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Abstract. We explore the dynamical symmetries of the shell model number conserving algebra, which deﬁne
three types of pairing and quadrupole phases, with the aim to obtain the prevailing phase or phase transition
for the real nuclear systems in a single shell. This is achieved by establishing a correspondence between each
of the pairing bases with the Elliott’s SU(3) basis that describes collective rotation of nuclear systems. This
allows for a complete classiﬁcation of the basis states of diﬀerent number of particles in all the limiting cases.
The probability distribution of the SU(3) basis states within theirs corresponding pairing states is also obtained.
The relative strengths of dynamically symmetric quadrupole-quadrupole interaction in respect to the isoscalar,
isovector and total pairing interactions deﬁne a control parameter, which estimates the importance of each term
of the Hamiltonian in the correct reproduction of the experimental data for the considered nuclei.

1 Introduction
The present-day microscopic approaches for the description of the complex nuclear spectra are based either on
mean-ﬁeld methods or on shell model [1]. Both are employing complicated computer intensive algorithms and
consequently are rather cumbersome, time consuming and
diﬃcult for direct application to the interpretation of the
experimental results.
In such cases it is most reasonable to introduce symmetry ruled limiting cases or dynamical symmetries, that
are exactly solvable and can serve as reference cases for
speciﬁc nuclear properties. In this paper we outline such
dynamical symmetries that can be identiﬁed in the number conserving shell model algebra. They introduce the
two most important residual interactions of the many-body
nuclear system - the pairing and quadrupole-quadrupole
interaction, which are the fundamental terms in the microscopic version of the Pairing plus Quadrupole Model
(PQM) [2–4]. Of cause these limiting cases are rather
schematic and describe the spectra of a restricted number of real nuclei, but they can be considered as diﬀerent
phases of the complex interactions acting, between the nuclear constituents. Consequently it is our further aim to
establish possible relations between the subalgebras in the
chains of the dynamical symmetries and to employ them
in evaluating the importance of each interaction in the formation of the nuclear spectra.
In this talk we shortly outline the theoretical background of our approach. First we identify the reduction
schemes of the shell model number-conserving algebra
U(Ω), which are governed by the Wigner’s supermultiplet
model (the LST-scheme) [5], and practically separates the
a e-mail: anageorg@issp.bas.bg

shell-model space to spatial and spin-isospin part. Then,
we investigate the dynamical symmetries that reduce the
spatial part to the angular momentum L algebra SO(3).
These reductions are predetermined by the residual interactions, which we would like to consider, namely the pairing and quadrupole-quadrupole ones. As a result, we establish a correspondence between some of the subgroups
in the reduction chains that deﬁne the considered dynamical symmetries, which allows for the investigation of the
competing and complementarity features of the considered
interactions. The later is achieved by evaluation of the
control parameter deﬁning the phase transitions between
the considered symmetries. These results are obtained in
the applications of the theory, which are presented in an
separate contribution to the proceedings.

2 Reduction schemes in the microscopic
shell model
The many-particle shell model wave functions are constructed by ﬁlling the single-particle orbitals of the valence shells with nucleons, taking into account the Pauli
principle [6]. As a result an antisymmetrization of the total wave function, containing the product of the spatial,
spin and isospin parts,is required as dictated by the LST
coupling scheme. Consequently, the antisymmetric irreducible representations of U(4Ω) for m− particles, labeled
by the Young diagrams [1m ] is reduced in the following
way:
U(4Ω) ⊃ US T (4) ⊗ U(Ω)
(1)
[1m ]

{ f˜}

{f}

The labels of the respective representations are given below the group symbols. Further, according to the Wigner’s
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supermultiplet model [6, 7], the reduction
SU S T (4) ⊃
{ f˜}

SU S (2) ⊗ SU T (2),
S
T
(2)


gives the total spin S = i si and isospin T = i ti (i
enumerates the considered particles) values of the states
wave functions, which together with the orbital angular

momentum L = i li of SOL (3) are good quantum numbers in this case. Further, L and S are coupled to total
angular momentum J = L + S. Using the isomorphism of
the algebras SU S T (4) ∼ SOS T (6), SU S (2) ∼ SOS (3) and
SU T (2) ∼ SOT (3), another shell-model-reduction chain
equivalent to the chain (2) can be identiﬁed [8]
SU S T (6) ⊃ SOS (3) ⊗
[P1 , P2 , P3 ]
S

SOT (3)
T

(3)

the three dynamical symmetries contained in the quasispin
SO(8) algebra

SO(6)

SO(8)
↓
SOT (5) ⊗ SOS (3)
↓
SOT (3) ⊗ SOS (3)

SOS (5) ⊗ SOT (3)


(7)

which are used to obtain analytical solutions for the total
pairing (Pt) interaction containing isoscalar and isovector
pairing with equal strengths from the ﬁrst chain on the left.
The middle and righthand side chains of (7) lead to exact
solutions for the isoscalar (Pisc) or isovector (Piv) pairings
correspondingly. Hence these tree cases are determined by
the following three types of residual interactions:
VPt = G{S μ† .S μ + P†μ .Pμ }

2.1 Reductions of the spatial part

(8)

for "total" pairing;
While in this way the spin S and the isospin T of the system are speciﬁed, there is no general rule for obtaining the
values of the orbital angular momentum L, contained in
the irreps { f }, since the reduction U(Ω) ⊃ SOL (3) is not a
canonical one.
Elliott’s SU(3) model [9] provides an elegant and analytically solvable way for obtaining the missing labels in
the reduction of the spatial part to the orbital angular momentum L, by introducing the reduction [10]
U(Ω) ⊃ SU(3) ⊃
{ f } α (λ, μ)

SO(3)
K L

(4)

where α indicates the multiplicity of the SU(3) representation (λ, μ) in the U(Ω) representation { f }. Elliott’s model
presupposes that the residual interaction has a quadrupole
character and can be written as
1
Vrot = H0 + χQ · Q,
2

(5)

where Q · Q = 4CS2 U(3) − 3L2 and the eigenvalue of the
2
second invariant of SU(3) is CSU(3)
= λ2 +λμ+μ2 +3(λ+μ).
Obviously (5) gives rise to a rotational spectra of the type
L(L+1). In this way the rotational states are labeled by the
quantum numbers of the representations of the algebras in
the chain (4):
|ΨR  ≡ |{ f }, α(λ, μ)KLM ≡ |m, α(λ, μ)KLM.

(6)

Since the microscopic SU(3) model based on the three dimensional harmonic oscillator has a well developed theory, including the Wigner-Racah algebra for the calculation of matrix elements [11, 12] in the SU(3)−basis and
various successful applications in real nuclei [13], we
choose to investigate the short range pairing interactions
in conjunction with the quadrupole-quadrupole long range
interaction introduced by (5). For this purpose we need
to introduce in the shell model space dynamical symmetries that account for the pairing correlations in the nuclear structure. In general the eigenvalue problem for the
pairing interaction can be solved analytically [14, 15] for

VPisc ≡ V0 = G0 S μ† .S μ

(9)

for isoscalar pairing and
VPiv ≡ V1 = G1 P†μ .Pμ

(10)

for the isovector pairing. The above interactions (8), (9)
and (10) are expressed in terms of the isoscalar


2l + 1 †
(010)
†
Sμ =
βl
(11)
(a l 12 12 × ã†l 1 1 )
2
2 2 (0μ0)
l
and isovector
P†μ

=


l


βl

2l + 1 †
(001)
,
(a l 12 12 × ã†l 1 1 )
2
2 2 (00μ)

(12)

microscopic tensor pairing operators, since the operators
a†l 1 1 (al 12 12 ) are creation (annihilation) operators of a nu2 2
cleon on an orbit l, with spin s = 1/2 and isospin t = 1/2.
The later are part of the generators of the SO(Ω) and the
SO(8) algebras and their second order Casimir invariants
are related. Obviously both algebras are part of the reduction of the spatial part U(4Ω) to the SO(3) algebra of the
angular momentum L. Something more they are complementary in the sense of Moshinsky and Quesne [16], as
established in [17]. Because of this their representations
are labeled by related quantum numbers: ν, [p1 , p2 , p3 ] or
[μ] = [μ1 , μ2 , μ3 , μ4 ] with μ1 ≥ μ2 ≥ μ3 ≥ μ4 ≥ 0,

where ν = i μi is the seniority quantum number for
SO(Ω) and SO(8). Using the complementarity of U(Ω)
and SU S T (4) ∼ SOS T (6) (1), (3) and SO(Ω) and SO(8)
the basis states in the reduction to the angular momentum
subgroup SOL (3) could be labeled as
|ΨPt  ≡ |{ f } ≡ m, ν, [p1 , p2 , p3 ], βLM; S T ,

(13)

where β gives the multiplicity with which the values of
the angular momentum L appear in the SO(8) irreducible
representations (irreps) ν, [p1 , p2 , p3 ] ≡ ν[p]. Further, the
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reduction U(Ω) ⊃ SO(Ω) ⊃ SOL (3) can easily be realized using the basic assumption that the fundamental
representation {1}U(Ω) is composed by the representations
(l1 , l2 , . . . lr ) of SOL (3) for nucleons occupying the orbits
l1 , l2 , . . . lr .
Obviously the interaction (8) is diagonal in the basis
(13) with eigenvalues given in [17] as well as the reduction
rules for obtaining the quantum numbers of the labeling
irreps.
Now, we will present another two chains of the number conserving shell model within U(4Ω) that correspond
to the middle and right chains in (7) describing the pure
isoscalar (9) and isovector (10) pairing. As shown in [17],
since in these cases one has to start with the U(4Ω) ⊃
U(2Ω)⊗SU σ (2) and U(2Ω) also contains SO(Ω)⊗SU σ (2),
where σ = S ∨ T , for completing the group chain the algebra Sp(2Ω) has to be included in U(2Ω) and then reduced to SO(Ω) ⊗ SU σ (2). Therefore the group-subgroup
chain equivalent to the middle and right chains in (7) and
contained in the number preserving shell model symmetry
algebra U(4Ω) are
[U(2Ω) ⊃
{ fs }

Sp(2Ω) ⊃
 
S ; υS tS
μ

SO(Ω) ⊗ SU S (2)]
ν[p]
S.

(14)

[U(2Ω) ⊃
{ fs }

Sp(2Ω) ⊃
 
T ; υT tT
μ

SO(Ω) ⊗ SU T (2)]
ν[p]
T.

(15)

and

Respectively each of the algebras in (14) and (15) is in direct product with the SU T (2) for the isoscalar and SU S (2)
for the isovector pairing respectively. The quantum numbers given below the subgroup of the chain (14) and (15)
are easy to be obtained from the representation {1m } of
U(4Ω) at ﬁxed T = 0 or S = 0 with the help of the reduction rules, based on the pletism and given in [17]. The
equivalence of the reduction chains (14) and (15) and the
middle and right chains in (7) describing the pure isoscalar
(9) and isovector (10) pairing respectively, as established
in [17] is due to the complementarity [16] in this case of
Sp(2Ω) to SO(8) and SO(Ω) ⊗ SU σ (2) to SO(5) ⊗ SOσ (3)].
Than the basis states for the Hamiltonians V0 (9) and V1
(10) in the reductions (14) and (15) to the angular momentum algebra SO(3) are labeled as
|ΨPisc  ≡ |m, S , υS , tS , T, ν, [p] βLM,

(16)

|ΨPiv  ≡ |m, T, υT , tT , S , ν, [p] βLM,

(17)

and
and the interactions given by (9) and (10) are diagonal in
the isoscalar (16) and isovector (17) pairing bases with
eigenvalues given in [17]. Therefore, the isovector chain
(15) generates rotations T (T + 1) in the isospin space and
in this way diﬀers from the chain (14). Due to relations
between the Casimir invariants of the subgroups in the
chains (14), (15) [17] the eigenenergies of (9) and (10)
do not explicitly depend on the quantum numbers ν, [p] of
the representations SO(Ω) ∼ SO(8), but instead depend on
the quantum numbers υS , tS and υT , tT respectively, which
deﬁne the representations of Sp(2Ω) ⊃ SO(Ω) in each of

the considered cases. Then by using the standard methods
for the decomposition O(n) ⊃ O(n − 1) [18] one obtains
the values of the angular momentum operators L and their
multiplicity β. Hence this reduction explicitly depends on
the the l− orbits appropriate for the nucleus under consideration and could be applied in one or several orbits.
2.2 Uniﬁed reductions schemes of shell-model
U(4Ω) algebra

Summarizing the reductions of the shell model algebra
U(4Ω) (1) into the spatial and spin-isospin branches and
their complementarity and taking into account that the reduction of the spatial part U(Ω) to the SO(3) algebra of the
angular momentum can be realized in addition to the one
through the SU(3) algebra (4) [6] introducing rotations,
in three other ways introducing the three types of pairing
interactions (8), (9) and (10) all complementary to the reduction of the Wigner’s supermultiplet model (2) [5], we
can unify the considered above chains into a generalized
reduction schemes. Each of them introduces one of the
pairing chains, corresponding to the to the tree limiting
cases of the SO(8) pairing algebra (7) in conjunction with
the chain (4), since we would like to consider the inﬂuence of the pairing interactions on the development of the
collective rotational spectrum in the real nuclear systems.
The ﬁrst case that we considered in [19] is related to the
introduction of the total pairing interaction (8)and is presented in Fig. 1.
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Figure 1. (Color online) Uniﬁed reduction scheme for the total
pairing chain and the SU(3) chain.

The next scheme presents the case of considering the
pure isoscalar pairing obtained through the chain (14)
that includes the symplectic algebra Sp(2Ω) and then going down to angular momentum algebra trough the direct product SO(Ω) ⊗ SU S (2). It is presented in Fig. 2.
Analogical scheme is obtained for the isovector case
by exchange of the labels S and T in the respective
SU(2)−algebras and their representations.
In this way we obtain the important result that the
left branches starting with U(Ω) (Fig.1), U(2Ω) ⊗ SU σ (2)
(Fig.2) of the shell-model algebra U(4Ω) contain two
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(13), (16) and (17) with eigenvalues given in [17]. Using
the expansions (18) in the SU(3) basis states and the diagonalization procedure for its matrix in the SU(3) basis
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Figure 2. (Color online) Uniﬁed reduction scheme for the
isoscalar pairing chain and the SU(3) chain.

distinct dynamical symmetries deﬁned by the reduction
chains of the pairing interactions and middle branch corresponding to the quadrupole-quadrupole interaction (4).
Each of them is complementary to the Wigner’s supermultiplet (2) (Fig.1) or the respective SU σ (2) on the right-hand
side of the reduction scheme (Fig.2).

3 Implications of the uniﬁed reduction
schemes
The uniﬁed reduction schemes, obtained in the previous
subsection lead to the possibility to apply the presented
approach in the description of real nuclear systems. These
possibilities are based on the following results that are
corollaries of the established correspondence between the
respective subalgebras in the complementary chains, outlined by the oval shapes in Figs. 1 and 2.
3.1 Relation between the basis states in the
pairing and quadrupole limits

From the above generalized reduction schemes it could
be seen that the chains deﬁning the reductions in them in
Figs. 1 and 2 determine full-basis sets in which the basis
states could be classiﬁed and the correspondence between
the representations labeling them in the pairing and rotational bases could be explicitly obtained.
We present for illustration in Tables 1 and 2 the complete classiﬁcation of the states in the simplest case of two
particles along the reduction chains of the two reduction
schemes in Figs. 1 and 2.
As we choose to expand the states of the pairing bases
|ΨPt  (13), |ΨPisc  (16) and |ΨPiv  (17), labeled by the set of
numbers {i}, denoting the speciﬁc pairing labels {ν[p], β},
{υS , tS , β} and {υT , tT , β} correspondingly through the set
of rotational basis states (6) with the quantum numbers
{α(λ, μ)K} denoted as the set { j}:

|ΨP i ≡ |{ f }, i, LM =
Ci j |{ f }, j, LM.
(18)
j

As a result of the dynamical symmetry, the pairing interactions (8), (9) and (10) are diagonal in the pairing basises

we obtain numerically the probability |Ci j |2 with which the
states of the SU(3) basis enter into the expansion of each
of the pairing bases. In this way we actually calculate
the transformation brackets between the two chains [20],
which is of great use when calculating the matrix elements
of diﬀerent operators in each of the chains. Also, this expansion could help to evaluate the importance (weight) of
the diﬀerent SU(3) - states, when we need to impose restrictions on the basis because of computational diﬃculties. The known relations of the SU3 labels (λ, μ) and the
β, γ shape variables of the geometrical model can be used
for the analysis of the deformations of the pairing states,
expressed through the respective SU(3) ones.
3.2 Phases and phase transitions in the
microscopic PQM

As stated in the Introduction, the dynamical symmetries
uniﬁed in the reduction schemes presented in Figs. 1 and 2
can be considered as diﬀerent phases, corresponding to
the diﬀerent types of residual interactions [21], that are
included in the microscopic PQM. The phase transitions
according to this deﬁnition involve actually a change of
the symmetry from one to another of the exact limits of
the model. The degree of this change is measured in practice by introducing one or more control parameter(s) that
give the weight of each of the limits’ interactions in the
correct description of the energy spectra of a given nucleus. In the case of considering only two interactions in
the nuclear Hamiltonian we need only one control parameter −1 < x < 1, that is introduced in the following way:
Vres =

1
1
(1 − x)V1 + (1 + x)V2 ,
2
2

(20)

where at x = −1 we have pure V1 interaction and at x = 1
the limiting case of pure V2 interaction is realized. At
x = 0 we have both interactions mixed with their respective strengths. This allows us to investigate the inﬂuence
of these residual interactions on the spectra in real nuclear systems, which will be presented in the talk of Dr.
K.P. Drumev [22]. In it we consider as V2 always the
quadrupole-quadrupole interaction V2 = χQ · Q.
In the case when only one of the pairing modes is involved then we have as V1 one of the three pairing interactions, deﬁned by (8),(9) or (10). In the case of the PQM
Hamiltonian, where we take into account all three types
of pairing interactions proton-proton, neutron-neutron and
proton-neutron, accounted for by the isoscalar (9) and
isovector (10) pairing terms in addition to the quadrupolequadrupole interaction, in the Hamiltonian there are three
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Table 1. The classiﬁcation of the states of 2 particles in the ds shell (Ω = 6) according to the reduction scheme (1)

U(6)
{ f˜}
{12 }15

SO(6)
[μ]
[12 ]15

SO p (6)
ν[p]
2[1]

SU(3)
(λ, μ)
(2, 1)15

K
1

SOL (3)
L
1, 2, 3

US T (4)
{f}
{2}10

SOP (6)
[P]
[13 ]10

{2}21

[0]1
[2]20

0[0]
2[13 ]

(4, 0)15
(0, 2)6

0
0

0, 2, 4
0, 2

{12 }6

[1]6

SU S (2) × SU T (2)
(S T )
(0, 0)1
(1, 1)9
(1, 0)3
(0, 1)3

Table 2. The classiﬁcation of the states of 2 particles in the ds shell (Ω = 6) according to the reduction scheme in Fig. 2 for the
isovector pairing only. In the case of the isoscalar pairing only, one should exchange the place of the S and T labels in the Table.

U(12)
{ f˜}
{12 }66

Sp(12)
< μ̃ >
< 12 >65

{2}78

< 0 >1
< 2 >78

SO(6) × SU S (2)
[μ̃] × S
[2]20 × {0}1
[12 ]15 × {1}3
[0]1 × {0}1
[2]20 × {1}3
[0]1 × {1}3
[12 ]15 × {0}1

SU(3) × SU S (2)
(λ, μ) × S
(4, 0)15 × 01
(2, 1)15 × 13
(0, 2)6 × 01
(4, 0)15 × 13
(2, 1)15 × 01
(0, 2)6 × 13

phenomenological parameters G0 , G1 and χ - their respective strengths. The later are evaluated trough a minimization procedure in the comparison of the theoretical spectrum of a given nucleus to the experimental energies. In
order to study the inﬂuence of each of them on the reproduction of the experimental data, we need to introduce the
two control parameters y, z and a scaling parameter c
y=

χ
χ + G1
, z=
, c = χ + G0 + G1 . (21)
χ + G1
χ + G0 + G1

In terms of these control parameters the phase diagram of
the PQM Hamiltonian
†

K
0
1
0
0
1
0

SOL (3)
L
0, 2, 4
1, 2, 3
0, 2
0, 2, 4
1, 2, 3
0, 2

UT (2)
{f}
{1}3

SU T (2)
T
{1}3

{12 }1

{0}1

phases – dynamical symmetries of an extended Pairingplus-Quadrupole Model, realized in the framework of the
Elliott’s SU(3)− scheme. The phase transitions between
all these limits are studied by evaluating the weights of
the diﬀerent interactions in the PQM Hamiltonian for a
particular nuclear system. The theory allows for a lot of
applications to the real nuclear systems and can be used
for interpretation of the experimental data and a systematic investigation of the development of nuclear collectivity trough the nuclear chart.

Acknowledgements

†

Vres = yz Q · Q − (1 − z)y S · S − (1 − y)z P · P (22)
is a triangle, where the three limiting cases at its vertices
are deﬁned by the conditions: y = z = 1 for the SU(3)
limit, y = 1, z = 0 for the isoscalar case and y = 0, z = 1
for the isovector one. By means of their values we can
evaluate the role of each of the three interactions in the
description of the realistic nuclear spectra in each nucleus.

4 Conclusions
The algebraic structure of the shell-model algebra U(4Ω)
is investigated to obtain its reductions through the microscopic pairing algebras, containing isoscalar (T = 0, S =
1), isovector (T = 1, S = 0) total pairing operators and Elliott’s SU(3) algebra. The four reduction chains appear
as distinct dynamical symmetries of the shell-model algebra, which allows the classiﬁcation of the basis states
of the system along each of them. Relations between
these chains are established on the basis of their complementarity to the Wigner’s spin-isospin US T (4) symmetry or S UT (2) ∼ S OT (3), SU S (2) ∼ SOS (3). The
later allow for obtaining the transformation brackets with
which the states of the SU(3) basis enter into the expansion
of the pairing bases. The obtained results elucidate the
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