 10.865  10.851

53§, 11007 10876 - 10.870  10.869

where C(ay) is the QCD correction factor given by[34]

Coas)=1-—=
T

20/5

(14)

The computed fp and fy for bb meson using equation (13) are tabulated in Table 4. The value in
parenthesis is the decay constant with QCD correction. The Eq. (13) also gives the inequality[29]

Nm,fo = i, f,

Our results are in accordance with Eq. (15).
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Table 4. Decay constants of the bb meson(in GeV).

fr fv
State  Present work  [35] State Present Work [36]
1S 0.595(0.471) 0.711 1S 0.597(0.472)  0.708 + 0.008
2S 0.256(0.203) 28 0.257(0.203)
3S 0.182(0.144) 3S 0.182(0.144)
45 0.147(0.116) 4S8 0.147(0.117)
58 0.126(0.100) 58 0.126(0.100)
6S 0.112(0.088) 6S 0.112(0.088)

4 Di-gamma and di-leptonic decay rates

The di-gamma decay of 'S state and the di-leptonic decay of 3S | state using the conventional Van-

Royen Weisskopf formula[33] is
aze‘é

_ 2
I = 2 Ry (0),

2 4
a’e

_ (%)
Cyw = 2 Ry, (0)

Omitting O (04 F) the NRQCD formula for the decays can be written as[24]

1 _ ZImfw(ISO) , Nlmg,, (1 SO) _
r('So— yy) = - IRis, |~ B Re (RFV?R,)
F(50 0 erer) = MAMALSD) o Mol CS1) . (&vir.)

0 ﬂmZQ $i ﬂm‘é s s

The short distance coefficients f’s and ¢’s computed in the order of o as[24]

Imf,,('So) = nQ*?

47 0*
Imgw(lSo) =- 3Q a?
10%a?
mfe (s ) = "
470%a?
Imgee <3S1) = - Q9

where color factor Cr = (N2 = 1) / (2N,) = 4/. Details of NRQCD is nicely given in ref[24].
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Table 5. 07" — yy and 17~ — [*I~ decay rates(in keV).

0" > yy 17— > I*lI-

Models
Iy I'nroep Tothers Iy I'NrQcD expt.

BT[37] 0569 0.278  0.364[24] 1.717 0.833  1.340 £ 0.018[1]
PL[38] 0408 0.195 0.497[39] 1.216  0.588

Log[40] 0437 0.211 1.303  0.633
Cornell[41] 1.258  0.597 3719  1.801
Present 0311  0.179 0.933  0.946

5 Conclusion

In present work, bb meson is studied in the general frame work of potential model. The mass spectra,
decay constants and decay rates are calculated using the Gaussian wave function. The potential
model parameters and the masses of the bb meson are employed to study their decay properties in the
frame work of NRQCD formalism as well as using the conventional Van-Royen-Weisskopf formula.

The mass spectra obtained in the present scheme is reasonably close to experimental values as
well other theoretical results. The some excited states like 3S, 4S and 58S are little overestimated. The
mass predicted for 77,(2S) is very close to the recent measurements of ref[4]. The decay constants of
the pseudoscalar (fp ) and the vector meson (fy) are computed with and without QCD corrections, is
found to be 100 MeV off with the recent predictions [31, 35, 36, 42]. The departure from the predicted
fp and fy need more refined mechanism related to their wave functions incorporating the confinement
and hyperfine splitting. Using the predicted masses and redial wave functions at the origin, the di-
gamma and di-leptonic, decay rates of bottomonium are studied and tabulated in Table-(5). The di-
gamma decay rate calculated using Van-Rayan Weisskopf formula close to the other predicted values,
but NRQCD results are well off from others. In the case of the di-leptonic decay both the results
are underestimated. For the di-gamma prediction results calculated with potentials [37, 38, 40] are in
good agreement with other theoretical predictions. For the di-leptonic decay rates, only Log potential
is giving good result [40]. Finally, predicted results suggested that it required relativistic corrections
to the potential, which will improve the present results.
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