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Abstract. The hybrid model of the microscopic optical potential (OP) is applied to calculate the 11 Li+p,
10,11
Be+p, and 10,11 Be+12 C elastic scattering cross sections at energies E < 100 MeV/nucleon. The OP’s
contain the folding-model real part (ReOP) with the direct and exchange terms included, while its imaginary
part (ImOP) is derived within the high-energy approximation (HEA) theory. For the 11 Li+p elastic scattering, the microscopic large-scale shell model (LSSM) density of 11 Li is used, while the density distributions of
10,11
Be nuclei obtained within the quantum Monte Carlo (QMC) model and the generator coordinate method
(GCM) are utilized to calculate the microscopic OPs and cross sections of elastic scattering of these nuclei on
protons and 12 C. The depths of the real and imaginary parts of OP are ﬁtted to the elastic scattering data, being
simultaneously adjusted to reproduce the true energy dependence of the corresponding volume integrals. Also,
the cluster models, in which 11 Li consists of 2n-halo and the 9 Li core having its own LSSM form of density and
11
Be consists of a n-halo and the 10 Be core, are adopted. Within the latter, we give predictions for the longitudinal momentum distributions of 9 Li fragments produced in the breakup of 11 Li at 62 MeV/nucleon on a proton
target. It is shown that our results for the diﬀraction and stripping reaction cross sections in 11 Be scattering on
9
Be, 93 Nb, 181 Ta, and 238 U targets at 63 MeV/nucleon are in a good agreement with the available experimental
data.

1 Introduction
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The experiments with intensive secondary radioactive nuclear beams have made it possible to investigate the structure of light nuclei near the neutron and proton drip lines as
well as the mechanism of scattering of the weakly bound
nuclei. Special attention has been paid to the neutronrich isotopes of helium (6,8 He), lithium (11 Li), berilium
(11,14 Be), and others, in which several neutrons are situated in the far extended nuclear periphery and form a halo.
A widely used way to study the structure of exotic nuclei
is to analyze their elastic scattering on protons or nuclear
targets at diﬀerent energies.
A typical example is the neutron halo in the nucleus
11
Li, revealed as a consequence of its very large interaction
radius, deduced from the measured interaction cross sections of 11 Li with various target nuclei [1–3]. The halo of
the nucleus extends its matter distribution to a large radius.
A hypothesis based on the early data [1] about the important role played by the neutron pairing for the stability of
nuclei near the drip line is suggested in Refs. [4, 5] and,
in particular, the direct link of the matter radius to the 2n
weak binding in 11 Li is claimed to be attributed to its conﬁguration as a 9 Li core coupled to a di-neutron. The experiments that provide evidence of the existence of a halo in
a e-mail: gaidarov@inrne.bas.bg

Li and 11 Be nuclei are related not only to measurements
of the total reaction cross section for these projectiles but
also to the momentum distributions of the 9 Li (10 Be) or
neutron fragments following the breakup of 11 Li and 11 Be
in the collisions with diﬀerent target nuclei. It was shown
that the momentum distribution of the breakup fragments
has a narrow peak, much narrower than that observed in
the fragmentation of well bound nuclei.
In this work (see also [6, 7]), as well as in our previous works considering processes with exotic He isotopes
[8–10], we use microscopically calculated OPs within the
hybrid model [11, 12]. In the latter the ReOP is calculated
by a folding of a nuclear density and the eﬀective nucleonnucleon (NN) potentials [13] and includes both direct and
exchange parts. The ImOP is obtained within the HEA
model [14, 15]. There are only two or three ﬁtting parameters in the hybrid model that are related to the depths of
the ReOP, ImOP and the spin-orbit (SO) part of the OP.
For the 11 Li+p elastic scattering we have used the realistic microscopic LSSM [16, 17] density of 11 Li, while the
density distributions of 10,11 Be nuclei obtained within the
quantum Monte Carlo model [18] and the generator coordinate method [19] are used to calculate the microscopic
OPs and cross sections of elastic scattering of these nuclei
on protons and 12 C.
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The main aim of our work is twofold. First, we calculate the diﬀerential cross sections of elastic 11 Li and
10,11
Be scattering on protons and nuclei at energies less
than 100 MeV/nucleon studying the possibility to describe
the existing experimental data by calculating microscopically not only the ReOP, but also the ImOP (instead of
using phenomenological one) within the HEA and using
a minimal number of ﬁtting parameters. Second, we estimate other characteristics of the reaction mechanism such
as the total reaction and breakup cross sections and momentum distributions of the cluster fragments.

2 Elastic scattering of 11 Li and 10,11 Be on
protons and 12 C at E < 100 MeV/nucleon
2.1 Hybrid model of the microscopic optical
potential

The microscopic OP that contains the volume real (V F )
and imaginary parts (W), and the spin-orbit interaction
(V ls ) is used for calculations of elastic scattering diﬀerential cross sections. We introduce a set of weighting coeﬃcients NR , NI , NRls and NIls that are related to the depths
of the corresponding parts of the OP and are obtained by
a ﬁtting procedure to the available experimental data. The
OP has the form:
U(r) =
×
×

NR V F (r) + iNI W(r) − 2λ2π


1 d fR (r)
1 d fI (r)
NRls VRls
+ iNIls WIls
r dr
r dr

(l · s),
(1)

where 2λ2π = 4 fm2 with the squared pion Compton wave
length λ2π = 2 fm2 . Let us denote the values of the
ReOP and ImOP at r = 0 by VR (≡ V F (r = 0)) and
WI (≡ W(r = 0)). We note that the spin-orbit part of the
OP contains real and imaginary terms with the parameters
VRls and WIls related to VR and WI by the VRls = VR /4 and
WIls = WI /4, correspondingly. Here VR and WI (and VRls
and WIls ) have to be negative.
The ReOP V F (r) of the nucleon-nucleus OP is assumed to be the result of a folding of the nuclear density
and of the eﬀective NN potential and is a sum of isoscalar
F
F
(VIS
) and isovector (VIV
) components and each of them
D
D
EX
EX
has its direct (VIS
and VIV
) and exchanged (VIS
and VIV
)
parts. The eﬀective NN potential contain an energy dependence usually taken in the form g(E) = 1 − 0.003E
and a density dependence with the form for the CDM3Y6
eﬀective Paris potential [13]


F(ρ) = C 1 + αe−βρ(r) − γρ(r)

(2)

with C=0.2658, α=3.8033, β=1.4099 fm3 , and γ=4.0 fm3 .
They have their isoscalar and isovector components in the
form of M3Y interaction obtained within g-matrix calculations using the Paris NN potential [13, 20].
The ImOP can be chosen either to be in the form of the
microscopically calculated V F (W = V F ) or in the form

W H obtained in Refs. [11, 12] within the HEA of the scattering theory:

σ̄N E ∞
W H (r) = − 2
j0 (kr)ρ p (q)ρt (q)
2π k 0
× fN (q)q2 dq.
(3)
In Eq. (3), ρ(q) are the corresponding formfactors of the
nuclear densities, fN (q) is the amplitude of the NN scattering and σ̄N is the averaged over the isospin of the nucleus
total NN scattering cross section that depends on the energy. The parametrization of the latter dependence can be
seen, e.g., in Ref. [8]. We note that to obtain the HEA OP
(with its imaginary part W H in Eq.( 3)) one can use the definition of the eikonal phase as an integral of the nucleonnucleus potential over the trajectory of the straight-line
propagation and has to compare it with the corresponding Glauber expression for the phase in the optical limit
approximation.
In the spin-orbit parts of the OP the functions fi (r)
(i = R, I) correspond to WS forms of the potentials with
parameters of the real and imaginary parts VR , WI , Ri ,
ai [ fR (r, RR , aR ) and fI (r, RI , aI )], as they are used in the
DWUCK4 code [21] and applied for numerical calculations. We determine the values of these parameters by ﬁtting the WS potentials to the microscopically calculated
potentials V F (r) and W(r).
2.2 Results of calculations of elastic scattering
cross sections

We consider 11 Li+p elastic scattering at three energies,
62, 68.4, and 75 MeV/nucleon, for which the diﬀerential
cross sections have been measured [22–24]. In Fig. 1, we
give the diﬀerential cross section of the elastic scattering
11
Li+p at 62 MeV/nucleon in the cases when W = W H
and W = V F with and without accounting for the spinorbit term in Eq. (1). The renormalization parameters N
are determined by a ﬁtting procedure. The results of the
calculations are close to each other and that is why all of
them are presented inside areas shown in Fig. 1. The blue
area includes four curves corresponding to W = W H (from
which three curves obtained without SO term and one with
the SO term), while the grey one includes four curves corresponding to W = V F (from which two curves obtained
without SO term and two curves with the SO term). We
give in Table 1 the values of the N’s parameters, χ2 and
the total reaction cross sections σR .
Figure 1 shows the satisfactory overall agreement of
both areas of curves with the experimental data. However,
we note the better agreement in the case when W = W H
(the blue area) and the values of χ2 are between 1.40 and
1.47, while in the case W = V F they are between 5.00 and
5.80. The situation is similar also for the other energies.
Second, we note that the values of σR are quite diﬀerent in
both cases (σR ≈ 455–462 mb for W = W H and σR ≈ 260–
390 mb for W = V F ). Third, one can see from Table 1 and
from the comparison with the data in Fig. 1 that the role of
the SO term is weak. Its eﬀects turn out to be to decrease
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breakup processes also take place. Therefore, investigating the elastic scattering, one must bear in mind that virtual
non-elastic contributions can also take part in the process.
The contribution from a surface imaginary term to the OP
[Eq. (1)] can be considered as the so-called dynamical polarization potential, which allows one to simulate the surface eﬀects caused by the latter. In fact, the imaginary
part of the SO term in our OP [see Eq. (1)] plays eﬀectively this role. However, sometimes one needs to increase
the absorption in the surface region and thus, one adds a
derivative of the ImOP (surface term):

dσ/dΩ [mb/sr]

62A MeV
10

2

10
1
10

W=VF
H
W=W

-1

20

30

40

50

60

θc.m. [deg]
Figure 1. (Color online) The 11 Li+p elastic scattering cross section at E = 62 MeV/nucleon using U(r) [Eq. (1)] for values of
the parameters shown in Table 1. Dark (blue) area: W = W H ,
pale (grey) area: W = V F . The experimental data are taken from
Ref. [22]
Table 1. Values of the N’s parameters, χ2 and σR (in mb) in the
case of 11 Li+p at 62 MeV/nucleon for the results shown in
Fig. 1.

W
W

H

V

F

NR

NI

0.871
0.870
0.873
0.854

0.953
0.965
0.948
0.974

0.953
0.956
0.670
0.623

0.448
0.398
0.251
0.266

NRS O

0.028

0.338
0.402

NIS O

χ2

σR

0.000

1.415
1.435
1.423
1.468

456.97
459.37
455.98
461.21

0.000
0.000

5.567
5.726
5.027
5.538

389.72
361.02
258.65
270.05

the values of NR and to increase the values of NRS O (see the
last two lines in Table 1).
As is known, the problem of the ambiguity of the parameters N arises when the ﬁtting procedure is applied to a
limited number of experimental data (see, e.g., the calculations and discussion in our previous works [8–10]). Due to
the fact that the ﬁtting procedure belongs to the class of the
ill-posed problems, it becomes necessary to impose some
physical constraints on the choice of the set of parameters N. The total cross section of scattering and reaction
is one of them, however, the corresponding experimental
values are missing at the energy interval considered in the
present work. Therefore, we impose another physical criterion, namely the behavior of the volume integrals

4π
JV =
drr2 [NR V F (r)],
(4)
A

4π
drr2 [NI W H (r)]
(5)
JW =
A
as functions of the energy. It is known [25] that the volume
integrals (their absolute values) for the ReOP decrease
with the increase of the energy, while for the ImOP they
increase up to a plateau and then decrease.
It is accepted that the elastic scattering of light nuclei
is rather sensitive to their periphery, where transfer and

W s f (r) = −iNIs f r

dW(r)
,
dr

(6)

where NIs f is also a ﬁtting parameter. The results for the
elastic 10 Be+p scattering cross sections are given in Fig. 2
and compared with the data at energies 39.1 MeV/nucleon
[26] and 59.4 MeV/nucleon [27]. First, it is seen from the
upper panel that the inclusion of only the volume OP is not
enough to reproduce reasonably well the data in the small
angles region. Then, after adding the spin-orbit component to the OP the agreement with the data becomes better, in particular for the angular distributions calculated using the GCM density at energies 39.1 MeV/nucleon and
59.4 MeV/nucleon for angles less than 20◦ and 30◦ , correspondingly, as illustrated in the middle panel of Fig. 2.
However, a discrepancy at larger angles remains. At the
same time for the cross sections with the account for the
ls interaction and using the QMC density we obtain fairly
good agreement with the data at both energies and only a
small discrepancy is seen at small angles at energy 59.4
MeV/nucleon. Further improvement is achieved when
both SO and surface terms are included in the calculations.
In this case, as it can be seen from the bottom panel of
Fig. 2, the discrepancy between the diﬀerential cross sections for the GCM density and the experimental data at
larger angles is strongly reduced.
The calculated within the hybrid model elastic scattering cross sections of 11 Be+12 C (their ratios to the Rutherford one) at the same energies as for 10,11 Be+p scattering
are given in Fig. 3 and compared with the experimental
data. In comparison with the case of 10,11 Be+p, the experimental data [26, 27] for the scattering on 12 C demonstrate
more developed diﬀractional picture on the basis of the
stronger inﬂuence of the Coulomb ﬁeld. It can be seen in
Fig. 3 that in both cases of calculations of OPs with QMC
or GCM densities the results are in a good agreement with
the available data. It is seen also from the ﬁgure that it
is diﬃcult to determine the advantage of the use for the
ImOP W = W H or W = V F , because the diﬀerences between the theoretical results start at angles for which the
experimental data are not available.

3 Breakup reactions of 11 Li and 11 Be
This part of the work is based on the procedure for microscopic calculations of OPs presented in Subsec. 2.1.
We consider simple two-cluster models for 11 Li and 11 Be
nuclei in which, ﬁrst, the density distributions of the 9 Li
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Figure 2. 10 Be+p elastic scattering cross sections. Upper panel: without ls term; middle panel: with ls term; bottom panel: with both
ls and surface terms. Solid lines: calculations with GCM density [19] of 10 Be; dashed lines: calculations with QMC density [18] of
10
Be. Experimental data for 39.1 MeV/nucleon and 59.4 MeV/nucleon are taken from Refs. [26] and [27], respectively.

(10 Be) core (c cluster) and h = 2n or h = n halo must
be given. Second, the folding potentials of the interaction
of each of the clusters with the incident proton or target
nucleus have to be computed. Finally, the sum of these
two potentials must be folded with the respective twocluster density distribution of 9 Li (10 Be), which means
that the wave function of the relative motion of two clusters must be known. The latter is obtained by solving the

Schrödinger equation with the Woods-Saxon potential for
a particle with a reduced mass of two clusters. The parameters of the WS potentials are obtained by ﬁtting the
energy of a given state to the empirical separation energy
values of the di-neutron halo ε = 247 KeV of 11 Li and
the neutron halo ε = 504 KeV of 11 Be, respectively, and
the rms radius of the cluster function. More details how
to calculate the characteristics of breakup processes of the
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Figure 3. Be+ C elastic scattering cross sections. Solid lines:
W = W H ; dashed lines: W = V F . For 11 Be GCM density [19]
was used. Experimental data for 38.4 MeV/nucleon and 49.3
MeV/nucleon are taken from Refs. [26] and [27], respectively.

3350

3400
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Li and 11 Be nuclei, namely diﬀraction and stripping reaction cross sections and the momentum distributions of
the fragments, are given in Refs. [6, 7].
We perform calculations of the breakup cross sections
of 11 Be on the target nucleus 9 Be and heavy nuclei, such
as 93 Nb, 181 Ta, and 238 U, and compare our results with the
available experimental data [28]. The densities of these
heavy nuclei needed to compute the OPs are taken from
Ref. [29]. The calculated diﬀraction and stripping cross
sections (when a neutron leaves the elastic channel) for
reactions 11 Be+9 Be, 11 Be+93 Nb, and 11 Be+238 U are illustrated in Fig. 4. We note the good agreement with the experimental data from light and heavy breakup targets. The
obtained cross sections for the diﬀraction and stripping
have a similar shape. The values of the widths are around
50 MeV in agreement with the experimental ones. Our
results conﬁrm the observations (e.g., in Refs. [30, 31])
that the width almost does not depend on the mass of the
target and as a result, it gives information basically about
the momentum distributions of two clusters. Here we note
that due to the arbitrary units of the measured cross sections of the considered processes it was not necessary to
renormalize the depths of our OPs of the fragments-target
nuclei interactions.

4 Conclusions
In the present work the hybrid model is applied to study
characteristics of the processes of scattering and reactions
of 11 Li and 10,11 Be on protons and nuclei. The results of
the present work can be summarized as follows.

3450
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Figure 4. Cross sections of diﬀraction breakup and stripping reaction in 11 Be+9 Be, 11 Be+93 Nb, and 11 Be+238 U scattering at E =
63 MeV/nucleon. Experimental data are taken from Ref. [28].

(i) The only free parameters in the hybrid model obtained by a ﬁtting procedure to the experimental data
whenever they exist are the coeﬃcients Ns that correct
the depths of the ReOP, ImOP, SO and surface potentials. These parameters (the deviations of their values from
unity) can serve as a quantitative test of our method, but
not as a tool to obtain a best agreement with the experimental data. A physical criteria imposed in our work
on the choice of the values of the parameters N were
the known behavior of the volume integrals JV and JW
as functions of the incident energy for 0 < E < 100
MeV/nucleon, as well as the values of the total cross section of scattering and reaction.
(ii) Other folding approaches are used to consider the
11
Li breakup, suggesting a simple 9 Li+2n cluster model,
and the 11 Be breakup by means of the simple 10 Be+n cluster model. The latter models are applied to calculate the
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diﬀraction breakup and stripping reaction cross sections.
It turns out that the breakup channel of 11 Li+p elastic scattering gives a breakup cross section value that exceeds
80% of the total reaction cross section, while it is about
a half of the latter in the case of 6 He+12 C [32].
(iii) Predictions for the longitudinal momentum distributions of 9 Li fragments produced in the breakup of 11 Li at
62 MeV/nucleon on a proton target are given. The widths
of the peak we obtained are between 70 and 80 MeV/c,
while widths of about 50 MeV/c are known from the reactions of 11 Li on nuclear targets 9 Be, 93 Nb, and 181 Ta at an
energy of 66 MeV/nucleon.
(iv) The momentum distributions of 10 Be fragments
produced in the breakup of 11 Be on 9 Be, 93 Nb, 181 Ta, and
238
U at 63 MeV/nucleon are obtained. There exists a good
agreement of our calculations for the diﬀraction and stripping reaction cross sections with the available experimental data. The obtained widths of about 50 MeV/c are close
to the empirical ones.
(v) Future measurements of elastic scattering and
breakup reactions of 11 Li and 10,11 Be nuclei on diﬀerent
targets are highly desirable for the studies of the exotic nuclear structure. More complicated three-body approaches
and more reﬁned theoretical methods (e.g. CDCC method
and its extensions) would allow an accurate interpretation
of the expected data.
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